ON THE SMALL BOUNDARY PROPERTY AND Z-ABSORPTION
GEORGE A. ELLIOTT AND ZHUANG NIU

ABSTRACT. We introduce the Property (C) for a unital commutative sub-C*-algebra D of a
unital C*-algebra A, a version of the relative comparison property using almost normalizers.
Under the assumption of this property, the Z-absorption of A is shown to imply the small
boundary property of (D, T(A)|p), where A = C(X) x Z? and D = C(X).

1. INTRODUCTION

This is a continuation of our study [I0] of the relation between the small boundary property
of dynamical systems and the Z-absorption of C*-algebras.

The Jiang-Su algebra Z is an infinite-dimensional unital simple separable amenable C*-algebra
which has the same value of the Elliott invariant as C. A C*-algebra A is said to be Z-absorbing
if A= A® Z, and the class of Z-absorbing C*-algebras (which includes Z itself) is considered to
be well behaved. In fact, the class of Z-absorbing unital simple separable amenable C*-algebras
which satisfy the Universal Coefficient Theorem of KK-theory (possibly redundant) is classified
by the conventional Elliott invariant (see [12], [13], [8], [5], [4], [31], [2]).

On the other hand, the small boundary property of a topological dynamical system was intro-
duced in [23] as a dynamical system analogue of the usual definition of zero-dimensional space.
It is closely related to the mean (topological) dimension, which was introduced by Gromov ([14]),
and then was developed and studied systematically by Lindenstrauss and Weiss ([23]), as a nu-
merical invariant which measures the complexity of a dynamical system in terms of the dimension
growth with respect to partial orbits. The small boundary property always implies the zero mean
dimension ([23]), and the converse holds for Z%-actions with the marker property ([22], [16]).

It was shown in [9] that the small boundary property of (X,Z) implies Z-absorption of the
crossed product C*-algebra A = C(X) x Z. In this paper, we investigate whether Z-absorption
of A implies the small boundary property of (X, Z).

We consider the following property for a pair of C*-algebras D C A:

Definition (Definition[6.1). Let A be a unital C*-algebra and let D be a unital commutative sub-
C*-algebra. Then the pair (D, A) is said to have Property (C) if for any positive contractions
f,g,h € D satisfying f,g € hDh, and

d-(f) <d-(g), 7€T(A),
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and for any ¢ > 0, there is a contraction u € hAh + C1 4 such that

ufu* €l gAg,

diStZT(A) (udu*, (D)l) <ég, diStQVT(A) (u*du, (D)1> <eg, de (D)h
and

[u” = 1lora), [[u"e = llamwa) < e

Property (C) can be regarded as a relative comparison property for D inside A, with respect to
the uniform trace norm, but requires the comparison being implemented by almost normalizers.

Under the assumption of Property (C), Z-absorption of A implies that (X, Z?) has the small
boundary property:

Theorem 1.1 (Corollary . Let (X,7Z%) be a free and minimal topological dynamical system,
and let A= C(X) x Z4. If (C(X), A) has Property (C), then

A2 A®Z = (X,Z% has the (SBP).

This theorem also holds for a free and minimal action of an arbitrary amenable group with
the (URP) and (COS) (Definition (properties which may always hold).

In order to show the (SBP) for the pair (D, T(A)), by [10], it is enough to show that every self-
adjoint element of D can be approximated by self-adjoint elements of D with a neighbourhood
of 0 uniformly small under all tracial spectral measures (see Theorem [2.9). By Property (S),
such approximating elements exist, but only in the ambient C*-algebra A. However, this can be
fixed by using Properties (C): Upon using Property (E) (Definition [4.1]), an existence property
which always holds for the C*-algebras in question, one obtains a self-adjoint element in the
subalgebra D which almost has the same trace spectral measure distributions as the self-adjoint
element in A provided by Property (S), and then upon using Property (C), this element can be
twisted inside D to approximate the given self-adjoint element and still have a neighbourhood
of 0 uniformly small under all tracial spectral measures. This shows the (SBP) for (D, T(A)).
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ences and Engineering Research Council of Canada (NSERC) Discovery Grant, and the research
of the second named author was supported by a Simons Foundation grant (MP-TSM-00002606).
Part of the work was carried out during the visit of the second named author to Kyushu Univer-
sity in December 2024; he thanks Yasuhiko Sato for the discussions and the hospitality during
the visit.

