ON THE SMALL BOUNDARY PROPERTY AND Z-ABSORPTION, II
GEORGE A. ELLIOTT AND ZHUANG NIU

ABSTRACT. Consider a minimal and free topological dynamical system (X,Z9). It is shown
that zero mean dimension of (X,Z¢) is characterized by Z-absorption of the crossed product
C*-algebra A = C(X) x Z%, where Z is the Jiang-Su algebra. In fact, among other conditions,
the following are shown to be equivalent:

(1) (X,Z%) has the small boundary property.

(2) A2 AR Z.

(3) A has uniform property I'.

(4) 1°°(A)/J2 () has real rank zero.
The same statement also holds for unital simple AH algebras with diagonal maps.
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1. INTRODUCTION

This is a continuation of our study [I0] of the relation between the small boundary property
of dynamical systems and the Z-absorption of C*-algebras.

The Jiang-Su algebra Z is an infinite-dimensional unital simple separable amenable C*-algebra
which has the same value of the Elliott invariant as C. A C*-algebra A is said to be Z-absorbing
if A= A® Z, and the class of Z-absorbing C*-algebras (which includes Z itself) is considered to
be well behaved. In fact, the class of Z-absorbing unital simple separable amenable C*-algebras
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which satisfy the Universal Coefficient Theorem of KK-theory (possibly redundant) is classified
by the conventional Elliott invariant (see [12], [13], [8], [5], [, [33], [2]).

On the other hand, the small boundary property of a topological dynamical system was intro-
duced in [23] as a dynamical system analogue of the usual definition of zero-dimensional space.
It is closely related to the mean (topological) dimension, which was introduced by Gromov ([14]),
and then was developed and studied systematically by Lindenstrauss and Weiss ([23]), as a nu-
merical invariant which measures the complexity of a dynamical system in terms of the dimension
growth with respect to partial orbits. The small boundary property always implies the zero mean
dimension ([23]), and the converse holds for Z?-actions with the marker property ([22], [16]).

It was shown in [9] that the small boundary property of (X, Z) implies the Z-absorption of the
crossed product C*-algebra C(X) x Z. In this paper, we shall show that the converse also holds.
Thus, these two regularity properties, one for C*-algebras and one for topological dynamical
systems, are actually equivalent:

Theorem A. Let (X,7Z%) be a free and minimal topological dynamical system, and let A =
C(X) x Z%. Then

A2 A®Z <= mdim(X,Z%) =0.

To prove this theorem, we shall introduce a new property of a C*-algebra, Property (S) (Def-
inition , which states that every self-adjoint element can be approximated by self-adjoint
elements with a neighbourhood of 0 uniformly small under all tracial spectral measures. This
may perhaps be regarded as an analogue for C*-algebras of the small boundary property. All
Z-absorbing C*-algebras have Property (S), and more generally, all C*-algebras with uniform
property I' have Property (S).

It turns out that Property (S) of the C*-algebra A implies the (SBP) of (X, Z¢). In conjunction
with other known results, this implies that Z-absorption of A is characterized by the following
list of equivalent properties:

Theorem B (Theorem . Let (X,Z%) be a free and minimal dynamical system, and consider
the crossed product C*-algebra A = C(X)xZ%. Let D = C(X) C A be the canonical commutative
subalgebra. Then the following conditions are equivalent:

(1) A has Property (S).
(2) (D, T(A)) has the (SBP).
(3) AZA® Z.
(4) The strict order on Cu(A) is determined by traces.
(5) aRR(I™°(A)/J2w,1(a)) = 0 (Definition [6.9).
(6) RR(I(A)/J2,m(a)) = 0.
(7) RR(I*(D)/ Jowr(4)) = 0.
(8) A has uniform property I’ (Deﬁmtzon
(9) (D, A) has strong uniform property I (Deﬁmtzon
10) (D,
)

(10 T(A)) is approzimately divisible (Definition[2.15).
(11 mdlm(X 7% =0.
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This theorem also holds for an arbitrary free and minimal action of an amenable group with
the (URP) and (COS) (Definition [2.12), and holds for a simple unital AH algebra with diagonal
maps.

The main step is (1) = (2). To prove this implication, we shall introduce the following two
properties:

Definition (Definitions and p.1). Let A be a unital C*-algebra and let D be a unital com-
mutative subalgebra.
The pair (D, A) is said to have Property (C) if for any positive contractions f,g,h € D
satisfying f, g € hDh, and
d-(f) < d-(g), 7€T(A),

and for any £ > 0, there is a contraction u € hAh + C1 4 such that
ufur €l gAg,

diStZT(A)(UdU*, (D)l) < g, diSt27T(A)(U*dU, (D)l) < g, d e (D)l,
and
||UU* — 1||2,T(A)7 Hu*u — 1||2,T(A) < €.

The pair (D, A) is said to have Property (E) if for any positive contraction a € A, any finite
subset F C C([0, 1]), and any € > 0, there is a positive contraction b € D such that

[7(f(a)) —=T(fO) <&, [feF, TeT(A).

Property (C) can be regarded as a relative comparison property for D inside A, with respect to
the uniform trace norm, but requires the comparison being implemented by almost normalizers.
While property (E) is an existence property for affine functions of the trace simplex.

Properties (C) and (E) hold for the pair (C(X),C(X) x I'), where (X,T") is free and minimal
with the (URP), and hold for the pair (D, A), where A is an AH algebra with diagonal maps
and D is the standard diagonal subalgebra (Theorem and Theorem [5.3)).

For the implication (1) = (2) of Theorem B, in order to show the (SBP) for the pair (D, T(A)),
by [10], it is enough to show that every self-adjoint element of D can be approximated by self-
adjoint elements of D with a neighbourhood of 0 uniformly small under all tracial spectral
measures (see Theorem [2.9). By Property (S), such approximating elements exist, but only in
the ambient C*-algebra A. However, this can be fixed by using Properties (C) and (E): Upon
using Property (E), one obtains a self-adjoint element in the subalgebra D which almost has the
same trace spectral measure distributions as the self-adjoint element in A provided by Property
(S), and then upon using Property (C), this element can be twisted inside D to approximate the
given self-adjoint element and still have a neighbourhood of 0 uniformly small under all tracial
spectral measures. This shows the (SBP) for (D, T(A)).

Theorem B also has the following two immediate corollaries:

Corollary C (Corollary. Let (X, Z%) be a free and minimal dynamical system. If the crossed
product C*-algebra A = C(X) x Z2 has real rank zero, then mdim(X,Z%) =0 and A= A® Z.
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Corollary D (Corollary B.9). Villadsen algebras of the first type (138]) do not have uniform
property T.
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2. PRELIMINARIES AND NOTATION

In this section, let us collect some notation and definitions concerning C*-algebras and dy-
namical systems.

2.1. Comparison of positive elements and Z-absorbing C*-algebras. Let A be a C*-
algebra, and let a,b € A be positive elements. One says that a is Cuntz subequivalent to b,
denoted by a = b, if there is a sequence (z,) in A such that

lim z) bz, = a.

n—oo

The following lemma will be frequently used.

Lemma 2.1 ([29]). If a,b € A are positive elements such that ||a —b|| < €, then (a — &)y 2 b,
where (a —€); = f(a) with f(t) = max{t —,0}, t € R.

Let 7 € T(A). For each positive element a € A, define
d;(a) = lim T(CL%).
n—oo
Then, if a X b, one has
d-(a) <d,(b), 7€ T(A).

The converse in general does not hold.

Definition 2.2 ([I7]). The Jiang-Su algebra Z is the (unique) simple unital inductive limit of
dimension drop C*-algebras such that

(Ko(2),K((2),[1z]o) = (Z,Z7,1), Ki(2)={0}, and T(Z) = {pt}.
A C*-algebra A is said to be Z-absorbing if A~ A® Z.

If A is simple and Z-absorbing, then the strict order induced by the Cuntz subequivalence
relation is determined by the rank functions; that is, for any positive elements a,b € A,

d,(a) <d.(b), 7T€TA) = aZb.

The Toms-Winter conjecture asserts that strict comparison implies Z-absorption for simple sep-
arable amenable C*-algebras (this was verified for C*-algebras with finitely many extreme traces
in [24], and then it was generalized to C*-algebras with extreme traces being compact and finite
dimensional; see [30], [19], [37]).
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The class of simple separable amenable Z-absorbing C*-algebras which satisfy the Universal
Coefficient Theorem can be classified by the conventional Elliott Invariant, which in the unital
case consists of the K-groups and the pairing with the trace simplex (the order on the K-group,
not redundant in more general cases, is determined by the pairing) (see [12], [13], [8], [5], [4],
53], 2)):

Theorem 2.3. Let A, B be unital simple separable amenable Z-absorbing C*-algebras which
satisfy the UCT. Then

A=B <+ Ell(A) =ElI(B),
where El(-) denotes the Elliott invariant. Moreover, any isomorphism between the Elliott invari-
ant can be lifted to an isomorphism between the C*-algebras.

2.2. Uniform trace norm.
Definition 2.4. Let A be a unital C*-algebra, and let 7 € T(A). Define
lalls,r = (r(a*a))?, ac€ A.
For any set A C T(A), define the uniform trace norm
llall2.a = sup{|lallz, : T € A}, a€ A
The uniform trace norm satisfies
lablla.a < minfllal[[[blla.a, [lall2allbll} and |7(a)] < [lallza, abe A 7€ A,
We shall use [*°(A) to denote the C*-algebra of bounded sequences of A, i.e.,
I°(A) = {(a,) : a, € A, sup{|la,|| : n=1,2,...} < +o0}.
Let w be a free ultrafilter; then the trace-kernel is the ideal
Jowra) = {(an) € I7(A): 7111_13) llan|l2,r(ay = 0}.

Definition 2.5 (Definition 2.1 of [1]). A C*-algebra A is said to have uniform property I if for
each n € N, there is a partition of unity

P1s P25y Pn € (I7°(A) ) Jown) N A
such that )
T(piap;) = ET(CL), acA 7eT(A)w,
where T(A),, denotes the set of limit traces of [*°(A), i.e., the traces of the form
7((@)) = lim7;(a;), 75 € T(A),

and a is regarded as the constant sequence (a) € [*°(A).

All Z-absorbing C*-algebras have uniform property I' (see Theorem 5.6 of [I]). (Indeed,
all unital simple amenable C*-algebras with unique trace have (uniform) property I', and if a
C*-algebra U has uniform property I', then the tensor product C*-algebra A ® U has uniform
property I' (an extreme trace on a tensor product is a product trace).)
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2.3. AH algebras with diagonal maps.

Definition 2.6. An AH algebra with diagonal maps is the limit of an inductive sequence

A1 A2 A:@An,

where A; = @ i M, ; (C(X;;)), and each connecting map preserves the diagonal subalgebras, i.e.,
it has the form

frdiag{foX\,....foAn},

where the A\s are continuous maps between the Xs.

All simple unital AH algebras with diagonal maps have stable rank one ([6]), but not all AH
algebras with diagonal maps are Z-absorbing. In the pioneering work [38], Villadsen constructed
simple AH algebras with diagonal maps which have perforation in the ordered Kgy-group. The
construction was then used in [34] to obtain a simple AH algebra with diagonal maps which has
the same value of the conventional Elliott invariant as an Al algebra, but is not isomorphic to
this AI algebra. Although Villadsen algebras are not Z-absorbing, a preliminary classification is
obtained in [7].

2.4. The small boundary property and the mean dimension.

Definition 2.7. A topological dynamical system (X,T") is free if v = x implies v = e where
x € X and v € I'. It is said to be minimal if the only closed invariant subspaces of X are () and
X.

A topological dynamical system induces an action of I' on C(X) by

1(N@) = flay), veX.

We shall assume I' is discrete. The (universal) crossed product C*-algebra C(X) x I' is the
universal C*-algebra generated by C(X) and unitaries u., v € I', with respect to the relations

wifuy =(f) and wyul, =uw, -, f€CX), v,7,72 €l

If I' is amenable and the dynamical system (X, I') is free and minimal, the C*-algebra C(X)xT
is simple, unital, amenable, stably finite, and satisfies the UCT. However, the C*-algebra C(X) x
' may fail to be Z-absorbing, even for I' = Z ([11]).

Let us consider the following property of dynamical systems.

Definition 2.8. A topological dynamical system (X,T") is said to have the small boundary
property (SBP) if for any € X and any open neighbourhood U of z, there is a neighbourhood
V of z such that V C U and u(9V) = 0 for all invariant measures . ([23])

More generally, consider a metrizable compact space X and a collection A of Borel probability
measures on X. The pair (X, A) is said to have the (SBP) if for any x € X and any open
neighbourhood U of z, there is a neighbourhood V' of z such that V' C U and pu(0V) = 0 for all
pe A ([10])

We have the following criterion for the (SBP):
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Theorem 2.9 (Theorem 2.9 of [10]). Let X be a metrizable compact space, and let A be a
compact set of Borel probability measures on X. Then the pair (X,A) has the (SBP) if, and
only if, for any continuous real-valued function f: X — R and any € > 0, there is a continuous
real-valued function g : X — R such that
(1) 1f = gllzas < &, and
(2) there is 6 > 0 such that 7,(xs(g)) < €, p € A, where 7, is the tracial state of C(X)
iduced by p, and

1, ] <4,
Xo(t) = 2—[t]/6, [t] <26,
0, otherwise.

Mean topological dimension was introduced by Gromov ([14]), and then was developed and
studied systematically by Lindenstrauss and Weiss ([23]):

Definition 2.10. Consider a topological dynamical system (X,I"), where I' is discrete and
amenable. Its mean dimension is defined as

1
mdim(X, ") := sup lim D Uy,
(X,T) = sup fim DA\ )

vel'y

where I'1, 'y, ... is a Fglner sequence of I, the supremum is taken over all finite open covers U of
X, and D(U) = min{ord(V) : V < U} (ord is the maximal number of the mutually overlapping
sets minus 1).

By [23], the small boundary property of (X,I') implies zero mean dimension. The converse
was shown in [I5] and [I6] for ' = Z¢, and in [28] for actions with the (URP).
Zero mean dimension (or small boundary property) implies the Z-absorption of the C*-algebra:

Theorem 2.11 ([9]). Let (X,Z) be a free and minimal dynamical system. If mdim(X,Z) =0,
then the C*-algebra C(X) x Z is Z-absorbing.

The main motivation of this work is the converse of this theorem.