2. PRELIMINARIES AND NOTATION

In this section, let us collect some notation and definitions concerning C*-algebras and dy-
namical systems.
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2.1. Comparison of positive elements and Z-absorbing C*-algebras. Let A be a C*-
algebra, and let a,b € A be positive elements. One says that a is Cuntz subequivalent to b,
denoted by a = b, if there is a sequence (z,,) in A such that

: *
lim z;bx, = a.
n—oo

The following lemma will be frequently used.

Lemma 2.1 ([28]). If a,b € A are positive elements such that ||a — b|| < €, then (a —e)y 2 b,
where (a —€); = f(a) with f(t) = max{t —,0}, t € R.

Let 7 € T(A). For each positive element a € A, define

d,(a) = lim T(ar).

n—oo
Then, if a = b, one has
d-(a) <d,(b), 7€ T(A).

The converse in general does not hold.

Definition 2.2 ([I7]). The Jiang-Su algebra Z is the (unique) simple unital inductive limit of
dimension drop C*-algebras such that

(K()(Z),KSL(Z), [12]0) = (Z,Z+, 1), K1<Z) = {0}7 and T(Z) = {pt}
A C*-algebra A is said to be Z-absorbing if A~ A® Z.

If A is simple and Z-absorbing, then the strict order induced by the Cuntz subequivalence
relation is determined by the rank functions; that is, for any positive elements a,b € A,

do(a) <d,(0), Te€T(A) = a=b

The Toms-Winter conjecture asserts that strict comparison implies Z-absorption for simple sep-
arable amenable C*-algebras (this was verified for C*-algebras with finitely many extreme traces
in [24], and then it was generalized to C*-algebras with extreme traces being compact and finite
dimensional; see [29], [19], [33]).

The class of simple separable amenable Z-absorbing C*-algebras which satisfy the Universal
Coefficient Theorem can be classified by the conventional Elliott invariant, which in the unital
case consists of the K-groups and the pairing with the trace simplex (the order on the K-group,
not redundant in more general cases, is determined by the pairing) (see [12], [13], [8], [5], [4],

310, [2]):
Theorem 2.3. Let A, B be unital simple separable amenable Z-absorbing C*-algebras which
satisfy the UCT. Then

A=B <« Ell(A) =ElI(B),
where Ell(+) denotes the Elliott invariant. Moreover, any isomorphism between the Elliott invari-
ant can be lifted to an isomorphism between the C*-algebras.
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2.2. Uniform trace norm.
Definition 2.4. Let A be a unital C*-algebra, and let 7 € T(A). Define
laller = (r(a*a))z, a € A.
For any set A C T(A), define the uniform trace norm
llall2.a = sup{|lallz : T € A}, a€ A
The uniform trace norm satisfies
labl|2,a < min{]|all[[bll2,a; [allzallbl}  and  [r(a)] < llallza, a,be A, TEA.
We shall use {*°(A) to denote the C*-algebra of bounded sequences of A, i.e.,
I°(A) = {(a,) : a, € A, sup{|la,| :n=1,2,..} < +o0}.
Let w be a free ultrafilter; then the trace-kernel is the ideal
Jowr(a) = {(an) € 17(A) : lim fjan[|a w4y = 0}

Definition 2.5 (Definition 2.1 of [I]). A unital C*-algebra A is said to have uniform property
I' if for each n € N, there is a partition of unity

P1,P2;--sPn € (ZOO(A)/‘]ZMMA) N A/
such that
1
T(plapl) = —T(CL), a &€ A7 T E T(A)w7
n
where T(A),, denotes the set of limit traces of {*°(A), i.e., the traces of the form
7((a;)) = lim7;(a;), 7 € T(A),
1—w
and a is regarded as the constant sequence (a) € [*(A).
All Z-absorbing C*-algebras have uniform property I' (see Theorem 5.6 of [I]). (Indeed,
all unital simple amenable C*-algebras with unique trace have (uniform) property I, and if a

C*-algebra U has uniform property I', then the tensor product C*-algebra A ® U has uniform
property I' (an extreme trace on a tensor product is a product trace).)

2.3. AH algebras with diagonal maps.

Definition 2.6. An AH algebra with diagonal maps is the limit of an inductive sequence

A, A, A=lim A,

where 4; = @, M,, ;(C(X;;)), and each connecting map preserves the diagonal subalgebras, i.e.,
it has the form

fdiag{foX\,....foAn},

where the \s are continuous maps between the Xs.
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All simple unital AH algebras with diagonal maps have stable rank one ([6]), but not all AH
algebras with diagonal maps are Z-absorbing. In the pioneering work [34], Villadsen constructed
simple AH algebras with diagonal maps which have perforation in the ordered Ky-group. The
construction was then used in [32] to obtain a simple AH algebra with diagonal maps which has
the same value of the conventional Elliott invariant as an Al algebra, but is not isomorphic to
this AI algebra. Although Villadsen algebras are not Z-absorbing, a preliminary classification is
obtained in [7].

2.4. The small boundary property and the mean dimension.

Definition 2.7. A topological dynamical system (X,T") is free if v = x implies v = e where
x € X and v € I'. It is said to be minimal if the only closed invariant subspaces of X are () and
X.

A topological dynamical system induces an action of I' on C(X) by

Y(f)(@) = flz7), z€X.

We shall assume I' is discrete. The (universal) crossed product C*-algebra C(X) x I' is the
universal C*-algebra generated by C(X) and unitaries u., v € I', with respect to the relations

ul fuy, =(f) and w,ul, = Uyt fecCX), v,m,el.

If I' is amenable and the dynamical system (X, I") is free and minimal, the C*-algebra C(X)xT
is simple, unital, amenable, stably finite, and satisfies the UCT. However, the C*-algebra C(X) x
I' may fail to be Z-absorbing, even for I' = Z ([L1]).

Let us consider the following property of dynamical systems.

Definition 2.8. A topological dynamical system (X,T') is said to have the small boundary
property (SBP) if for any € X and any open neighbourhood U of z, there is a neighbourhood
V of x such that V' C U and p(0V') = 0 for all invariant measures p ([23]).

More generally, consider a metrizable compact space X and a collection A of Borel probability
measures on X. The pair (X, A) is said to have the (SBP) if for any x € X and any open
neighbourhood U of z, there is a neighbourhood V' of = such that V' C U and u(0V') = 0 for all
pe A ([I0)

We have the following criterion for the (SBP):

Theorem 2.9 (Theorem 2.9 of [I0]). Let X be a metrizable compact space, and let A be a
compact set of Borel probability measures on X. Then the pair (X,A) has the (SBP) if, and
only if, for any continuous real-valued function f: X — R and any € > 0, there is a continuous
real-valued function g : X — R such that
(1) 1f = gllas < &, and
(2) there is 6 > 0 such that 7,(xs(g)) < €, p € A, where 7, is the tracial state of C(X)
induced by p, and
1, |t] <,
wolt) =4 2 [tl/6, 6 < |t <26,
0, otherwise.
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Mean topological dimension was introduced by Gromov ([14]), and then was developed and
studied systematically by Lindenstrauss and Weiss ([23]):

Definition 2.10. Consider a topological dynamical system (X,I"), where I' is discrete and
amenable. Its mean dimension is defined as

1
mdim (X, ") := sup lim
u 7%%03|Fn|

DA Uy,

vel'n

where I';, Ty, ... is a Fglner sequence of I'; the supremum is taken over all finite open covers U of
X, and D(U) = min{ord(V) : V < U} (ord is the maximal number of the mutually overlapping
sets minus 1).

By [23], the small boundary property of (X,I') implies zero mean dimension. The converse
was shown in [I5] and [16] for T' = Z%, and in [27] for actions with the (URP).
Zero mean dimension (or small boundary property) implies the Z-absorption of the C*-algebra:

Theorem 2.11 ([9]). Let (X,Z) be a free and minimal dynamical system. If mdim(X,Z) = 0,
then the C*-algebra C(X) x Z is Z-absorbing.