2.5. Uniform Rokhlin property and Cuntz comparison of open sets. The following two
properties were introduced in [27].

Definition 2.12 (Definition 3.1 and Definition 4.1 of [27]). A topological dynamical system
(X,T'), where I' is a discrete amenable group, is said to have the uniform Rokhlin property
(URP) if for any € > 0 and any finite set K C I, there exist closed sets By, Bs, ..., Bs € X and
(K, e)-invariant sets ', s, ..., I's C I" such that the transformed sets

BS’% v E FS) § = 1a i S7

are mutually disjoint and

ocap(X \ || || Boy) <=

s=1~el;
where the abbreviation ocap stands for orbit capacity (see, for instance, Definition 5.1 of [23]).
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The dynamical system (X,I") is said to have (A, m)-Cuntz-comparison of open sets, where
A € (0,1] and m € N, if for any open sets E, FF C X with

/’L(E) <)\ILL(F)7 MGMI(er)a
where M (X, T') is the simplex of all invariant probability measures on X, it follows that
op Jpr® - ®op in CX) =T,
—_——

where ¢g and pp are continuous functions with open supports E and F' respectively.
The dynamical system (X,I") is said to have Cuntz comparison of open sets (COS) if it has
(A, m)-Cuntz-comparison on open sets for some A and m.

Theorem 2.13 ([27] and [28]). Let (X,T') be a minimal and free dynamical system.

o IfT' =74 then (X,T') has the (URP) and (COS).
o If ' is finitely generated and has sub-exponential growth, and if (X,T") has a Cantor
factor, then (X,T") has the (URP) and (COS).

The (UPR) implies that the C*-algebra C(X) x I' can be weakly tracially approximated by
the homogeneous C*-algebras generated by the Rokhlin towers. Together with the (COS), it has
the following implications for the C*-algebra C(X) x I':

Theorem 2.14 ([27], [26], [20]). Let (X,I') be a minimal and free dynamical system with the
(URP) and (COS), and let A = C(X) xI". Then:

e 1¢(A) < smdim(X,T), where rc(A) is the radius of comparison of A;
e A has stable rank one, i.e., invertible elements are dense;
e A= A® Z if, and only if, A has strict comparison for positive elements; in particular,

o if (X,T') has the (SBP), then A= A® Z.

2.6. Strong uniform property I' and approximate divisibility. In contrast to uniform
property I', strong uniform property I' and approximate divisibility were introduced in [10]:

Definition 2.15. Let A be a C*-algebra and let D C A be a sub-C*-algebra. The pair (D, A)
is said to have strong uniform property I' if for each n € N, there is a partition of unity

D1, D2y s Do € (I°(D) ) Jaon) NA'
such that
T(piap;) = %T(a), ac A 7eT(A)w,
where T(A),, denotes the set of limit traces of {*°(A), i.e., the traces of the form

7((a;)) = lim7;(a;), 7 € T(A),

i—w

and a is regarded as the constant sequence (a) € [*(A).



ON THE SMALL BOUNDARY PROPERTY AND Z-ABSORPTION, II 9

Consider a commutative C*-algebra D = C(X), and consider a collection A of Borel proba-
bility measures on X. The pair (X, A) is said to be (tracially) approximately divisible if there
is K > 0 such that for each n € N, there is a partition of unity

P1,DP25 -+ Pn € ZOO(D)/JZ,LU,A
such that 1
T(piap;) < —K7(a), a€ D", 1€, i=1,..,n.
n

It is clear that strong uniform property I' for (D, A) implies approximate divisibility of
(D, T(A)]a)-

Theorem 2.16 ([10]). If (D, A) is approximately divisible, then (D,A) has the (SBP).

3. COMPARISON IN M, (C(X)) USING ALMOST NORMALIZERS

Consider the homogeneous C*-algebra A = M,,(C(X)) and its diagonal subalgebra D, where
X is a metrizable compact space. It is known that D always has relative comparison properties
in A, regardless of the dimension of X (see, for instance, [27]). In this section, let us establish
the technically important fact that the matrices implementing the (relative) comparison can
be chosen to be close (with respect to the uniform trace norm) to permutation unitaries, so
implemented by almost normalizers (Theorem [3.14)).

3.1. Well-supported elements. Well-supported functions were introduced in [35] to study
comparison of positive elements of M,,(C(X)) by means of their rank functions. We will also use
the property of well-supportedness to study the comparison of diagonal elements of M,,(C(X)),
but without conditions on the dimension of X (as in [35]).

Definition 3.1 (cf. [35]). Let
f = diag{fl, f2, vy fn} eD - Mn(C<X))

be a positive element. Assume rank(f) has values nq,...,ny. and set
E;,={x € X :rank(f(z)) =n;}, i=1,..., L.
The matrix-valued continuous function f is said to be well supported if

5, extends to a projection p; over E;, and

(1) for each i = 0,1, ..., n, the range projection of f
(2) if z € E; N E; where i < j, then p;(z) < p;(z).

Note that, since f is diagonal, its range projection is the rank n; projection

pi = diag{1(0,00)(f1) -+ L(0,00) (f) }
over F;.
Lemma 3.2 (cf. Theorem 3.9 of [35]). Let A = M,,(C(X)), where X is a finite simplicial complez,

and let D be the diagonal subalgebra. Let f € D be a positive element. Then, for any ¢ > 0,
there is a well-supported positive element f € D such that

1) f<f,
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@) If = fll < e, and -
(3) upon a refinement, the sets E; of f (of Deﬁm’tion are finite subcomplexes of X.

Proof. The lemma follows from the proof of Theorem 3.9 of [35]. O

3.2. Decomposition of X with respect to well-supported functions. Consider well-supported
positive diagonal matrix-valued functions

f=diag{fi,....fn} and ¢ =diag{gi,...,9n},

and assume both of them satisfy Condition (3) of Lemma [3.2]
Write

F, ={r € X :rank(f(z)) =m;} and G;={z € X :rank(g(z)) =n,},

where m; < --- < my; and ny < --- < ny. Assume that F; and G are finite subcomplexes of
X, upon a refinement.
Note that the sets

(3.1) FU---UF, and GyU---UG,;, i=1,..,.M, j=1,..,N,

are closed in X.
For each p =1, ..., n, denote the open supports of f, and g, respectively by

(3.2) O, ={x e X: fy(x) >0} and O, ={rec X :g,(x) >0}

Since f is well supported, the range projection of f|z, extends to a projection p; over E;, and
therefore each set I}, i = 1,..., M, has a (disjoint) decomposition

(3.3) Fi=F, uU---UF,

such that the restriction of (the extension of) the range projection p; to each m, s=1,..,1; is
constant (diagonal), and the restrictions of p; to different E; , have different values.
Write the induced decomposition of F; as

Fo=F,U---UF,,
and denote the shape of f on F; ; by Fi, i.e.,
Fis ={p=1,...,n: fp(x) >0, v € F;:}.
Note that, with the notation above, one has
Fo={xeX: f(x)>0, fo(x) =0, pe Fis, ¢ & Fis}

So, I s = F, ¢ if, and only if, F; ; = F; ». In other words, the sets F; ; are determined by their
shapes.
Also note that, for any ¢ < ¢/,

(3.4) FunFra=F.n( (] Op)
pe-Fi/,S/\]:i,s
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List the sets F; 5, s =1,...,l;;t=1,..., M, as
Fia, o, Fra, Fony oo Fayy ooy Firny oo Forgyy s
and re-index them as Y, ..., Fjy (with an abuse of notation). By Condition (2) of Definition [3.1]
(3.3), and (3.1)), this list of sets has the following properties:
(1) Each FyU---UF;, i=1,..., M, is closed, and
(2) f ;N F;# O and i < j, then F; C F;.

Similarly, for each G, j = 1,..., N, there are decompositions

Gi =Gl UG,
and
Gj=Gj U---UGj,,
such that the restriction of the range projection g; to each G_M, t=1,...,r;, is constant; denote
the shape of the function f on G,; by

Gt ={p=1...,n:g(x) >0, v €Gj,}.
List the sets G, t=1,...,s;,  =1,..., N, as
Gi1ss Grsys Goty ooy Gogys oo, Garty oo Gy s
and re-index them as Gy, ..., Gy (with an abuse of notation). This list of sets has the following
properties:
(1) Each Gy U---UG;, i =1,..., M’, is closed, and
(2) f G;NG; # @ and i < j, then F; C F;.
Let us set
Zi,j — E ﬂ Gj,
(where F; and G; are the sets in the re-indexed sequence) so that we have the following decom-
position of X:

(3.5) X =%,
i,J

For each Z

;,j» define
dom(Z,; ;) =F; and codom(Z;;) =G,
and the shape of Z; ; as
(}—i, gj)
Note that, by the construction, each set Z; ; is determined by its shape.
Then list the sets Z; ;, i =1,....,.M', j=1,...,N’, as

LNy ooy ZUNT L2 15 ooy AN 5 ooy LMLy ooy LMY N
NS A o g
Vv Vo Vv

Fl F2 FJVI’

Definition 3.3 (Notation). Re-index this list of the sets {Z; ;} as Z;, Zs, ..., Z1,, and also re-index
the shape of Z; as (F;,G;). Then this list has the following properties:

(1) BEach Z, U --- U Zj is closed in X.
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(2) If ZiNZ; # @ and i < j, then (F;,G;) C (F;,G;) (where (F;,G;) C (F;,G;) denotes
Fi C F; and G; C G;).

(3) For each k = 1,....,n — 1, the closed set (Z; U---U Z) N Z,;; has a neighbourhood
retraction in Zj,;. (This follows from Condition (3) of Lemma )

Note that

ZnZi=20( (1 () O5nNOy,). if (Fi,G:) C (F5.G)).
pEF;\Fi ¢€G;\Gi
This implies that if
(Fi,Gi) € (Fi, Gr) € (F5,G))

for some k, then

(3.6) ZinZ;
= zZn( () [) 05,Nn0)

pEF;\Fi ¢€G;\Gi
C Zin( ﬂ m Oy, N Og,)
PEFR\Fi q€Gi\Gi

3.3. Almost normalizers and comparison.

Definition 3.4. Let § > 0 and n € N. Consider a matrix algebra A = M,,(C) and its diagonal
subalgebra D. Then a unitary u € A is said to be a d-normalizer if there is a unitary v € A such
that

(1) vDv* = D, and
(2) llu—v|l2ma) <.
Denote by P, (d) the set of n x n unitaries which are also d-normalizers.

Remark 3.5. If u is a §-normalizer, then, for any contraction d € D, one has
disty (udu™, D) < diste(udu™, vdv*) < 2.

Remark 3.6. Let o be a permutation of {1,2,....n}. Then the permutation unitary u, is a
d-normalizer for all § > 0.

Lemma 3.7. Let 01,09 be two permutations of {1,2,...,n} and let Fy, Fa, G C {1,2,...,n} be
such that

J1 C Fo,
O'i(fl) CG and U¢‘{1 n}\(F2UG) = id, 2=1,2.

.....

Then there is a continuous path
(3.7) u; € Po(2/n), tel0,1],

such that
Uy = Ugy Ul = Ugy,
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and
(3.8) u(e;) Cspanfe; : j € G}, 1€ Fy, te|0,1],
and
u(e;) =e;, 1€{l,...,n}\ (FUQG), tel0,1].
Proof. Write
01 = T1" " TgO02,

where 7;, 1 = 1, ..., k, are transpositions of the elements of G (in particular, they are the identity
on {1,...,n} \ (F, UG)). Then, for each each 7;, 1 < i < k, write 7; = (i1i2), and for ¢t € [0, 1],
define the unitary matrix vt(z) by
UiEZ)(ez) = €4, i # ila i??
o (e) = (1410 Dey 4 (1= V11 0)ey,)
and

(4)

o (e) = S (1= ™10 ey 4 (14 ™11 0)ey,).

) R G

Note that ' ' 4
o =un, oW =1,, and |0\ — L|lsw <2/n, te0,1].
Hence, defining A
ui(EZ) = Urgl)u’fiﬂ © o Un Ugy,
one has
W =g, ul) = Usp,\y  + Up gy, and [l — Upyy ) o Ur Ugy|l2 < 2/n,  t€0,1].
In particular, ‘
ul) € P,(2/n), telo,1].
Then, connecting the paths
MORINE) u®
t t o t >

and renormalizing the parameter, one has the desired homotopy. 0
Remark 3.8. It follows from that

wfu; C Her(G), f € Her(Fy),
where, for any set F C {1, ...,n}, Her(F) denotes the hereditary subalgebra of M,,(C) generated
by {e, : p € F}.

Lemma 3.9. Let A = M,,(C(X)), where X is a simplicial complex, and let D C A be the diagonal
subalgebra. Let f,g,h € D be positive elements such that f, g are well supported, f,g € hDh and
the sets F; of f and?j of g are subcomplexes of X (upon a refinement). If

(3.9) rank(f(z)) <rank(g(z)), =z € X,
then, for any e > 0, there is a unitary u € hAh + C1 such that
u(z) € P,(2/n) and (ufu”)(z) € (gAg)(x), z€ X.
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Proof. In the setting above, by , one has
|Fl <G|, i=1,2,.. L.

Then, for each Z;, i =1, ..., L, pick a permutation o; of {1,2,...,n} such that

oi(Fi) €G and oi(p)=p, pe{l,2,..,n}\(FUG).
Also note that, since f, g € hDh, one has

Fi, GiC{p=1,..,n:h,(x) #0}, xz€Z; i=1,..,n.
Therefore,
(3.10) oi(p) =p, ifhy(x)=0andz € Z,.
Starting with Z;, define the unitary v on Z; to be
u(z) = Uy, T € Z.

It follows from (3.10)) that

u(z) € (hAh)(z) +Cl, =z € Z,
and
(ufu*)(z) € (gAg)(x), x € Zi.
Moreover, for each j > 2 such that Z; N Z; # O, one has (F1,G;) C (F;,G;). By Lemma
(with o1, 0;, F1, F;, and G; in place of oy, 0q, F1, Fa, and G, respectively), there is a continuous
path
wy € P,(2/n), te]0,1],
such that
Wy = 01, W1 = 0Oy,
(w fwp)(z) € Her(G;), = € ZiNZ,
and
wi(ep) = €p, pe{L...,n}\ (F;UG)).
Now, assume inductively that we have constructed a unitary v € hAh + C1 defined on Z; U
.-+ U Z}, which satisfies

(A) (ufu*)(z) €Er-1)e/r (9Ag)(x), x € Z1U---UZ, o
(H) for each Z;, j > k + 1, the restriction of u to (Z; U---U Z;) N Z; is homotopic to u,,
through a path

wy: (ZyU---UZy)NZ; — P.(2/n), tel0,1],
such that
(wi fwy) () €Eg—1ye/r Her(G;), z € (Z1U---UZ)NZ;, te[0,1],

and
wt($)(ep) =é€p, PE {17 2, >n} \ (]:J U gj)



ON THE SMALL BOUNDARY PROPERTY AND Z-ABSORPTION, II 15

Let us extend u to (Z; U---U Zy) U Zy41 so as still to have the properties (A) and (H) above
(for k+ 1). Consider (Z; U---U Zy) N Zy1. By the property (H) (for k), there is a path

wt:(Z1U---UZk)ﬂ7j—>Pn(2/n), tE[O,l],

such that
Wo = u|(Z1U~~-UZk)ﬂZ7 Wy = Ugy 4y,
(311) (wtfw;‘)(x) E(k_l)s Hel‘(gk+1>, xr € (Zl U---u Zk> N Zk+1, te [0, 1},
and
(3.12) w(z)(ep) =e€p, pE{L2,..;n}\ (Frs1 U Grpr).