The main motivation of this work is the converse question of this theorem.

2.5. Uniform Rokhlin property and Cuntz comparison of open sets. The following two
properties were introduced in [26].

Definition 2.12 (Definition 3.1 and Definition 4.1 of [26]). A topological dynamical system
(X,T"), where I' is a discrete amenable group, is said to have the uniform Rokhlin property
(URP) if for any € > 0 and any finite set K C I, there exist closed sets By, B, ..., Bs € X and
(K, e)-invariant sets ['1, 'y, ..., I's C I" such that the transformed sets

By, vely, s=1,..,5,
are mutually disjoint and

ocap(X\ || | ] Bi) <

s=1~el;
where the abbreviation ocap stands for orbit capacity (see, for instance, Definition 5.1 of [23]).
The dynamical system (X,I") is said to have (A, m)-Cuntz-comparison of open sets, where
A € (0,1] and m € N, if for any open sets E, F' C X with

lu(E) </\M(F)7 [LGMl(X,F),
where M (X, T') is the simplex of all invariant probability measures on X, it follows that
op Jpr® - ®op in CX)xT,
N—————
where ¢p and pg are continuous functions with open supports E and F' respectively.

The dynamical system (X, I") is said to have Cuntz comparison of open sets (COS) if it has
(A, m)-Cuntz-comparison on open sets for some A and m.
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Theorem 2.13 ([26] and [27]). Let (X,T') be a minimal and free dynamical system.

o IfT' =174 then (X,T) has the (URP) and (COS).
e If ' is finitely generated and has sub-exponential growth, and if (X,T') has a Cantor
factor, then (X,I') has the (URP) and (COS).

The (UPR) implies that the C*-algebra C(X) x I' can be weakly tracially approximated by
the homogeneous C*-algebras generated by the Rokhlin towers. Together with the (COS), it has
the following implications for the C*-algebra C(X) x I':

Theorem 2.14 ([26], [25], [20]). Let (X,I') be a minimal and free dynamical system with the
(URP) and (COS), and let A= C(X) xT". Then:

e 1¢(A) < smdim(X,T), where rc(A) is the radius of comparison of A;

e A has stable rank one, i.e., invertible elements are dense;

e A= A® Z if, and only if, A has strict comparison for positive elements; in particular,
e if (X,I') has the (SBP), then A2 A® Z.

3. PROPERTY (S)

Motivated by Theorem [2.9] let us introduce the following property of a C*-algebra.

Definition 3.1. Let A be a unital C*-algebra, and let A C T(A) be a closed set of tracial states.
The pair (A, A) will be said to have Property (S) if for any self-adjoint element f and any € > 0,
there is a self-adjoint g € A such that

(1) IIf = QHQ,A < e, and
(2) there is § > 0 such that 7(xs(g9)) <&, 7 € A, where

1, It| <6,
(3.1) wolt) =4 2 |tl/s, 6 <t <25,
0, otherwise.

In the case that A = T(A), we shall just say that A has Property (S) if (4, T(A)) has Property
().

Compared to Theorem , Property (S) can be regarded as a weaker version of the small
boundary property, without referring to a commutative subalgebra D.

In general, it is weaker than the actual small boundary property, as shown in Example (3.5
later in this section. However, it will be shown (Theorem that, if some other properties
(Properties (C) and (E)) are provided, then Property (S) for A implies the small boundary
property of the pair (D, A).

Property (S) is closely related to the real rank of the sequence algebra:

Definition 3.2. Let A be a C*-algebra, and let A C T(A). Let us say that qRR(I*°(A)/Jowa) =
0 if the class of the constant sequence of any self-adjoint element of A can be approximated by
invertible self-adjoint elements of [*°(A)/J2, A with respect to the uniform limit trace norm
| l2w.a. It is clear that if RR(A) = 0 or if RR(I*°(A)/J2w,a) = 0, then qRR(I*°(A)/J20,a) = 0.
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Proposition 3.3. Let A be a unital C*-algebra, and let A C T(A) be closed. The following
conditions are equivalent:

(1) aRR(I*(A)/ J2,a) = 0;

(2) (A, A) has Property (S);