Inside Z1, pick a neighbourhood U D (Z; U ---U Z;,) N Zi,1 and a retraction
U= (Zy U UZp) N Zgyr.
Without loss of generality, one may assume that U is sufficiently small that
(3.13) [f(r(z)) = f(@)l| <e/L, zel.
Choose a continuous function s : Z,,; — [0, 1] such that

5‘(Zlu--~UZk)ﬂZk+1 =0 and Sle_,_l\U = 1.

Then extend w to (Z; U---U Zy) U Zy4q by

] wyw(r(@), zel,
u(z) = 2
( ) { Ugjyys .CEGZ]H_l\U.

Note that, by (3.12)), one has u € hAh + CI1.
Let us first verify that

(3.14) (ufu™)(x) €k (9Ag)(x), x € (Z1U---UZL) U Ly,
One only needs to verify it over Z; 1. If ¥ € Zp,1 \ U, then
(ufu’) (@) = toy,, f(2)tg, ., € (9A9)(x);
if x € U, then, by (3.13)) and (3.11)),
(ufu)(@) = Wy (r(@)) f(@)wi,) (r(x))
Reyr W) (r(@)) f(r(z))wig) (r(z))
Eth—1)e/r. Her(Grqr)
= (949)(x).

This verifies (3.14]). Thus u satisfies the inductive assumption (A) for k + 1.

Let us now show that the unitary u also satisfies the inductive assumption (H) (for k& + 1).
Consider the restriction of u to Zi1, and note that the two-variable function

_ [ wa—ps@e(r(@), z e,
Hy(x) {uaw p U te0,1],
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and g, .

defines a homotopy between u|z—
Then, for each t € [0,1], if x € Zy 41 \ U, then
o € (949)(2),

(HifH;) (%) = gy, f(2)ug,

and if z € U, then, by (3.13) and (3.11)),
W(1—t)s( )+t(7‘(x))f(x)wikpt)s(z)ﬂ(r(x))

(3.15) (H fHf)(z) =
/L W(1—t)s( )+t(T(I>)f(r(x))wzklft)s(x)th(T(x))
€k-1)e/r. Her(Gry1).
Also note that
Hy(x)(ep) = ep, pE€ {1l ccsn}\ (Frr1 UGri1), T € Zpya.

For each Z;, j > k 4 2, consider the set
(ZyU--UZp) N Z;.

If Zpia N 7] = (), then u has the homotopy property (H) by the inductive assumption. Thus,

one may assume that
I NZ; # 0,

and hence that
(Fr+1,Gr41) € (F5,G5)-
List the special indices
{Z.la ')is} = {Z = ]-7 ceey k . (]:ugz> g (Fk—l-la gk—i—l)}-

By (3.6),
ZiNZ; C Zy N Zysry ooy Ziy N Z; C Zi ) N Ziga,

and therefore
(ZyyU---UZ)NZ; C(Ziy U UZi )N Ziyy € Zgar.-

Note that, for any ¢ = 1, ...,k but ¢ ¢ {iy, s, ..., 45}, one has

71‘ N Zk+1 = @
(Frt1,Grr1) or (Fry1, Gry1) C

Indeed, if Z; N Z11 # O, this would imply either (F;, G;) C
C (F;,G;), which contradicts Zy4q

(Fi, G;). Since i & {iy, iz, ...,1s}, one must have (Fyy1,Gri1)
being a peak of Z1, ..., Zy, (see (2) of Definition [3.3).

Then
(Z1U--UZe)NZ CZenU( | 2.
i=1,....k
1 {01, 05}

That is, there is a decomposition
(ZyU---UZp) N Zj = Wy U Wy,

(3.16)
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where
WiCZpn and W2 C () Z.
i=1,..., k
1 {i1,... 05}
Note that
U Zczu-uz
i=1,...k
i@ {i1,is}

By the inductive assumption, the restriction of u to (Z; U---U Z;) N 7] is homotopic to u,,
through a path

wy: (ZyU---UZp)NZ; — Pu(2/n), tel0,1],
such that
(wi fwy) () €g—1ye/r Her(G;), z € (Z1U---UZ)NZ;, te|0,1],
and
wy(z)(ep) =e€,, pE{l,..sn}\ (FUG), v € (Z1U---UZ)NZ;, te]0,1].
Then the restriction of w; to the closed subset W5 provides a path, still denoted by wy,
wy : Wo — P,(2/n), te€]0,1],
such that
(wefw])(z) €Ek—1)e/r Her(G;), =€ Wa, te€(0,1],
and
wi(z)(ey) =e€,, peA{L,...;n}\ (F;UG,)), v €Wy, tel0,1].
Let us now work on the closed set Wi, and it is enough to work on Z,,;. By , the
restriction of u to Zi41 is homotopic to ug,,, through a path (H), now denoted by wy,
wy : Zp — Pa(2/n), t€]0,1],
such that
(wifwp)(@) €xesr Her(Grin), @ € Zyn, t € [0,1],
and
wi(z)(ep) =€p, pE{L .sn}\ (Frs1UGks1), T € Zpiy.

Since Gr41 € Gj, by Lemma (with og41, 0;, Frs1, Fj, and G; in place of o1, 09, F1, F2,
and G respectively), the unitary u,,,, can be connected further to u,,, and this then provides
the desired homotopy of u/|

T Thus, the unitary u constructed on Z; U ---U Z;, satisfies the

inductive condition (H).
By induction, there is a unitary v € hAh + C1, defined on X, such that

u(z) € Po(2/n) and  (ufu’)(z) € (9Ag)(x), =€ X,
as desired. n

The following lemma asserts that if an element is pointwisely close to a hereditary subalgebra,
then it is close to the hereditary subalgebra.
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Lemma 3.10. Let A = M, (C(X)), where X is a metrizable compact space, and let D be the
diagonal subalgebra. Let f € A and h € D be positive elements. If

f(z) € (hAR)(z), =€ X,

for some € > 0, then
f €. hAh.

Proof. For each x € X, by the assumption, there is an n x n matrix g, € (hAh)(x) such that

1f(2) = g:ll <&
By the continuity of f and h, there is an open set U > x such that

1f(y) — gl <& and g, € (hAR)(y), yeU.

Since X is compact, there are a finite open cover Uy, Us,...,U,, points xy € Uy, ...,x, € U,,
and n X n matrices g,,, ..., gz, such that

Hf(:g) — Yz,
Choose a partition of unity {¢1, ..., ¢, : X — [0, 1]} subordinate to Uy, ..., U,, and define

g:¢lgx1+"'+¢ngzn€A'

Since g¢,, € (hAh)(y), y € U;, i = 1,...,n, one has g € hAh. Moreover, a straightforward
calculation shows that

<e and g, € (hAR)(y), yeU, i=1,..n

If(z) —g(@)l| <&, zeX,
which implies that ||f — g|| < e, and hence f €. hAh, as desired. O

Proposition 3.11. Let A = M,,(C(X)), where X is a finite simplicial complex, and let D be the
diagonal subalgebra. Let f,qg,h € D be positive elements such that f,qg € hDh and

rank(f(z)) < rank(g(x)), =€ X.
Then, for any € > 0, there is a unitary u € hAh + C1 such that
u(z) € P,(2/n), x€X,

and o

ufu* €. gAg.
Proof. With the given f,g and ¢, by Lemma 2.8 of [36], there is 6 > 0 such that

rank((f —&/2)1(z)) <rank((g —0)+(z)), z€X.
By Lemma there are well-supported elements f ,g € D such that
f<(f—¢e/2)y and §<(9—6/2)4,

and

If = (f —e/2)+ll <e/4 and g — (g —0/2)+] < 6/4.
Applying Lemma 5.1 of [25], one has

(9=0)+ Z(9—0/4)+.
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Then, for each z € X,

rank(f(2)) < rank((f — £/2). (x)) < rank((g — ) (2)) < rank((7 — 6/4)(x)) < rank(3(x))
Since f and § are well supported, by Lemma , there is a unitary u € hAh + C1 such that
u(z) € Py(2/n) and  (ufu)(z) €4 (3A7)(2), 2z € X,
By Lemma [3.10] the second equation implies that
ufu* €. §AG C gAg.

Since
If = fll <e/4+e/2=3¢/4,
one has
ufu” €. gAg,
as desired. n

The following lemma asserts that if an element is pointwisely close to the diagonal subalgebra,
then it is close to the diagonal subalgebra.

Lemma 3.12. Let A = M,,(C(X)), where X is a metrizable compact space, and let D be the
diagonal subalgebra. Let f € A be such that

diste s, (f(z), D(x)) <0, =€ X,
for some 6 > 0. Then there is g € D such that
1/ (z) = g(x)||20e, <20, z€X.

In other words,
diStQ’T(A)(f7 D) < 20.

Proof. Choose an open cover Uy, Us, ..., U, of X such that
If() = fWll <6, wyelsl<i<n

Pick z; € U;; 1 < i < n, and choose a partition of unity {¢;, 1 < i < n}, subordinate to
Ui,...,U,. For each z;, 1 <1¢ < n, choose a diagonal matrix g,, such that

1/ (1) = 9a,

2,trn<5a ]-SZSTL:
and therefore
|f(z) = guilloee, <20, z€U;, 1<i<n.
Define
g(ZE) :¢1(x)gx1 ++¢n(:p)gwm r e X.
Then, for each = € X, one has
1f(@) = g(@)l2pe, = (@) f(2)+ -+ Pu(@) f(2)) = (D1(2)g1 + - + D0(T)gn) [|2,6,

= llou(@)(f(x) = g1) + -+ + dnl@)(f(2) = gn)ll2rs
< 20,
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as desired. 0
The following lemma will be used in the proofs of Theorem and Proposition [4.3|

Lemma 3.13. Let X be a metrizable compact space, and let C;, i = 1,2, ..., be a family of unital
subalgebras of C' := C(X) with dense union. Let f,g,h € C be positive elements with norm 1
such that

fh=f and gh=h.
Then, for any € > 0, there are positive elements f,g, h e C;, where i is sufficiently large, such
that

If=fll<e lg—gl <e,
GegCq, hehCh,

and

f, g € hCih.
Proof. Set ¢ = ¢/5. With sufficiently large 4, pick f’, ¢',h’ € D; such that
If=fll<e, llg—gll<e, and [h=N|<¢.
Then, noting that C' is commutative, one has
(3.17) (¢ —)ye€gCqg and (W —¢'), € hCh.

Consider

Fe (W =)l a= (0 —)elg ) and h= (b~ &),
Since C; and C are commutative, by (3.17]), one has

(B =e)if', (W =€)i(d =€)y € (W =) Ci(W — &)y,
(W =€y (g =€)y € 9Cy,

and )
Il < 22,
1f = fll = (A =N f" = fll =se | = I =0,
19 —gll = I(h =€) (g =€)y — gl =ser [Ihg — gl| =0,
as desired. O

We are now ready to prove the main theorem of this section.

Theorem 3.14. Let A = M,,(C(X)), where X is a metrizable compact space, and let D be the
diagonal subalgebra. Let f,qg,h € D be positive elements such that f,qg € hDh and

rank(f(z)) <rank(g(z)), =z € X.
Then, for any e > 0, there is a unitary u € hAh + C1 such that
ufu” € gAyg,

and
u(x) € P,(2/n), =€ X.
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In particular,
disto pea)(udu®, (D)) < 4/n, de (D).
Proof. Let f,g,h € D and ¢ be given. By Lemma 2.8 of [36], there is § > 0 such that
rank((f —&/2)1(z)) <rank((g —0)4(z)), =€ X.
Without loss of generality, one may assume that
Mf—e/2)+=(f—¢/2)+ and h(g—0/2); =(9-0/2);.
By Lemma (applying to (f —¢/2)4, (9 —6/2)+, and h), with a sufficiently fine simplicial

complex approximation of X, there is a unital homomorphism ¢ : M, (C(W)) — M,(C(X)),
where W is a simplicial complex, such that there are functions

[ 9,0 € o(Mn(C(W)))
with the properties

(3.18) If = (f—e/2)+]| <e/4 and [lg'—(9—0/2)+] <d/4,
(3.19) g €(g—06/2):D(g—0/2);, K €hDh,

and

(3.20) 1 g € MM, (C(W)))I.

By Lemma 5.1 of [25] and (3.18)),
(f=e)s 3 —e/4)y Z(f—¢2/2)¢
and
(9—0)+ 3 —0/4)+ 29
Therefore,

rank((f' —¢e/4)1(x)) < rank((f —£/2)4(x)) < rank((g —0)+(z)) < rank((¢'—0/4)(x)), =€ X,
and hence

rank((f" —e/4)

Lift f’, ¢, h' to positive contractions

hM,,(C(X))h. Then

() < rank(¢'(z), z€X.
f,3,h of M, (C(W)), respectively, such that f,§ €
rank((f — £/4)+(x)) < rank(g(z)), =€ Wy,
where Wy C W is the closed set which induces the homomorphism ¢. Pick a continuous f}mction
0 : W — [0, 1] such that 0(z) # 0, z € W\ Wy, and 0|y = 0, and consider the function #h. Then

rank((f —e/4),) < rank((g + 0h)(z)), =€ W.

By Proposition [3.11] there is a unitary u € AM, (C(W))h + C1 such that
u(z) € P,(2/n), xze€W,

and

u((f = e/4) 1 )u" €2 (§+ 0h)A(g + Oh).
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On passing to the image of ¢, by (3.20)) and (3.19)), we obtain a unitary, still denoted by wu,
u € WM, (C(W))h' +C1 C hAh + C1

such that
u(z) € Py(2/n), x €W,
and
u(f /) u” €. g Ag C gAg,
which implies
wfu* €9 gAg.
Regarding v as a function on X, one has
u(z) € P,(2/n), =€ X,
and hence
(udu*)(z) €} (D(x)1, =€ X, de (D).
By Lemma [3.12] it follows that
udu® El'/llf (D),
as desired. n

4. PROPERTY (C)

Let us introduce the following relative comparison property of a commutative C*-algebra inside
an ambient C*-algebra:

Definition 4.1. Let A be a unital C*-algebra and let D be a unital commutative subalgebra.
Then the pair (D, A) is said to have Property (C) if for any positive contractions f,g,h € D
satisfying f, g € hDh, and

dT(f) <dT(g>’ TET(A>’

and for any € > 0, there is a contraction u € hAh 4+ C1 4 such that
ufur €l gAg,
diStlT(A) (udu*, (D)l) <eg, diSt27T(A) (u*du, (D)l) < g, d e (D)l,

and

Juu® = 12y, [[u'e = 1l2mea) <e.