(3) RR(I*°(A)/J2wn) = 0.
Proof. (1) = (2): Assume qRR(I®(A)/J2wa) = 0. Let (f,¢) be given, where f € A is a self-
adjoint contraction and £ > 0. Consider the constant sequence (f), and then there is a sequence
(gr) € I°(A) such that

I = ge)llowa = T [[f = gifl2a <&

and (g) is invertible in 1°°(A)/Jy a. Then there is § > 0 such that

(xs(gx)) = x5((gx)) = 0.
In other words,
(Xs(9k)) € J2,a-

Then, with some sufficiently large k, one has

o [If = gklla.a <& and

o (Xxs(gr)) <&, T €A,
as desired.

(2) = (3): Assume that (A, A) has Property (S), and let us show that (*°(A)/Js, A has real

rank zero. Let (ay,as,...) € [®(A)/J2wa be a self-adjoint element, and let ¢ > 0 be arbitrary.
By Property (S), for each n = 1,2, ..., there is a self-adjoint element b, such that

o 7((a, —b,)?) <1/nforall T € A, and
e there is 0, > 0 such that 7(xs,(b,)) < 1/n for all 7 € A.

Without loss of generality, one may assume that 9,, < €. Note that
(Cll, as, ) = (bl, bg, )
Consider b, = ¢,(b,) and ¢, = hy,(b,), where

(t) = et/bn, [t] < by,
I = e+ sign(t)(e — 0,), otherwise

and

T 1/(t + sign(t) (e — 6,)), otherwise.

Then
6] —ball <&, |leall < 1/e, and 7((b,c, —1)%) < 7(xs,(bn)) < 1/n, 7€ A.

In particular, the element (b}, b}, ...) is invertible in I°°(A)/J, A with the inverse (c1, ¢g, ...). More-
over,

(a1, as, ...) — (b, 05, ..)|| = [|(b1, ba, ...) — (b}, b, ...)]| < e.
This shows that [°°(A)/J2., A has real rank zero.
(3) = (1): Trivial. O
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Uniform property I' implies Property (S):
Proposition 3.4. If a unital C*-algebra A has uniform property I', then A has Property (S).

Proof. The proof is similar to the proof of Theorem 3.5 of [10]:
Let (f,e) be given, where f € A is a self-adjoint contraction and € > 0. By Corollary 3.9 of
[10], for the given e, there exist n € N and self-adjoint elements

fl;fZa'“?fn EA
such that
(32) ||f_fz|| <€7 i:1727"'7n7
and there is 4 > 0 such that
1
E(T((fl)a) ++7((fa)s) <& T ET(A),

where (f)s = xs(f) (see (3.1). In particular, regarding (f1)s, ..., (fn)s as constant sequences in
A, we have

(33 L ()9 + 4 () <5 TET(A).

Since A has uniform property I', there is a partition of unity

D1, P2y s P € (IF°(A) ) Jon) N A

such that
(3.4) T(piap;) = %T(a), ac A TeT(A),.

Consider the element

g=pi(fpr+ -+ palfa)pn € 17(A)/ T a.

By (B.2),
(3.5) 1f = gll2wrcay = o2 (F = F)pr + -+ + pu(f = Fa)Pnll2woma) <&
Note that, for each 7 € T(A),,, by ,

0P = 7 ((f)e), =1, 7€ T(AL,
and hence, together with (3.3),
(3.6) T((9)s) = T(oa((f)s)pr) + -+ + T(Pa((fa)s)Pn)
(T((f1)s) + -+ 7((fn)s))

ISR

Pick a representative sequence g = (gx) with gx, k = 1,2, ..., self-adjoint elements of A. By (3.5)
and (3.6)), with some sufficiently large k, the function g, satisfies

(1) I = gell2ra) <, and

(2) 7((gx)s) <&, 7 € T(A),
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as desired. U
But Property (S) in general is a weaker property than the actual small boundary property:

Example 3.5. Let

A, A, . A
be a unital AH algebra such that A, = M, (C([0, 1]¢)), and

: : ds
lim ns =00 and limsup — =y < oo.
5§00 s—oo Mg

Such C*-algebras include Villadsen algebras which are not Z-absorbing (so the standard com-
mutative sub-C*-algebra does not have the small boundary property).

Note that M,,(C)** is a manifold with of dimension n* and U, (C) is a compact Lie group of

dimension n?.

Denote by V,, ;. the set of self-adjoint n X n matrices with at least k eigenvalues which are zero.
It can be written as
Vo = {udiag{w, Ay ooy Attt u € Uy (C), Agy oo, Ak € R},
k
which is the U, (C)-orbit of the following (n — k) dimensional submanifold:
{diag{w, Ay oy Ak ty Ay ooy Apk € R} C M, (C)**.
k

For each diagonal matrix above, its stabilizer contains the subgroup

{< 0 Ino_k ) Ue UMC)} C Ua(C),

which has dimension k2. The set Vi 1s a union of finitely many submanifolds of M,,(C)** with
dimension at most

(n — k) +n? — k2
Now, let € > 0 be arbitrary, and let a € A; be a self-adjoint element. Choose s large enough
that if A, is written as M,,(C([0, 1]9)), then

<v+1

S|

and
(1—eHn’+2en+(1—en+(y+1)n+1<n%
Choose a natural number k such that
k k+1

—<e<
n n

Note that the set V,, ; has dimension at most

(n—k)+n> -k <(n—en+1)+n®—(en—1)>2%
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Then

dim(V, 1) +d+1 < (n—en+1)+ 0> —(en—1°)+(y+1n+1
(1—en’+2en+(1—en+(y+1)n+1
< n? =dim(M,(C)**).

Hence, the self-adjoint element a, regarded as a continuous map from [0, 1]¢ to M,,(C)**, can
be approximated by continuous maps b from [0, 1]% to M,,(C)*® \ V,, 1, and so at most k of the
eigenvalues of b(z) can be zero at every z € [0,1]%, and hence there is §, > 0 such that at most
k of the eigenvalues of b(x) are in the d,-neighbourhood of 0. Then, by the continuity of the
function b, a compactness argument shows that there is 6 > 0 such that for every z € [0,1]¢,
there at most k of the eigenvalues of b(z) are in the d-neighbourhood of 0, and hence

T(xs5/2()) < % <e, T€T(A,).

So the C*-algebra A has Property (S).

4. AN EXISTENCE PROPERTY

The following definition is an existence property for a pair of C*-algebras D C A.

Definition 4.1. Let A be a unital C*-algebra and let D be a unital commutative subalgebra.

The pair (D, A) is said to have Property (E) if for any positive contraction a € A, its the
trace spectral distribution can be approximated by the trace spectral distribution of the positive
contractions of D in the sense that for any finite subset F C C([0,1]), and any ¢ > 0, there is a
positive contraction b € D such that

[7(f(a)) =7(f(W))l <&, feF, TeT(A)

This property holds for all AH algebras with diagonal maps and all crossed products C(X) x T
where (X,I') is a minimal and free dynamical system with the (URP). Recall the following
theorem which is due to Thomsen and Li ([30] and [21]).

Theorem 4.2. Suppose that X is a path connected metrizable compact space. For any finite
subset F C AffT(C(X)) and € > 0, there is N > 0 with the following property:

For any unital positive linear map & : AHT(C(X)) — AHT(C(Y)), where Y is an arbitrary
metrizable compact space, and any n > N, there are homomorphisms

1y ey O C(X) — C(Y)

such that

n

€N~ STl <e feF, TeTO))

i=1

With Property (URP), the crossed product C*-algebra C(X) x I' has the following tracial
approximation property:
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Lemma 4.3 (cf. Theorem 3.9 of [20]). Let (X,I") be a free and minimal dynamical system with
the (URP). Then, for any finite set F C C(X) and any € > 0, there exist a positive element
p € C(X) with ||p|]| =1 and a sub-C*-algebra C C C(X) x I' such that

() [l Al <e, feF,

(2) pfre-C, feF,

(3) pdp € C, d € C(X),

(4) C =@ M,,(Co(Z)), where Z; € X, i =1,..., S, are mutually disjoint, and under this
isomorphism, the elements pdp are diagonal elements of C' for all d € C(X),