Remark 4.2. Comparing to Property (COS), the approximations in Property (C) are with respect
to the uniform trace norm, but on the other hand, the comparison in Property (C) is implemented
by an almost unitary which is also an almost normalizer (with respect to the uniform trace norm).

Using Theorem , let us show that AH algebras with diagonal maps and the C*-algebras
C(X) x T for which (X,TI') has the (URP) have Property (C). (Theorem [4.6])

Let us first work on the AH algebras. They actually have the following property which is
slightly stronger than Property (C):
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Proposition 4.3. Let A be a simple AH algebra with diagonal maps, and let D be the canonical
diagonal subalgebra of A. Then, for any positive contractions f,q,h € D satisfying f,q € hDh,
and

d-(f) < d-(9), 7€T(A),

and for any € > 0, there is a unitary u € hAh + Cl4 such that
ufu® €. gAg
and

disto ey (udu®, (D),) <&, distypay(u'du, (D)) <e, de (D).

Proof. Write A = lim A; and the induced decomposition D = lim D;, where A; = D, M., ,(C(Xi;))-
For the given ¢, by the compactness of T(A), there is § > 0 such that

d-((f = 2)2) <del(g—0)1), 7€ T(A).

Without loss of generality, one may assume that

ho(f—e)y=(f—e)s and h-(g—0/2); = (g—0/2)s.
Applying Lemmamm (f—¢)4, (g—0)+, h, we obtain f, §, and h € D,, where 17, is sufficiently
large that
I(f =) = fll <e/2. g —0/2)4 —dll < 5/4,
GegDg, hehDh,

and
f. g € hD;h.
Then
(f-=e)3(f—2)y and (9-06)s 3(5-3/2)4,
and hence

d-((f —2) < d((f —)4) < dr((g—0)4) < d-((§—6/2)4), 7€ T(A).
Since A is simple, by (the proof of) Proposition 3.2 of [29], there is m € N such that
P - PG —/2)+
m—+1 m

in A. Therefore, with i; > iy sufficiently large, there are (x; ;) € My (4;,) such that 2/n; < ¢e/2
and

1D =)+ — (@) @G~ 6/2)) (i)l <

m—+1 m

B -~ o). 3D~

m+1 m

in A;,. This implies

in A;,, and hence

rank(f — 2¢), (z) < rank(§ — 6/2) 4 (2), xe|_|Xm
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Note that

(f —2¢)4, (§—6/2); € hA,h.
Then, by Theorem |3.14} there is a unitary u € iLAijz + C1 C hAh + C1 such that

u(f —2e) u” €. (3 —6/2)1 A, (G—6/2)4

and

u(r) € P, (2/n4,), ©€X,, .
Then

u € hA; h+ C1 C hAh + C1
and

ufu* e u(f — 2e)u” €. (5 — 0/2)+ A5, (5 — 6/2)+ € gAg.

Note that, since all connecting maps of thi are diagonal maps, inside each A;, ¢ > iy, the
image of u, regarded as a function on Xj, takes values in P,,(¢'), where ¢/ < 2/n;, < /2, and
therefore

(udu®)(z) €LV (D,)), de (Do), z€X;, i>iy.
By Lemma [3.12]
udu* 625/ (D)l, d - (D)l,
as desired. n

Let us now consider the crossed product C*-algebras A = C(X)xI". We first need the following
lemma, which states that A can be weakly tracially approximated by homogeneous C*-algebras
induced by Rokhlin towers:

Lemma 4.4 (c.f. Theorem 3.9 of [27]). Let (X,T') be a free and minimal dynamical system with
the (URP). Then, for any finite set F C C(X) and any € > 0, there exist a positive element
p € C(X) with ||p|| =1 and a sub-C*-algebra C' C C(X) x I' such that
W) lllp; flll <&, feF,
(2) pfpe.C. feF,
(3) pdp € C, d € C(X),
4) C = @le M,,(Co(Z;)), where Z; C X, i =1,..., S, are mutually disjoint, and under this
isomorphism, the elements pdp are diagonal elements of C for all d € C(X),
(5) under the isomorphism above, all diagonal elements of @5:1 M, (Co(Z;)) are in CNC(X),
(6) dT(l _p) <E TE T<A>;
(7) there is a closed subset [Z;] C Z; for each i =1, ..., S such that if a € C, ||a|| <1, and a
is supported in | |2 (Z: \ [Z]) under the isomorphism C =2 @7 | M,,(Co(Z:)), then

T(a) <e, T€T(A),
(8) for any d € C(X), there are dy,dy € C(X) such that
d=dy +dy, |di]l2ra) <e, dy€CNCX),
and the support of dy is inside |_|Z.S:1[Zi] under the isomorphism C = @le M., (Co(Z;)).-
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Proof. This follows from the same (actually a simpler) argument as Theorem 3.9 of [27]. O

Proposition 4.5. Let (X,I') be a free and minimal dynamical system with the (URP). Then the
pair (C(X),C(X) x I') has Property (C).
Proof. Let f,g,h € C(X) be such that f,g € hDh, and

d-(f) <d-(g9), 7€T(A),

and let € > 0 be arbitrary.
For the given &, by the compactness of T(A), there is § > 0 such that

d-((f —¢)4) <d-((g —0)4), 7€ T(A).
Since A is simple, by (the proof of) Proposition 3.2 of [29], there is m € N such that

P -2 2P-9)+

m+1
in A. Since (X,I') has the (URP), by Lemma [4.4[(3)(1)(2), there are p € C(X) and C' C A with
C = G}Z 1 M,,,(Co(Z;)) such that

p(f—€)sp, plg—10)1p, phpeC,

and
PBw(f—e)p—2) @pg 0)+
in C. Thus "
(4.1) rank((p(f —€)4p — €)+(2)) <rank((p(g —6)+p)(2)), 2 € |_| Z;.
Note that
(4.2) ((p(f —2)4p) — &)+, p(g —6)+p € (php)A(php).

On passing to the restriction to [Z;], i =1, ..., S, by .1, (4.2), and Theorem [3.14] we obtain

a unitary

€ (php)liz (@ Mo, (C([Z]))) (php) |12 + C1

i=1

such that

(4.3) umz(p(f —€)+p — €)1 )u” € Tz ((p(g — 0)1+p)C(p(g — 6)+p)),
and

(4.4) udu*, w*du €z (D([2)))1, d € (D([Z]))1,

where [Z] = |_|ZS [Zi], and D([Z]) is the diagonal subalgebra of mz)(C) =2 @le M., (C([Zi])).
Extend u to a contraction in (php)(@le M,,,(Co(Z;)))(php) + C1, and still denote it by wu.
Then uu* and u*u, as functions on Z, are 1,,, on [Z;], and hence

luvw® — 1|24y, ||[w'w — 1|20 < €.
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Moreover, for any d € (D), where D = C(X), by Lemma [1.4(8), it can be written as
d=dy +dy,
where dy,dy € D, ||di||2,7a) < €, and the support of d, is inside [Z]. In particular, by ,
udyu’* 6!”2 (D),
and hence,
wdu® = ud;u™ + udyu” %!'HQ udou”* E!”Q (Dy).

This shows
diStQ,T(A) (udu*, (D)l) < 2¢.

The same argument shows

diStgvT(A) (u*du, (D)l) < 2e.

By (4.3)), there is a contraction ¢ € 7z, ((p(g — 0)+p)C(p(g — d)+p)) such that

lumz, ((p(f — €)+p — )4 )u” —cf| <e.

Extend ¢ to a contraction of (p(g —9)+p)C(p(g — d)+p), and still denote it by ¢. Then, the
element ¢ —u(p(f —e)+ —e)u*, regarded as a (matrix-valued) function on Z, has norm at most
on € on Zy. Therefore,

e —ulp(f — )+ —&)+u’llara) < 2¢

and
u(f—e)ru” = up(f —e)yu” +u(l —p)(f —e)u’
R u(p(f —e)r —e)yu’ +u(l —p)(f —e)u’

el et u(l=p)(f —e)yu’

z!'|l2 c
That is,

ufu” € (plg = 0)p)C(plg = 0)1p) € 9Ag.

Since ¢ is arbitrary, this shows that (D, A) has Property (C). O

Combining Proposition and Proposition 4.5, one has the following theorem:

Theorem 4.6. Let A be a simple AH algebra with diagonal maps, or let A = C(X) x I', where
(X,T) is free and minimal with the (URP). Let D be the canonical Cartan subalgebra of A. Then
the pair (D, A) has Property (C).
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5. PROPERTY (E)

Definition 5.1. Let A be a unital C*-algebra and let D be a unital commutative subalgebra.
The pair (D, A) is said to have Property (E) if for any positive contraction a € A, any finite
subset F C C([0, 1]), and any £ > 0, there is a positive contraction b € D such that

I7(f(a)) =7(f(D))l <&, feF, TeT(A)
Recall the following theorem which is due to Thomsen and Li ([32] and [21]).

Theorem 5.2. Suppose that X is a path connected metrizable compact space. For any finite
subset F C AffT(C(X)) and € > 0, there is N > 0 with the following property:

For any unital positive linear map & : AHT(C(X)) — AHT(C(Y)), where Y is an arbitrary
metrizable compact space, and any n > N, there are homomorphisms

1y ey O C(X) — C(Y)
such that

E()(T) = EZT(@UW <& [feF, TeT(CY)).
i=1
Theorem 5.3. Let A be a simple AH algebra with diagonal maps, or let A = C(X) x I', where
(X,T) is a free and minimal dynamical system with the (URP). Then the pair (D, A) has Property

(E).

Proof. Let (F,e) be given. Without loss of generality, one may assume that each element of F
has norm 1 and is real valued, so F can be regarded as a subset of Aff(T(C([0,1]))). Applying
the Thomsen-Li Theorem above to (F,¢) (where X = [0, 1]), one obtains N.

Let us first consider the case of AH algebras. Let a € A be a positive element with norm 1;
to prove the theorem, without loss of generality, one may assume that a € M, (C(X)) C A for
some n > N. Consider the homomorphism ¢ : C[0, 1] — M, (C(X)) induced by a, and consider
the induced unital positive linear map ¢* : Aff(T(CI0,1])) — Aff(T(C(X))). By Thomsen-Li
Theorem, there are continuous maps Aq, ..., A, : X — [0, 1] such that

. 1
0" (N)(7) = ~(r(fol) + - +7(for))l <e, feF, meT(CHX)).
Then, with
b = diag{(\1)«(id), ..., (A\n)«(id)} € Dy,
(and since ¢(f) = f(a),) one has that
[7(f(a)) =7(fO) <&, feF, 7eTM(CX)))

Let us now consider the case that A = C(X) x I', where (X,T") is free and minimal, and has
the (URP).

Let a € A be a positive element with norm 1. Choose 6 > 0 such that if ||z — y||2 1) < 0,
where x, y are positive contractions, then || f(x) — f(y)|l2ra) < € for all f € F.

By Lemma [4.4] there exist a sub-C*-algebra C' C A and a positive contraction p € C such
that
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(1) C= @Z 1M, (Co(Z;)), where n; > N, i=1,...,5,

(2) pap €52 C,

(3) d-(1 —p) <d/2, 7 € T(A),

(4) there is a closed subset [Z;] C Z; for each i = 1,...,.S such that if a € C, |la]| < 1, and a
is supported in | |7_,(Z; \ [Zi]) under the 1som0rphlsm C =@ M,,(Co(Z)), then

T(a) <e, T€T(A),
Choose a € C such that ||a@ — pap|| < §/2; hence
la — all2ra) < 9.
and so, by the choice of 9,
(5.1) | f(a) = f@)llar) <&, feF.

Consider the homomorphism

¢: C([0,1]) 3 f = 7z(f(a)) € mz(C) = @Mm(C([Zi])),

where [Z] = |[7_,[Z], and consider the unital positive linear map ¢* : Aff(T(C[0,1])

)
Aff(T(C([Z]))). Then, by Theorem there are continuous maps \;1,..., Ain, : [Zi] = [0, 1],
1=1,..., 5, such that

() (r(f o)+ +r(fodn ) <& fEF, 7€ T(O(Z]).
Define
b, = diag{id © )\i,la yid o )\z‘,n} S an(c([ZZ]))a

where id is the identity function on [0, 1], and define
b=b @ D byy.

Then
s

(5.2) (72, (£(@) = T(fO)| <&, f€F, 7 TEDM(CUZ))).

=1

Note that b is a diagonal element. Extend b to a positive diagonal contraction b € C. Note that,
by Lemma (5), the element b is also in D. By , a calculation shows

(5.3) T(f(0) = Tl (fD)] <4, feF, TeT(A),

where 7|7 is the tracial state of @f:1 M,,,(C([Z;])) induced by 7|¢:

1 -
7_|[Z]( T) = nlggo TBQ)T(enzen%
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where x € @le M, (C([Zi])), 2 € C = @5:1 M,,(Co(Z;)) is an extension of z, and (e,) is a
decreasing sequence of positive contractions of C' which converges (pointwisely) to 1. Also note
that, by ,
(5.4) 7(f(@)) = Tliz1(mz1(f(@)))| < 2¢, feF, 7eT(A),
Then, for all f € F and 7 € T(A), by (5.1)), (5.4)), (5.2)), and (5.3),

7(f(a)) ~e T(f(@)) ~o- 712 (72, (f(@))) = Tl (f (b)) ~a 7(f (D)),
as desired. n

6. PROPERTY (S)

Definition 6.1. Let A be a unital C*-algebra, and let A C T(A) be a closed set of tracial states.
The pair (A, A) will be said to have Property (S) if for any self-adjoint element f and any € > 0,
there is a self-adjoint g € A such that

(1) ||f = gll2,a <€, and
(2) there is 6 > 0 such that 7(xs(g9)) < &, 7 € A, where

1, |t] <9,
(6.1) Xs(t) = 2—1tl/6, [t <24,
0, otherwise.

In the case that A = T(A), we shall just say that A has Property (S) if (A, T(A)) has Property
(S).

Compared to Theorem , Property (S) can be regarded as a weaker version of the small
boundary property, without referring to a commutative subalgebra D. Eventually, it will be

shown (Proposition that Property (S) for A implies the small boundary property of the pair
(D, A), provided that (D, A) has Properties (C) and (E).

Definition 6.2. Let A be a C*-algebra, and let A C T(A). Let us say that qRR(I*°(A)/Jowa) =
0 if the class of the constant sequence of any self-adjoint element of A can be approximated by
invertible self-adjoint elements of [*°(A)/Ja,.a with respect to the uniform limit trace norm
| ll2w.a- It is clear that if RR(A) = 0 or if RR(I*°(A)/J2w.a) = 0, then qRR(I*°(A)/J20.a) = 0.

Property (S) can be characterized in terms of the real rank of the sequence algebra:

Proposition 6.3. Let A be a unital C*-algebra, and let A C T(A) be closed. The following
conditions are equivalent:

(1) aRR(I*(A)/ J2,a) = 0;

(2) (A, A) has Property (S);

(3) RRU(A)/Jp.0,4) = 0.
Proof. (1) = (2): Assume qRR(I*°(A)/J20w.a) = 0. Let (f,e) be given, where f € A is a self-
adjoint contraction and £ > 0. Consider the constant sequence (f), and then there is a sequence
(gr) € I°°(A) such that

I = g)llowa = lim [[f = gifl2a <&
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and (gx) is invertible in I°°(A)/J2, a. Then there is 6 > 0 such that

(xs(gr)) = xs((gr)) = 0.

In other words,
(Xs(9x)) € Jowa-
Then, with some sufficiently large k, one has
o [If = gkllaa <& and
o T(xs(gr)) <&, 7 €A,
as desired.
(2) = (3): Assume that (A, A) has Property (S), and let us show that [*°(A)/Js., A has real

rank zero. Let (ay,as,...) € [®(A)/J2wa be a self-adjoint element, and let ¢ > 0 be arbitrary.
By Property (S), for each n = 1,2, ..., there is a self-adjoint element b,, such that

e 7((a, — b,)?) < 1/nfor all 7 € A, and
e there is 0, > 0 such that 7(xs,(b,)) < 1/n for all T € A.

Without loss of generality, one may assume that 6, < e. Note that
(al, as, ) = (bl, bQ, )
Consider b, = g,,(b,) and ¢, = h,(b,), where

(t) = et/bn, [t| < by,
I = e+ sign(t)(e — 0,), otherwise

and

TS 1/(t + sign(t) (e — 6,)), otherwise.

Then
6] —ball <&, |leall < 1/e, and 7((bc, —1)%) < 7(xs,(bn)) < 1/n, 7€ A.

In particular, the element (b}, b}, ...) is invertible in °°(A)/J,, o with the inverse (c1, co, ...). More-
over,

||((11, as, ) — (bll, b/2, )” = ||(b1, bg, ) — (b’17 blz, )H < €.
This shows that [°°(A)/J2, a has real rank zero.
(3) = (1): Trivial. O

Uniform property I' implies Property (S):
Proposition 6.4. If a unital C*-algebra A has uniform property I', then A has Property (S).

Proof. The proof is similar to the proof of Theorem 3.5 of [10]:
Let (f,e) be given, where f € A is a self-adjoint contraction and € > 0. By Corollary 3.9 of
[10], for the given e, there exist n € N and self-adjoint elements

f17f27 "'afn €A
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such that
(62) ||f_fl|| <g, 7::172’"'7”7

and there is 6 > 0 such that
1
n
where (f)s = xs(f) (see (6.1). In particular, regarding (f1)s, ..., (fn)s as constant sequences in
A, we have

(T((f)s) + - +7((fa)s)) <&, 7€ T(A),

(63 L ()9 44 () < TET(A).
Since A has uniform property I', there is a partition of unity
D1, D2y ey D0 € (I°(A) ) Jaon) NA
such that
(6.4) T(piap;) = %T(a), ac A TeT(A),.

Consider the element

g = pl(fl)pl + o +pn(fn)pn € loo(*A)/‘]?,w,A'
By (6.2),
(6.5) If = gllzwray = oo (f = fo)pr + -+ 0u(f = fa)Pnll2wra) <e.

Note that, for each 7 € T(A),, by (6.4),
- 1 ‘
T(pz«fz)é)pz) = ET((fl)J)a 1= 17 Ny, T E T(A)Wa
and hence, together with (6.3)),

(6.6) 7((9)s) = T(o1((fi)s)p1) + -+ 7(0n((fn)s)Pn)
(T((f1)s) + -+ 7((fn)s))

IRESEE

Pick a representative sequence g = (gx) with gg, k = 1,2, ..., self-adjoint elements of A. By (/6.5))
and , with some sufficiently large £, the function g satisfies

(1) IIf = 9kH2,T(A) < g, and
(2) 7((gx)s) <&, 7 € T(A),

as desired. n
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7. SOME APPROXIMATION LEMMAS
In the section, let us prepare some approximation lemmas for the next section.

Lemma 7.1. Let X be a metrizable compact space, and let A be a compact set of probability
Borel measures of X. Then, for any e € (0,1), there is 6 > 0 such that if ag,a;,d : X — [0, 1]
are continuous functions satisfying

(1) apar = ay,
(2) |lapd — d||l2,a < 6, and
(3) lldar — arfl2,a <9,
then there is a continuous function d : X — [0,1] such that
(1) lld—dlaa <,
(2) laod — dl < ¢, and
(3) [|[da; — a1 < €.
Proof. With the given ¢, choose &’ € (0,1) such that ¢’ < € and 2v/¢’ < . Then
§d=¢/\/2/(e")?

has the property of the lemma.
Indeed, let ag, a1, d satisfy the conditions of the statement. Define sets
A07§1,€/ = aal([O, 1— EI]) and ALZE/ = afl([g', 1])
Note that AO,Sl*E' N ALZE/ = @

On Ap <i—e, consider the set

Wo = {Qf € A07§1,5/ . ‘d(l’) 2 > 8/}.

Then, for any pu € A,
€ PenWo) < () [

A0,§1—5’

P(2)dp(x) < / (aol) — 1?d2(x)du(z) < 52,

Ao,gl—s’
and hence
p(Wo) < 62/(¢')°.
On A >/, consider the set
W1 = {ilf € ALEE/ . |d<£lj') — 1|2 Z 5/}.

Then, for any pu € A,
P W) < (&) /

Ay e

) < 1Pdute) < [ Jdle) = 1Pad{a)dula) < &,

Ay so
and hence
p(Wh) < 6%/(¢")°.
Choose disjoint open sets Uy 2 W, and U; D. Since A is compact, Uy and U; can be chosen
such that
w(lUy) < 6%/(¢")? and pu(Uy) < 6*/(€)3, e A.
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Choose continuous functions ro,r; : X — [0, 1] such that

rilw, =1 and rifx\p, =0, i=0,1.

Define
0, x € Wy,
(1 —ro(x))d(x), x € Uy,
d(z) =< d(x), ze X\ (Uyulhy),
(1 —ri(2))d(z) +ri(x), =€ U,
1, x e Wh.
Then
[ () = ) (o) < p(U0) + p(00) < 267 e A
That is,
|d = djon < 63/2/(€)2 =€ <.
Note that
d(z) < Ve, € Ap< o
So

laod — d|| < max{e’,2Ve'} < 2Ve' < e.
Also note that
1—d(z) < Ve, z€As.
So
|day — aq|| < max{ve’, 2’} < 2V < e,
as desired. 0

The following lemma certainly is well known:

Lemma 7.2. Let A be a C*-algebra. Let N € N and € > 0. Then there is 6 > 0 such that if
C1,...,cy are self-adjoint contractions such that

||CiCjH <0, 1,7 =1,..., N, Z;éj,

then
ler 4+ -+ en|| <max{|l¢] :i=1,..., N} +e.

Proof. For the given (N, ¢), there is 6 > 0 such that if ¢y, ..., ¢y are self-adjoint contractions such
that
lcicill <6, i,7=1,..,N, i # 7,
then there are self-adjoint elements ¢, ..., ¢y € A such that
& —cill <e/2N, and ¢& L¢&, 4,j=1,..,N, i#j.
Then, this § has the property of the lemma, as
lev 4o+ enll e a4+ vl
= max{||G|:i=1,..,N}
~.p max{|gl :i=1,...,N},
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as desired. O

Lemma 7.3 (cf. [3]). Let A be a C*-algebra. For any e > 0, there are N € N and § > 0 with
the following property:
Let a € A be a positive element with norm at most 1. Define

a; = xi(a), i=1,..,N,

where
0, t < = N
Xi(t) =< linear, t € [Tl <],
1, t> %

Assume there are positive elements dy, ...,dy € A with norm at most 1 such that
(1) la,d;] =0,i=1,...,N,
(2) ||laidiz1 — diya|| <9,i=1,.... N —1,
(3) ldiais1 — aia|| <6,i=1,..., N — 1.
Then
la— x4+ dw)ll <<

Proof. Choose N > 32/e. Applying Lemma to N and /16, one obtains ¢;. Choose § > 0

such that
€
+—

16)<e€.

160 < &, and §+5+qu&+§
Then the pair (IV,d) has the property of the lemma.
Since a;a; = a;, 1 < j, by ,

a;d; =5 aja;1d; = aj1d; =5 dj, 1 <.

Hence, together with ,
(7.1) la;d; —dj|| <26, i<j.
A similar argument applied to shows
(7.2) |dia; — aj]| <26, i<j.

Also note that, if © < j — 1, then

did; =5 diaj_1d; a5 aj_1d; =5 dj,

and therefore, a straightforward calculation shows that
(7.3) |(di — dis1)(d; — djy1)|| <166 < 6y, i<j—2.

Note that

and then, together with , one has
(7.4) a =~
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Noting that

1
a=—(a;+ -+ ay),

N
together with (7.1)) and (7.2]), one also has that, fori =1,..., N — 1,
a(d; — dig1)
1
= ylat-tay)di—din)

1
= N((aldz‘ + - +and;) — (a1dip1 + - -+ andigr))

1
45 N((dz—i- +di~|—a,~di+ai+1 +"'+CLN)

i—1
—(dis1 + -+ dipi taidip + a2 + -+ aw))

'
%

) 1
= %(dz —diy1) + —=(ait1 — di + aid; — ait1digq)

N
l
%% N<dz - dz‘+1).
That is,
? 4 e .
(7.5) lla(d; — diyq) — N(dl —diq)|| < 4 + N < 46 + g = 1,2,...,N —1.
A similar argument also shows
(7.6) lady — dx| <26+ = < 45+ &
. aa N N N 8
Then, on applying (7.4), (7.5), (7-6), (7.3)), and Lemma [7.2] (note that a, dy, ..., dy commute),
a R ad;
= a(d1—d2—|—d2—d3+"‘+d]v,1—dN+dN>
= a(dl - d?) + G(dg — dg) + -+ G(del — dN> + adN
1 2 N -1
%4((46-1—%)-&-%) N<d1 — dg) + N(dg — dg) g T(dN_l — dN) + dN
1
= ~ditde - +dy),
as desired. n

Lemma 7.4. Let (D, A) be a pair of unital C*-algebras, where D is commutative. For anye > 0,
there are 6 > 0 and N € N with the following property:

Let a € D C A be a positive element with norm at most 1, and set

a; = xi(a), i=1,...,N,
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where
0, t <
xi(t) = q linear, t e [*5h, £,
1, £> L

Let dy,...,dy € A be positive elements with norm at most 1 such that

(1) diStg,T(A)(di, (D)ii_) <d0,i=1,2,...,N,

(2) laidisr — digalloray <9, i=1,.., N =1, and

(3) ldiaiyr — aitalloray <9, i=1,...,N —1.
Then
1
N
Proof. Applying Lemma to /2, one obtains, say, the pair (N,d2). Applying Lemma
to min{dy, £/4}, one obtains d;. Set § = min{d;/4,e/4}. Then (NN, d) has the property of the
lemma.

Indeed, let dy, ..., dy be given. Since disty(a)(d;, (D)) < 6,4 =1,2,..., N, there are positive

contractions cil, cZN € D such that

(77) ||dz_czz||2,T(A) <m1n{61/4,6/4}, 1=1,...,N.
Then, it follows from and that

la = < (di+ -+ dn)ll2ra) <e.

HaﬂiFA — Ji+1‘|2’T(A) < 51 and ”(jiazqu — ai+1“2,T(A) < 61, 1= 1,2, ,N — 1.

Applying Lemma to each element d~i, 1 =1,..., N, one obtains a positive contraction d; €D
such that

(78) ||CZ7,_JZ||2,T(A) < 5/4, 1= 1,...,N

and ~

||CLZ‘CZZ'+1 — Czi+1|| < 52 and ||(Z¢CLZ‘+1 — a/i+1|| < (52, 1= 1, 2, ,N —1.
Then, by Lemma one has

1 = % €
— —(d R d < —
||a’ N( 1 + + N)H 2’
and hence, together with ((7.7) and (7.8)), one has
1 € €
— —(d d < — - =
a N( 1+ 4 dy) |2 ma 5 + 5 =&
as desired. U

Lemma 7.5. Let A be a unital C*-algebra. For any e >0, any N € N, and any x € C([0,1])*,
there are 6 > 0 and M € N such that if by, b, ..., by € A and dy,ds,...,dny € A are positive
elements with norm at most 1 such that

(1) ||didiz1 — diall2may <6, i=1,...,N =1,

(2) bibi1 =biy1,1=1,2,...,N, and

(3) |7(b)) —=7(d)| <6,i=1,2,...,N, j=1,...M, 7 € T(A),
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then
1 1
\T(X(N(bl +---+by))) — T(X(N(dl +---+dn)))| <e, T€T(A).

Proof. 1t is enough to prove the statement for y a monomial, i.e., x(¢) = ¢". Note that there are
positive numbers «; j, ¢ = 1,..., N, j = 1, ..., n, such that

1

b" = (—=(b1+---+bn))"
(N( 1+ +0N))
1

= Z A

i1+ FiN=n
N n

= E E :Oéi,jbf-
i=1 j=1

Hence,
n

= ZZ%;’T(@)-

= j:l
Then there is § > 0 such that if

|didiy1 — dipall2ma)y <9, i=1,..,N—1,

then
1 N .
(G (o))" = 30D sl < =/2.
i=1 j=1
In particular,
1 N n N n
J J
T((N<d1+ +dN N€/2T ;;@Z]d ;;O{LJ‘T(C&).

Moreover, one may assume that § > 0 is sufficiently small such that if

IT(b)) —7(d)| <6, i=1,2,.,N, j=1,...,n

then
D) SIS 3) SRt IIecs
=1 j=1 =1 j=1
Then this § and M := n have the desired property. O

8. THE SMALL BOUNDARY PROPERTY

In this section, let us show that Property (S) for the ambient C*-algebra A indeed implies the
(SBP) for the subalgebra D when Properties (C) and (E) are present (Theorem [8.3)).
For each € > 0, define

0, t<1-—g¢g,
(8.1) ne(t) = ¢ linear, t €[l —e,1—¢/2],
1, t>1—¢/2.
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In the proof of the following lemma, we use O(g) to denote a quantity which converges to 0
when e approaches 0.