(5) under the isomorphism above, all diagonal elements of @5, My, (Co(Z;)) are in CNC(X),

(6) d;(1 —p) <e, 7€ T(A),

(7) there is a closed subset [Z;] C Z; for each i =1,...,S such that if a € C, ||a|| <1, and a
is supported in | |7_,(Z; \ [Zi]) under the isomorphism C = @5 | M,,,(Co(Zy)), then

T(a) <e, T€T(A),
(8) for any d € C(X), there are dy,dy € C(X) such that
d=di+dy, |di|lora) <e, dy € CNCX),
and the support of dy is inside |_|f:1[ZZ~] under the isomorphism C = EB?ZI M., (Co(Z)).

Proof. This follows from the same argument as Theorem 3.9 of [26] (or, actually a simpler
one). O

Theorem 4.4. Let A be a simple AH algebra with diagonal maps, or let A = C(X) x T', where
(X,T) is a free and minimal dynamical system with the (URP). Then the pair (D, A) has Property

(E).

Proof. Let (F,e) be given. Without loss of generality, one may assume that each element of F
has norm 1 and is real valued, so F can be regarded as a subset of Aff(T(C([0,1]))). Applying
the Thomsen-Li Theorem above to (F,¢) (where X = [0, 1]), one obtains N.

Let us first consider the case of AH algebras. Let a € A be a positive element with norm 1;
to prove the theorem, without loss of generality, one may assume that a € M, (C(X)) C A for
some n > N. Consider the homomorphism ¢ : C[0, 1] — M, (C(X)) induced by a, and consider
the induced unital positive linear map ¢* : Aff(T(CI0, 1])) — Aff(T(C(X))). By the Thomsen-Li
Theorem, there are continuous maps Aq, ..., A, : X — [0, 1] such that

()~ ~(r(foX) +-+r(for) <e, feF, reT(CX).

Then, with
b = diag{(\1)«(id), ..., (A\n)«(id)} € Dy,
(and since ¢(f) = f(a),) one has
[7(f(a)) =7(fO))] <&, [feF, 7eTM,(C(X))).

Let us now consider the case that A = C(X) x I', where (X,I) is free and minimal, and has
the (URP).
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Let a € A be a positive element with norm 1. Choose 6 > 0 such that if ||z — y||2 1) < 0,
where z, y are positive contractions, then || f(z) — f(y)|l2r4) < € for all f € F.

By Lemma [£.3] there exist a sub-C*-algebra C' C A and a positive contraction p € C such
that

(1) C = @Z M, (Co(Z;)), where n; > N, i=1,...,5,
(2) pap €52 C,
(3) d,(1 —p) < /2, 7 € T(A),
(4) there is a closed subset [Z;] C Z; for each i = 1,...,.S such that if a € C, |la]| < 1, and a
is supported in | |7_,(Z; \ [Zi]) under the 1som0rphlsm C =@ M,,(Co(Z)), then
T(a) <e, TeT(A).
Choose a € C' such that ||a — pap|| < §/2; hence
||CL — d||2,T(A) < 0.
and so, by the choice of 9,

(4.1) 1f(a) = f(@)lloweay <& feF.

Consider the homomorphism

¢:C([0,1]) 3 f = mz(f(@) € m2(C) = @M., (C([Z])),

where [Z] = |_|Z.S:1[ZZ-], and consider the unital positive linear map ¢* : Aff(T(C|0, 1]))
Aff(T(C([Z]))). Then, by Theorem there are continuous maps \; 1, ..., Ain, : [Zi] = [0, 1],
1=1,..., 5, such that
. 1
0" (N)(7) = —(r(fodin) + -+ 7(folin)) <e,  feF, 7€ T(C(Z])).
Define
bi = dlag{ld 9] )\2‘71, cees ido )\z,n} S Mnl(C([ZZ])),

where id is the identity function on [0, 1], and define
b=bi @ - @by,

Then
s

(4.2) (72, (£(@) = T(fO)| <&, f€F, 7 TEDM(CUZ))).