Lemma 8.1. Let A be a unital C*-algebra, and let D C A be a unital commutative subalgebra
such that the pair (D, A) has Property (C). Let ¢y, ¢a, 3,901,002 € (D) and g9 > 0 have the

following properties:

(1) ¢2,¢3 € 91D,

(2) Y1the = tho, b3 = 3,

(3) d-(¢1) < dr(¢1) for all T € T(A),

(4) inf{7(¢p2) —d;(¢3) : 7 € T(A)} >0, and
(5) inf{d (6) = 70 (0)) : 7 € T(A)} > 0.

Then, for any e > 0, there is a contraction u € A such that
wpru € 61 Agy, i (U)u €1 62405, me(utiu)gs <L s,
and
disto ey (udu®, (D)1) < e, distera(u'du, (D)) <e, de (D),
and
Juu™ = oy, [lu'e = 1zm@) <e
Proof. Let € > 0 be given. Choose § € (0, min{eg, e}/4) such that if =, y are positive contractions
of a unital C*-algebra A such that ||z — y|2 1) < 0, then
(82) 1n-(z) = n-(y)ll2,ra) < /2.
Define
01 = 1inf{7(¢p2) — d-(¢3) : 7€ T(A)} >0
and
0y :=1inf{d,(p2) — 7(n, (1)) : 7 € T(A)} > 0.

By Property (C) and Assumption (3)), for any ¢ > 0 (to be determined later), there is a
contraction u; € A such that

(8.3) witru €51 6 Agy,
(84) diStgyT(A)(uldUT, (D)l) < 8/, diStgyT(A)(quul, (D)l) < 5/, de (D)h
and
. Uiy — lij2,;7(4), Uy — Lij274) < €.
(8.5) [Jurui — 1] Jujuy — 1] <

By (8.3), there is n large enough that

1
(1) (uitrun) — wighrun |2 ma) < €'
By (8.4), there is a positive contraction d; € D such that

ldy — uithrus||2may < €
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and then
”¢1 dl - UlwﬂLlHQT < 2¢.

Consider gb%dl, and still denote this element by d;. One has

di € 1Dy
and
(8.6) |di — witrua]|omay < 2€”.
Consider the contraction
M=o (Wi Y11),

and note that (by , - and Condition ({5))

dr (e 2(dh)) < 7(0e (dr)) A% 7(0ey (uithnnn)) RG( 700y (1)) < dr() — 02/2, 7 € T(A),
With &’ sufficiently small, one has

dr(ne/2(dh)) < dr(d2), 7€ T(A).
By Property (C), for any €” > 0 (to be determined later), there is us € ¢1 A¢; + C1 such that

(8.7) U3tley /2 (i Ju €5 92 A0,

(8.8) diste r(a)(uoduy, Dy) < €”,  distyrea)(usdug, Dy) < €”, d e Dy,
and

(8.9) lusus — 1l2may,  [Juzue — L2y < €”.

Since (as § < g9/4)
7750/2(d1)776(d1) = 775(051)7
it follows from (8.7)) that

(8.10) wins(dy)us €017 G, A0,.
By , there are positive contractions
dyq1, disg €D
such that
(8.11) |11 — usdiusllamay < €, [ldis — uins(di)usllomay < €”.
By (B.10),

dis EQ;','?G P2 Adps.
With the same argument as above for d;, there is a positive contraction, still denoted by d s,
such that

(812) dl’g € ¢2D¢2 and ||d17§ — u;’r](;(d1>U2||27T(A) < 5.

Also note that, by ,
1n5(di1) — dugll2mca) = O(").
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Define
J1,1 = fa(dm) and CZL& = Ua(dl,l),

where

0, t<0,

fs(t) = < linear, t € [0,1— 4],

1, t>1-—0.
Then
(8.13) CZ1,1CZ1,6 = 621,6 and chl,l —dia <9,
and by (8.11)),

dv.s — dasllariay o Ims(usdius) — usns(di)uz|| = O(").
Then, with ¢” sufficiently small, there is n € N such that

||(J1,5)%d1,5 — dis]l2,ma) < 61/4,
and hence, for all 7 € T(A),

do((dig)ndig) +00/4 > 1((dys)ndis) + 01 /4
(di5) ~ser T(usns(dy)us) ((8.12))
~oey  T(uyns(ujrur)us) ((8.6))
Ro@Erery Ts(Y1)) > (1)
> d-(¢3) + 61/2.

>

\]

With &' and ¢” sufficiently small, one has

A ((dis)7drs) > dy(gs), 7€ T(A).

Note that (CZL(;)%CZL(; € ¢2D¢ps (both (&1,5)% and d; 5 belong to D, so they commute).

Property (C), for any ” > 0 (to be determined later), there is uz € ¢ Ay + C1 such that

(8.14) usdsus €02 (dys)7dysAldys)wdys,

n

diStg’T(A) (u::,du;, Dl) < 8”/, diSt27T(A) (ugdu& D1> <eg, de Dl;
and

(8.15) lusus — Lllomca),  [ujus — 12w <&

Note that, by (8.13]),

(LJC =c¢, CE (d175)%d175A(J1,5)%d1,5.

By (8.14)), there is ¢ € (cil,(;)%dL(;D(ch,g)%dl,g such that [|c|| <1 and

e — ugpzusl|a,ray < ™.

40
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Then
(816)  (uine(uitnwn)us)(usdsus)  ~pny (une(dy)uz) (usdsul)  ((BG
~otn me(uidiu)(usésui) (D)
~oen me(d) (usgsuy)  (BII)
A ey me(di)(usenus)  (BI3)(E2)
=~ (dy)e

S—
~—

_ ~Mll2 *
= C Ry UzQ3Us.

Then, consider the contraction

U = Ui1u2us.

Since
Uy € p1Ap; +Cl and wus € g Ady + Cl,
one has
(urugus ) 11 (uyugus) € ¢ Ag,.
Moreover,
(U1U2U3)*7]ao/2(¢1)(U1U2u3) %!)"(E/) uEUZmO/z(uwlul)um ((8.9))
oy U a(d)u)us (B5)
bl 846, (D)
and
ne((urugus) 1 (waugus))ds ~GC 0 wjusn(uitin)ususs  (B3), B9)
I g () (usdsuy)us ((BIH))
Nero(eertemy Us(Uzpaus)uz = ¢s. ((8-16))
With &', ", " sufficiently small, the contraction u has the desired property. O

For technical reasons, we also need the following lemma which, very roughly, asserts that, after
a perturbation with respect to the uniform trace norm, the spectrum of a positive element of the
subalgebra D is, in a strong sense, dense.

Lemma 8.2. Let A be a unital C*-algebra and let D = C(X) C A be a unital commutative
sub-C*-algebra. Assume A is simple, X has no isolated points, and the pair (D, A) has Property
(E). Then, for any positive contraction g C D, any finite set {x1,...,x,} C (0,1], and any e > 0,
there is a positive contraction g € D such that
(1) [Ig = gll;ray <&, and
(2) each point x;, i = 1,...,n, is in sp(g), and is not isolated from the left inside sp(g) (i.e.,
(s,z;) Nsp(g) # D for all s < x;).
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Proof. Since A is simple (and non-elementary), there are mutually orthogonal positive elements
ai,...,a, € A such that
la| =1 and d.(a;) <e/n? i=1,..,n, 7€ T(A).

(See, for instance, Lemma 4.7 of [27].)
Consider the contraction

and note that it has the property
0<7(hi(a)) <e/n, i=1,...,n, 7€ T(A),
where h; : [0,1] — [0, 1] is the continuous function taking value 1 at [(4i — 1)/4n, (4i + 1)/4n], O
on [0,(2¢ — 1)/2n] and [(2¢ + 1)/2n, 1], and linear between. By Property (E), there is a positive
contraction d € D such that
0<7(hi(d) <e/n, i=1,..,n, 7€ T(A),
and there are mutually orthogonal positive elements by, ..., b, € D such that
|b;l =1 and d,(b;) <e/n, i=1,...,n, 7€ T(A).
Consider the sets
Ui=b1(0,1) and V;=0b;"((1/2,1]), i=1,..,n.
Then
Vi CU; and u.(U;) <e/n, i=1,.,n, 7€ T(A).
For each V;, 7 = 1,...,n, since X has no isolated points, there is a continuous function g; : X —

[0, 1] such that g;|ye = 0 and 1 is not isolated from the left in ¢;(X) (i.e., (s,1) N g:i(X) # O for
all s < 1). Also pick a continuous function r : X — [0, 1] such that

T|X\(U?:1Ui) =1 and T|U?:17i = 0.
Then the function
G :=gr+ (v1g1 + T292 + - + Tpgn)
has the desired property. 0

We are now ready to prove the main theorem of the paper, which states that Property (S) of
A implies the (SBP) of (D, T(A)) if Properties (C) and (E) are present.

Theorem 8.3. Let A be a unital simple C*-algebra, and let D = C(X) C A be a unital com-
mutative sub-C*-algebra such that X has no isolated points. Assume that the pair (D, A) has
Properties (C) and (E). Then, if the C*-algebra A has Property (S), the pair (D, T(A)) has the
(SBP).

Proof. By Theorem it is enough to show that for any self-adjoint contraction f € D and any
€ > 0, there is a self-adjoint element g € D such that

(1) IIf = 9||2,T(A) < e, and
(2) there is 6 > 0 such that 7(xs(9)) <e, 7 € T(A).
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To show this statement, it is enough to prove it for f such that sp(f) = [—1, 1]. Indeed, set
t_-=sup{t<0:t¢sph)} and t, =inf{t >0:¢t ¢ sp(h)}.

If t_ =0 or ¢ty =0, then it is straightforward to perturb f to produce g (with xs(g) = 0).
Assume neither of ¢_ and ¢, is zero. Choose s_, s; ¢ sp(f) such that

0<t_ —s_<min{e,—t_} and 0<s; —t, <min{e, t;}

and consider the self-adjoint element h(f) where

0, t<t_,

t_—s_, telt_,s_],
h=< t, teft_,t+ —|,

5. =85, t€ [t-i-?S-‘r]a

0 t>s,.

Then sp(h(f)) = [t—,t+], and

If = (f + 1) + £ <&,

where fo (t) =tift <s_ and f; (f) = 0 otherwise, and f7, is defined similarly. Then, applying
the statement to the self-adjoint element A(f), one obtains the desired approximation g.

Now, let us assume that sp(f) = [—1, 1]. Identifying [—1, 1] with [0, 1], let us show the following
(equivalent) statement:

Let f € D be a positive contraction with sp(f) = [0, 1], and let £ > 0. Then there is a positive
contraction g € D such that

(8.17) |f = gll2ra)y <e,
and there is 4 > 0 such that
(8.15) (i 4(9) <& 7€ T(A),
where
0, t<i-—4,
linear, te€[i—0,1-1]
X15(t) =4 1L, tE 1-2¢ 149
linear, t € [% +2.1+4],
0, t> 3 + 0.

Let (f,e) be given. Applying Lemma [7.4] to £/2 (in place of €), we obtain N and & (in place
of ¢). Choose 1 > 0 such that

3e1 <1/N, 8Ney<egg and g <eg/4.

For each i = 1,2, ..., N, consider the following functions

0, t< L 0, t < =tey,
Xi(t) =< linear, t € [%1 ﬁ], Xie (t) = linear, t € [— +e1, % L+ e,
1, t> L 1, t>E e,
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0, t< T+ T, 0, t< §+en

Kie, (t) = 4 linear, t € [% +2, 5+, b, =} linear, t€ [% + €1, % + 2e1),
]-7 tz%—i_‘gl; 17 tZ%"'Zé\lu
0, t< 4, 0, E< 2,

&, =4 linear, te€ [%, ++ %], and & = linear, te [% + 2e1, & + 3¢4],
1, >4+ I, t> 443

Consider the finite set of functions

(819) H = {Xia Xierr Fiers 9i7517 7]61/2 O Xiey - i = 1a 27 aN}
Note that

Nerj2(Xier (1)) =0, t<i/N+e/2,i=1,...,N,
where, recall ((8.1))),

0, t<1—¢g,
Ne(t) = ¢ linear, t €[l —eg,1—¢/2],
1, t>1-¢e/2.

Since A is simple and sp(f) = [0, 1], there is v > 0 such that

8200 4 < gmin{d-(u() — a1, 70, () — (6, (),

T( i—t_al (f)) - T(nm/?(Xi,sl (f))) =1, N? T E T(A)}

Without loss of generality, one may assume that v < ¢/4.
Since A has Property (S), there is a positive contraction § € A such that [|f — gll2ra) is
sufficiently small that

(8.21) IT(x(f) —7(x(@)] <~ x €H CC([0,1]), 7 € T(A4),
and there is 0 > 0 such that
(8.22) T(X%V(;(g)) <e/d, Te€T(A).

(Note that the choice of ¢ depends on g.)

Applying Lemmato e/4, N, and x Lics (in place of €, N, and Y, respectively), one obtains
do (in place of §) and M which have the property specified in Lemma with respect to €/2,
N, and x1,., 5 Choose 0; > 0 such that

46, < g9, 68; <y, and 3V, < min{eq,y/2}.
Also choose d, > 0 such that if a, b are positive contractions of a C*-algebra A, then
(8.23) la = bllaray <02 = [IX14e,5(0) = X34, 5(0) 200y < €/4.
Since (D, A) has Property (E), there is a positive contraction g € D such that
(8.24) 7(x(@) = T(x(@) <7 x € HU{x1,4}, 7 € T(A).
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In particular, together with (8.21)) and ({8.22)), one has

(8.25) IT(x() —T(x(@)| <27, x€H, TeT(A),
and

(8.26) T(X%’é(é)) <el/d+v<e/2.

So

(8.27) T(X14e,5((G —21)4)) < /2.

By Lemma[3.2] after a small perturbation (with respect to ||-||2,r(4)), without loss of generality,
one may assume that the numbers

i/N+e, i=1,2..,N—1,

are in sp(g), and are not isolated from the left.
Now, let us consider the elements

Xl(f)7 X2(f)7 - XN € D

and

X1,61(9)7 X1,81(§)7 sy X1781(§> eD.
By (8.24)), one has

(8.28) dr(X16(9)) < T(81,(9)) ~2y T(R1e, () < dr(a(f)), 7 € T(A).
By the choice of v ((8.20))), one has
(829) d‘r(Xl,sl (.5)) < dT(Xl(f))? T E T(A>

Note that, by the construction of HEI, §1e,» and 61, we have

& () &, () € xaf)Dxalf),

X1, (5)91,61 (.5) = 91761 (.5)7 giel (f)£i51 (f) = €i€1 (f)v

T(016,(9)) 2y T(01,(f)) > de(€1, (f)), 7 € T(A),

and

T(0e1 /2(X1.61(9))) 2y (11 2(X1,5 (1)) < 7(&, () < de (L, (f)), 7 € T(A).
By Lemma [8.1] for any ¢” > 0 (to be fixed later), there is a contraction u; € A such that

(8.30) UiX1e (9)ur €5 i (F)Ax(F),
(8.31) Nerja(Wix1e, (9)ur) €002 6. (AL (f),
(8.32) s (uix1e, (9w )6, ()~ €, (F),

(833) diStZT(A) (uldu’{, (D)l) < 5”, diStg}T(A) (ufdul, (D)l) < (5”, de (D)l,
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and
(834) ||U1UT — 1||2,T(A)7 ||UTU1 — 1||2,T(A) < 4.

With ¢” sufficiently small, one has

(8.35) IT((wirw,)?) —7(2?)| < 61, j=1,...,M, 2 € (A), 7€ T(A),
and (by (8.33)) and (8.34)))
(8.36) dista r(a) (W X16,(§)u, (D)) < 30" < min{eg, dy, £/4}.
Set
p1=min{7(p14,(9)) : 7 € T(A)},
where
0, t<++e— 6y,
linear, % +e -0 <t< % +e1—61/2,
P16 = 4 1, t:%+51—51/27
linear, % +e1—0/2<t< % + &4,
0, t Z % + 1.

Since 1/N + ¢; is not isolated from the left in sp(g) and A is simple, we have that p; > 0.
By (8.36)), there is a positive contraction

[UTXLH (g)ul] €D
such that

(8.37) fui X101 (9)w] = wixa e (9w llameay < 38" < 61
With 0” sufficiently small, one has

175, ([ X161 (9)ua]) — wins, (X1, (G))ua ||2,m(a) < min{p;/8, 01},

Define

(8.38) (75, (X161 (9))ua] == s, ([Ui X 1.6, (§)ma]) € D.

Then

(8.39) [, (X161 (9)) 1] = wins, (X160 (9))ua ll2mcay < min{py/8, 61}
Moreover (by (8.38)),

(8.40) Mg, (WX 1.2, (9)ua]) w5, (X160 (9))ua] = [, (X161 ())ua-

One should assume §” is sufficiently small that

(8.41) 1My ja([Ui X1, (G)u]) = My ya(i X6, (§)wn)l2m(a) < 01,

and

(8.42) 1726, ([T X161 (G)u1]) — M26, (WX 1.6, (G) 1) | 2,70) < 01
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Note that (use (8.32)) in the third and fifth steps),

(WXt (@u)xa(f) Rsve,  (uixie (9)un)xase, (f)
= (Ui X1,6: (9 )“l)fl 51( )X2,3¢, (f)
g (Wi (@)un) s (i ()i, ()Xo ()
~r Mar (Ui, z—n(é)u 3% 51( )X2,3¢, (f)
e (xzae ()
= X2,36 (f) ~ane, x2(f)-
With 0” sufficiently small, one has

(8.43) X1 (@unlxa(f) =N, xa(f)-
Note that, by (8.39)),

(8.44) |7 ([um8, (X160 (9))ua]) = 7(wims, (X1, (9))ua) | < p1 /8, 7 € T(A).
With 6" sufficiently small, one has

(845) 7(7751 (X1,€1 (é))) ~p1/8 T(Uy{ﬂdl (X1,€1 (é))u1>’ TE T(A)’

and

(8.46) 115, (Wi X160 (F)ur) — wins, (X1.e, (9))un]l2 < 61/4.

Hence, by (8.44)) and ({8.45)),

dr(x2e0(9) < T3, (X104 (9))) — p1/2
Rpss T(UMe, (X1e (§))ur) — p1/2
Rpss T(Uins (X1e, (9)w]) — p1/2
< de([uins, (x1e (9)wa]) — p1/2,

for all 7 € T(A), and therefore
(8.47) 0+ (20 (3)) < o (s, re (B))un]), 7 € T(A).
By (and (8.39), (8.46)), (note that 3e; < 1/N and §” < 6;)
(848)  [uins (x1e, (9)w)(&L, () = [wims, (1,00 (9w (&5, ())&, ()
" (i (e (8)u) (e, (D) (G, ()
15, (07 (1,0 (9)u)) (Er e, ()&, ()

A (& ()& ()
= £2+,a1 (f)a

%||'H2
o1

and therefore, one also has

(8.49) (w5, (12 (§))un) (G, () 02 €57 ().

Now, fixing ¢”, we have the contraction u; € A.

47
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Let us inductively assume that contractions uy, ..., ux, where k£ < N —1, have been constructed

such that (note that (8.51)) and (8.53)) are void if k = 1)

(8.50)  disto rea)(u; Xie (§)uwi, (D)T) < min{eg, d2,e/4}, i=1,...,k, ((8.36]) when k£ =1)

(8.51) i1 () (5 X (9)1i) = (i Xy (D)) o000y < 401 <1, i =1,k

(8.52)
1(uiXier (9)ua) X1 (f) = Xir1 (F)ll2ray < TNer +3%01, i=1,....k  ((8.43) when k =1)

and

(8.53) 151 X0 (@) 1i=1) (45 Xy (9)u) — (W) X1 (9)i) |2y < 681, i =1,k

(8.54)

IT((ufzu))—7(2x?)| < 6y, i=1,...,k j=1,...M, z € (A), € T(A). ((8.35) when k= 1)
Moreover, the contraction wuy satisfies

(8.55) ey ja(upXher (3)ur) EELHQ Ene (DAL (), ((8.31) when k = 1; note that §” < §)

and there are positive contractions [wjXk.e, (§)ur], [wins, (Xke (§))ux] € D such that

(8:56) 1125, ([ixiey (9)ua]) [wins, (Xnes (9))ur] = [uins, (iey (9w, ((B-40) when k = 1)

(8.57) 17, 7a([ Xker (9)tk]) = Moy ja(uiXee, (9)ur) l2rcay < 01, (B-41) when k = 1)
(858)  llmas, ([wixier (§)ur]) = s, (i, (@) ooy < 61, (BA2) when k = 1)
(859)  de(nira (@) < delluing O (@)ued), 7€ T(A),  (BAD when k= 1)
(8:60)  [ums ks () url (€611, (D) A3, e () (EZD) when k= 1)

and

(8.61) [ s, (ks (D)) (€ (D) =iy, €ine () (BAT) when k= 1)

Let us construct ug,q. Define
<€k_+1,51 (f)> = [UZ:T/& (Xk:,al (.5))'“76] (5];+1,€1 (f)) S Her([uzn& (Xk:,al (.5))1“?]) NnD.
It follows from that
(8.62) (€ () = Genes (Dllarrcn) < 5.
Then, for all 7 € T(A),
(016, () > dr(§pne, () 427 = de([ums, (Xeer (9)) )., () +27 = de (e, (1)) 427,
and hence .
T(Ohi1.6(9)) Ry T(Ok 116, () > de((Eir e, () + 2.

In particular,

(8.63) T(Ohs160(9)) > de((§y1, (F)), 7 € T(A).
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Also define

(8.64) (&1, () = (s (Xoer (9)unl (655112, (f)) € Her([wi(ms, (Xu.e: (9)))ur]) N D
Then,

T(Nerj2(Xt1,64 ()

(Erre, () =3y ((B20))
(

(

A
9

~ars, T([ur(ms, (ke (9)ur) (651, (1)) =3y ((B:60))
<§k+1 £1 >) -3y
< dT(<’Sk+1,51 >> — 37

I
\]

and therefore

(01 /2 (X1, (9))) Ry (o1 2 (Xnr1,0 (F) < dr([€41 ., (F)]) — 37 + 3541,
In particular (note that 3V§; < v/2),
(8.65) T(0e1 2o (X141 (9)) < dr (€1, ()]), 7 € T(A).

With (8.59), (8.63), and (8.65), by Lemma for any ¢” > 0 (to be fixed later), there is a
contraction ug,, € A such that

. k+1Xk+1,e1 k+1 S Kk'1o’ k,e1 J k Z; 6\ Xk,e1 J k]
(8.66) U1 Xirer (§) Wit €0 (Wi (X, (9))un] Alug s (Xiee, (9)) ]
(8.67) Ny ja (U Xk 1e0 (Duii1) €67 (&1 o () ALEE L, (),
(8.68) 776”(“2+1Xk+1,sl (é)ukﬂ) <f;§+1 1 > 15|~H2 <5k+1 €1 >:
(8.69) disto o) (uks1dug, 1, D1) < 6", distoreay(up, dugsr, D1) < 0”, d € Dy,
and
(8.70) urr1tirr — Ulameay, [wgs e — omay < 6"
By (8.69) and (8.70)), with ¢” sufficiently small,
(8.71) disto r(a) (U1 Xet1.e0(§) k41, (D)) < 38" < min{eo, b2, £/2}.
This verifies Assumption (8.50) for k + 1.
Also note
qu (Xk+1,61 @))Ukﬂ
S (U (e ()W) (s, ([Wfxe, (D)ua]) ((B56), (B-50))
~bl2 (s (e (8)) ) (s, (U X, (D)) (B59))
A2y (e () wed) (s (U X0y (§)0)) (X, (3) )
~srer (Wi (ke (9) ) (Wi Xeey (§)ur).— ((8:66), (8:56), (B-58))
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In other words,

(WX ey (9)1tr) (W Ok 10 (9)) 1) 2002 oy (X100 (§)) s

This verifies Assumption (8.53)) for k + 1.
By (8:55) and (8.66), (8.56), (8.57),
Xk(f)(UZH(XkH,el(5))Uk+1) s Xk(f

= x(f

s, (W Xk () ) (W (i1, (D)) ((B56))
Ner ja( [ Xher (9)Ur]) (W1 (k41,60 (7)) Ukg1)

A (e 2 (WX () ) (i (X1 (D) uiss) — (B5T)

A ey 4 (U1 () ) (W (k1.6 (D)) ((B55))

(
A ey pa (e (9)u)) (U3 (Xase () ) (B57))
(

= Upy Xit1,e1 (g ))Uk+1

)
)

So,

X () (g (X2 (9)) ) 20 sy (X (9)) i

This verifies Assumption for k + 1.
If k+1< N — 1, with the same argument as for ,
(UZHXkH €1 (§)Uk+1)Xk+2(f)
k1) Xkt2,36 (f)
)Ukﬂ)é;;rl,sl (f)Xk+2,3s1 (f)
Jis1) (Gsre, () X2 (F) - (B62)
W1 Xk 1o (0) 1) (Wey Xt 1,60 (§) U1 (Erre, () Xna2,36, () ((8.68))
~sr Nen (W Xer1en (9)Ukt) (Ere, () Xnr23e, (f)

Eu”z’ <§k_+1,gl (f)) Xnr2.3e, (f) ((8-68))

-l

Ry, Xht23e () Rane, Xa+2(f). ((8:62))

~3Ney uk—HXk-l—l €1

(
uk+1Xk+1 e (
(

(

(
%Q}JE (Ukt1 X410

(

~lell2

g
g
g
~l) j

Thus,
(W1 (X1 ()01 X2 () AN g, Xsa(F).
This verifies Assumption for £+ 1 (which is void if £ +1 = N).
With 0" sufficiently small, one has

(U zuren)’) = 7(@7)| <0y, j=1,... M, x € (A)1, 7 € T(A).
This verifies (8.54) for k + 1.
If k+1< N —1, let us verify that (with 6" sufficiently small), the contraction w; satisfies

the 1nduct1ve assumptions (8.55), (8-56), (8-57), (8-58), (8-59), (8.60)), and (8.61) for k + 1.

By (8.64) and noting that [uf(ns, (Xk.e, (§))ux] and (&1, (f)) commute (both are in D), one
has

<§]j—|—1751 (f)> A <€Ij+1751 (f)> g glj—i—l,al (f)Aglj-i-l,al (f)
Thus, Assumption (8.55)) for k& + 1 follows from (8.67)).
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For the other assumptions, let us repeat the argument of u;: Set

Pre1 = min{7(pr11,5,(9)) : 7 € T(A)},

where
0, t< Bl ey — 4y,
linear, 4 e —0; <t <EL4e—6/2,
Pk+1,61 — 1, t= % +é1— (51/2,
linear, k—#+51—51/2§t§k—;l+81,
0, t> 5L ey

Since (k+ 1)/N + & is not isolated from the left in sp(g) and A is simple, we have that p; > 0.
By (8.71)), with a sufficiently small §”, there is a positive contraction

[ult+1Xk+1,51 (g)ukJrl] eD
such that

W1 Xat 1,60 (@) Uk1] = Wiy Xar 1,60 (§) Uk |2, ma) < 36" < 4.
With ¢” sufficiently small, one has

||7751([UZ+1Xk+1,sl(9)uk+1]) - UZH% (Xk+1,s1(9))uk+1||2,T(A) < miﬂ{ﬂkﬂ/& 51}-

Define

(8.72) [ 178, (Xh1,20 () 1] == M6, ([0 Xt 1,64 (§) Us1]) € D

Then

(8.73) [ 178, (Xa1,00 () rest] — W16y (Xt 1,01 () )i [| 2,04y < min{prr /8, 61}
Moreover (by (8.72)),

(8.74) Mo, ([We 1 Xt 11 (9) W1 ) (W18 (X120 () trern] = (U176 (1,60 (9)) o]

This verifies (8.56) for k + 1.

One should assume ¢” is sufficiently small that

(8.75) 1o ja (W1 X100 (@) k1)) = ey 7 (W Xt 1,64 (§) i) 2wy < 61,4
and
(8.76) H77261([UZ+1X1¢+1,51 (§)Uk+1]) — 126, (uz—l—le-l-l,El (§)Uk+1)\|2,T(A) < 0.

This verifies (8.57)) and (8.58)) for k + 1.
Note that, by (8.73),

B77) 7 ([Whsa sy (Xt 1,0 (9))tiei1]) = T8, (Wn1,0 (9)) )| < prga /8, 7 € T(A).
With 6" sufficiently small, one has

(878) 7'(7761 (Xk+1,81 (g))) %Pk+1/8 T(ul:+17751 (Xk-l-l,&l (g))uk-i-l)? T E T(A)7

and

(8.79) M5, (W1 Xkt 1.0 () UR41) — W15 (Xt 1,60 (7)) Unrn |20 4) < 01/4
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Hence, by (8.77) and (8-78),

dr(Xer2e (@) < 70 (Xer1e(9)) — prya/2
~ort1/8 T(ul:+17751 (Xk+1,51(§))uk+l) — Prt1/2
Rpeanss Tk M6 (X1, (9)) k1)) — prar /2
< e ([ 175 (Xk 1,21 (9)urs1]) = Prsa /2,
for all 7 € T(A), and therefore

(8.80) dr (Xhr2e: () < dr ([ufg1m6 (Xht 1,6 (9)) 1)
This verifies for k + 1.

By and (and (8.73), (8.79)), (note that 3e; < 1/N and §” < &;)
(8.81) [t 1715 (X120 (9))ti41] (§, (F))

= [t (1,20 (9) 1) (G o, (P (EF o, ()
))uk+1>(£k_+1 61( ))<5k+2 51( ) ((8-73))

)
)

~51 (uk+17751 (XkJrl,El(:

Uk+l))(5k+1 sl(f))(5k+2 sl(f)) ((8-79))

N(s; 7761((U2+1(Xk+1,51( )
~3ks) 051 (W (1,0 (9)) 1)) (€ o, (F)) (Eae, () ((8.62))
M e (D) (e (1) (EDS))
it (G (D) (Ghan () (B5D)
= &haa (),
and therefore, one also has
(8.82) [ 17 (k120 () k1] (S, (F)) 0205, Giae, (F):

This verifies (8.60) and (8.61]) for £+ 1. Fix §”, and we obtain the desired u .
By induction, there are contractions uy,us, ...,uy € A such that (note that 3V, < £1)

(8.83) disto r(ay (U} Xie, (§)us, (D)) < min{eg, §2,/4} <o, i=1,..,N,
(8.84) Ixi-1 () (W Xy (9)1i) = (45 Xier (G)ui) |2y < 401 < 0, i =2, N,
(8.85)  [(w} Xier (9)ui) Xita () — Xixa(f)|l2amca) < TNey + 30, < 8Ney <&, i=1,..,N—1,

(8.86) (1 Xy ()05 1) (W Xie, (9)05) — (U] X (§) i) ||2may < 661 < &g, i=1,..., N,

and

(8.87) IT((ufww;)?) — T(2?)] < 6y < o, i=1,.,N, j=1,... M, x € (A)1, 7 € T(A).
Define

1, 3 . N
~(UiX1e, (@ + - + Uy XN (9)un).
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Then, by (8.83), (8.84]) and (8.85)), it follows from Lemma [7.4| that
(8.88) 1f = gllzrea < /2.
Note that

1 < <
(9 —e1)s = N(Xl,a(g) + ot X (9))-
By (8.86]) and (8.87)), it follows from Lemma |7.5[ that
(8.89) (X1 4205((9 = 1)) = T(X3406(9) < /4, 7 € T(A).
By again, one has

disto r(a)(g, (D)) < min{dy, e/4};

together with (8.88]), (8.89), and the choice of d, ((8.23), there is a positive contraction in D,
still denoted by ¢, such that

If = gllar) <e/2+¢/4=3e/4
and,
(X111 6((0 = 1)) = T(X 100, 5(9))| < /4 + /4 =¢/2, T €T(A)

By (8.27)), one has

T(X14e,6(9) <e/2+/2=¢.

Stretching g to move % +¢€1 to % (and note that £; < €/2), it satisfies the desired approximations

and (ET9). 0

As a consequence of Theorem one has the following characterizations of Z-absorption of
AH algebras with diagonal maps or the crossed product C*-algebras C(X) x I':

Theorem 8.4. Let A be a simple AH algebra with diagonal maps, or let A = C(X) x T', where
(X,T) is free, minimal, and has the (URP) and (COS). Let D C A be the canonical commutative
subalgebra. Then the following conditions are equivalent:

(1) A has Property (S).

(2) (D, T(A)) has the (SBP).

(3) AZA® Z.

(4) The strict order on Cu(A) is determined by traces.
(5) QRR(I*(A)/ J2,1(a)) = 0 (Definition [6.7).

(6) RR(I*(A)/ J2.1(a ) 0.

(7) RR(I>(D )/JQWT(A>_O

(8) A has uniform property T' (Definition [2.5)

(9) (D, A) has strong uniform property I' (Deﬁmtzon

(10) (D, T(A)) is approximately divisible (Definition .

In the case that A = C(X) x T', each statement above is also equivalent to

(11) mdim(X,I") = 0.
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Proof. (1) = (2): By Theorem 4.6/ and Theorem 5.3| respectively, the C*-algebra pair (D, A) has
Properties (C) and (E). Since A has Property (S), by Theorem [8.3] (D, T(A)) has the (SBP).

(2) = (3): For the crossed product C*-algebras, this follows from Theorem 4.7 of [9] in the
case I' = Z and follows in general from Theorem 5.4 of [23] and Theorem 4.8 of [26]. For the AH
algebras with diagonal maps, this implication follows from Proposition 4.10 of [10].

(3) = (8): Theorem 5.6 of [1].
(8) = (1): Proposition [6.4]
(2) < (7): Theorem 2.12 of [10].
(10) = (2): Theorem 3.5 of [10].

(1) < (5) < (6): Proposition [6.3|

(2) = (9): In the case of C(X ) x I, this follows from the proof of Theorem 9.4 of [1§]. For
AH algebras with diagonal maps, this follows from Theorem of the appendix.

(9) = (10): Trivial.

(3) & (4): In the case of C(X) x T, this follows from Corollary 7.14 of [20]. In the case of AH
algebras with diagonal maps, this follows from Theorem 4.1 of [6] and Theorem 9.5 of [31]

This shows the equivalence of Conditions (1)—(10).

(11) = (2): Theorem 5.1 of [26] ([I5] and [16] for Z%-actions).

(2) = (11): Theorem 5.4 of [23]. O

Remark 8.5. The relative comparison property (COS) only plays a role in (2) = (3). So, all
conditions except (3) and (4) are equivalent without assuming the (COS). Indeed, a Villadsen
algebra of the second type ([39]), which has unique trace but is not Z-absorbing, satisfies all
conditions of the theorem above except (3) and (4).

Since free and minimal Z%-actions always have the (URP) and (COS) ([28]), a special case of
Theorem is the following corollary:

Corollary 8.6. Let (X,Z%) be a free and minimal dynamical system, and let A = C(X) x Z4.
Then the conditions (1)-(11) of Theorem[8.4] (with D = C(X)) are equivalent.

Since real rank zero of A implies Condition (5) of Theorem , then it actually implies the
zero mean dimension of the dynamical system, and hence the Z-absorption of A. (Note that for
AH algebras with diagonal maps, this implication was already shown in [25].)

Corollary 8.7. Let (X,I') be a free and minimal dynamical system with the (URP), and let
A =C(X)xTI. If RR(A) = 0, then mdim(X,I') = 0. If (X,I') also has the (COS), then
AR Z=A.

Proof. 1t is clear that RR(A) = 0 implies qRR(I*°(A)/J2 1(4)) = 0. Then the corollary follows
from Theorem (and Remark [8.5). U

Remark 8.8. In fact, a slightly stronger statement was shown in [25]: if a simple unital AH
algebra with diagonal maps has the property that its projections separate traces, then it is Z-
absorbing. It would be interesting to ask if this statement also holds for the crossed product
C*-algebra C(X) x I’
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Since Villadsen algebras of the first type ([38]) are AH algebras with diagonal maps, and they
are not Z-absorbing, the following corollary is straightforward.

Corollary 8.9. Villadsen algebras of the first type do not have uniform property I'.

Remark 8.10. Although Villadsen algebras of the first type are not Z-absorbing, if the seed
spaces are finite products of a given contractible finite CW-complex, they are classified by the
Cuntz semigroup (indeed, by the Ky-group together with the radius of comparison)([7]).
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APPENDIX A. STRONG UNIFORM PROPERTY ' FOR AH ALGEBRAS

Theorem A.1. Let A be a simple unital AH algebra with diagonal maps, and let D be the stan-
dard diagonal subalgebra. If (D, T(A)) has the (SBP), then (D, A) has strong uniform property
I

Proof. Let F C A, ¢ >0 and n € N, and let us construct mutually orthogonal positive contrac-
tions p1, ..., pn, € D such that

(A.1) 11— (p1+ -+ pa)llora) <e,
and
1 .
(A.3) m(pifp) = —r(f)l <e, i=1,...n, 7€ T(A).

Then, strong uniform property I' follows.

To simplify the notation, let us only prove the theorem for the case that A; = M, (C(X;)).
The general case follows from the same argument.

Let us first construct a new AH decomposition of A with diagonal maps such that each building
block contains D as its diagonal subalgebra.

Note that the AH algebra A is generated by the diagonal subalgebra D and the standard
AF subalgebra F. Start with A; = M, (C(X;)). Consider the rank-one diagonal projections
pgl), p) e M, (C) C A and the partial isometry

0 1

o — € M,,(C) C A,

and consider the C*-algebra
Cy = C*{pgl)DpZ(-l),v(l) ci=1,..,n} C A
Note that
Cy = M,, (p" Dp{").
Moreover, since pgl), ...,p%ll) C D and pgl) + -+ p£}3 =1, one has that D C (; as the diagonal

subalgebra, and there is a canonical homomorphism A} : A; — C induced by the inductive limit
Dy — Dy — --- — D, where D; is the diagonal subalgebra of A;, i = 1,2, ....
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Similarly, consider the rank-one diagonal projections p?), o p%) € M,,,(C) C A and the partial
isometry

@ — € M,,(C) C A,

and consider the C*-algebra
Cy:= C*{p§2)Dp§2),v(2) ci=1,..,no} C A.
Note that
Cy = M,,, (i Dpf?).

Since the partition of unity {pgz), ...,p%)} refines {pgl), ...,p%ll)}, one has that C; C (5, and the

following diagram commutes:
M, (pi" Dp{") = M,,, (p{" Dp{?) —— A

A{] A;]

My, (C(X1)) —— M, (C(X3)) —— J-

Repeating this process, one has the following commutative diagram:

M,., (9 DpMy— M, (02 DpP ) .. s A
AI] A;] H
M, (C(X1)) M, (C(X3)) e A,
and therefore, we have the following AH decomposition of A:
(A4) Mnl (pgl)ngl))(ﬁ_ an (piQ)Dp§2))C—> A
For each i = 1,2, ..., also write

" Dpf” = C(Xy),
where X; is metrizable and compact.

Without loss of generality, one may assume that F C M, (C(X;)). Choose a finite open cover
U of X,,, such that

(A.5) If(x) = fWll <e, zyelU Uel, feF.

Since (D, T(A)) has the (SBP), by Lemma 2.4 of [10], there is an open set U C U for each U € U
such that the subsets

U, Uel,
are mutually disjoint, and

(A.6) (X 0) < nil T € T(A).

veld
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Choose x7 € U for each U € U.
Choose my € N such that if my = nk + r, where 0 < r < n, then r/mg < ¢.
Move to the next stage sufficiently far out, say Cs, such that by the simplicity of A,

Hi=1,...m:N@x)eU} >my, Uel, zeX,,

and by (A.0),

1 A -
—NHi=1,....m: \(x) € UU}|>1—€, z € Xo,
m veu

where A\, ..., A\, : XQ — Xl are the eigenvalue maps of C; — (.
By the compactness of X,,,, there is an open cover V of X, such that for each V' € V and each
U e U, there is ayy C {1,2,...,m} such that

(A7) Ni(V) C U, ie ayy,

1
(A.8) EUZGM|%,V| >1—¢ and |agy|>moe, Uel, VeV.

Since (D, T(A)) has the (SBP), by Lemma 2.4 of [10], there is an open set V' C V for each
V € V such that the open sets V., V € V, are mutually disjoint, and

~ ~ €
(A.9) X\ V)<=, TeT).
U]
Vev
Then there are continuous functions hy : )~(2 — [0,1], V € V, such that hy|y. =0 and
(A.10) 11— hyllamay <&
vey
Inside each agy, by the choice of mg, there are mutually disjoint sets
ﬁ[(]l%/'a ceey B[(]??\)/ g aU,V
such that
1 n
(A11) 85| = - = 185
and
1 1 n
(A12) (IBGH 1+ -+ 1859 > 1 —e.
lavy|
Then, define
p1 = Z Z Z (hV)eiJ ceey Pn = Z Z Z (hV)6i7
VEVUEU jcp1) VEVUEU jcgn)
where, for each i = 1,...,m, e; denotes the diagonal projection of C5 corresponding to the

eigenvalue map A;. Then the contractions p, ..., p, have the desired property.
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Indeed, it is clear that pi,...,p, € D and are mutually orthogonal. It follows from (A.12)),

(), and (AT0) that
=i+ 4 p)lerey = =D D (> ()ei+--+ > (hw)e)ara

vevUueu 5(1) ZE,B&L%/

= |1- Z Z(Z Z €i)hy |2, a)

VEVUEU j=1cslp)

e |1—ZZ Z i)hv |21 )

VevUel icayy

~e |1 - Z hy |20

vey

~. 0.

This verifies (A.1)).
Let us verify (A.2). For each f € F, its image in Cj is
D (foN)e
j=1

Therefore, for each ¢ = 1,...,n, noting that hy, V € V, are in the center of C5, we have

O (fFoXep = O _(For)e)D D" ) (hw)ey)
j=1 7j=1 vey UGUJGB[(},)V
= 2.2 2 ()(foX)e
VeVUEU jegn
= QD 2 (w)ey) Z foN)e;)
VevUeU jegn
= pi(Z(foAi)ej).

This verifies (A.2)).
Let us verify (A.3]). For each f € F, its image in Cj is

m

D (for)e

j=1
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and then, for each i = 1,...,n and 7 € T(A), by (A.7)) and (A.5)),

m m

Ti(Y_(For)e)) = (2D Y ()e)(Q_(foN)e)

j=1 VEVUEU jegln j=1

= 7O > ()(foN)e)

vevueu jeﬁ((ji,)v

e (0D Y () (f(rn)ey).

Vevueu jeﬁ&)v

By (A.11) and (A.12)), it follows that

SN r(flaw) Y hve) e > > %T(f(l‘(]) > hvey), UelU, VeV, reT(A),

VevUeld .~ (i) VeyUeld JjEay. v
J€By v ’

and therefore, by (A.7), (A.5)), (A.6), and (A.10)),

A S o) Y hver) e (Y )Y hvey

vevueu jesld, vevueu
1 m
= ET(Z o> ) (f(z))e;)
vevueu j=1
1 m
o ;T(Z SN ()@ o Aje;)
vevueu j=1
1 m
= ;T((Z > hve)(O (o Mey))
vevueu j=1
1 m
R ET(Z(fO Aj)e;)-
j=1
Thus, .
T(pzfpz) Roe T(pzf) Nse ET(f)a L= 17 Y S T(A)7
as desired. n
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