=1

Note that b is a diagonal element. Extend b to a positive diagonal contraction b e C. Note that,
by Lemma (5), the element b is also in D. By , a calculation shows

(4.3) T(F(0) = Tl (f (D)) < 4e, fEF, T€T(A),
where 7|7 is the tracial state of B>, M,.(C([Z])) induced by 7]¢:

1 -
7_|[Z]( T) = nlggo TBQ)T(enzen%
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where x € @le M, (C([Zi])), 2 € C = @5:1 M,,(Co(Z;)) is an extension of z, and (e,) is a
decreasing sequence of positive contractions of C' which converges (pointwise) to 1. Also note
that, by ,
(4.4) 7(f(@)) = lizy(miz (f (@) < 26, feF, 7eT(A).
Then, for all f € F and 7 € T(A), by (4.1)), (4.4), (4.2)), and (4.3),

7(f(@)) me 7(f(@)) o 7l (72, (f(@))) = 7l12(£(0)) ~a- T(F(D)),
as desired. U

5. SOME APPROXIMATION LEMMAS
In the section, let us prepare some approximation lemmas for the next section.

Lemma 5.1. Let X be a metrizable compact space, and let A be a compact set of probability
Borel measures of X. Then, for any e € (0,1), there is 6 > 0 such that if ag,a;,d : X — [0, 1]
are continuous functions satisfying

(1) apar = ay,
(2) |lapd — d||l2.a < 6, and
(3) lldar — arl[2,a <6,
then there is a continuous function d : X — [0,1] such that
(1) d = dllaa <,
(2) Jlapd —d] < ¢, and
(3) [|[da; — a4 < €.
Proof. With the given ¢, choose &’ € (0,1) such that ¢’ < € and 2v/¢’ < e. Then
§=¢€'/\/2/(e)?
has the property of the lemma.
Indeed, let ag, a1, d satisfy the conditions of the statement. Define sets
AO,SI—&’ = aal([O, 1-— 6/]) and ALZE/ = (ll_l([é‘/, 1])
Note that AO,Sl*E’ N ALZE/ = @
On A <i—e, consider the set
Wy = {I S AO,SI—E’ : |d(l’)|2 > 8/}.
Then, for any p € A,

() eu(Wh) < (£ /

A0,§1—5’

P(2)dp(x) < / (aol) — 1?d2(x)du(z) < 52,

A<yt
and hence
(W) < 6%/(')*.
On A, >/, consider the set

Wi = {ZL‘ € ALZE' : |d(!L‘) — 1|2 > 8/}.
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Then, for any p € A,

(P u(M) < () /

Ay s

d(x) — 1Pdpu(x) < / d(x) — 1P (x)dp(x) < 52,

Ay s
and hence
p(Wh) < 8%/(¢")°.
Choose disjoint open sets Uy 2 W, and U; D. Since A is compact, Uy and U; can be chosen
such that

w(lUp) < 6%/(¢")? and pu(Uy) < 6*/(€)3, e A.

Choose continuous functions 7o, 7 : X — [0, 1] such that

rilw, =1 and rifx\p, =0, i=0,1.

Define
0, x e Wy,
) (1 —7ro(z))d(x), x € Uy,
d(x) =14 d(x), re X\ (Uyul),
(1 —=ri(2)d(x) +ri(z), xe€ U,
1, x e Wy.
Then
/X(d(ﬂf) —d(x))*dp(z) < p(Uo) + u(Uh) < 26%/(€')%, pe A,
That is,
|d = d||s.n < 63/2/(€")? = €' < e.
Note that
J(a:) <Ve, ze Ap<i—e.
So

llagd — d|| < max{e’,2Ve'} < 2Ve' < e.
Also note that
1—d(z) < Ve, z€As.
So
|day — a1]| < max{ve’, 2’} < 2Ve' < ¢,
as desired. U

The following lemma certainly is well known:

Lemma 5.2. Let A be a C*-algebra. Let N € N and € > 0. Then there is § > 0 such that if
C1,...,cN are self-adjoint contractions such that

||CiCjH <(5, ?:,jzl,...,N, Z7éj,

then
e+ +enl] <max{||¢] :i=1,..,N} +e.
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Proof. For the given (N, ¢), there is 6 > 0 such that if ¢y, ..., ¢y are self-adjoint contractions such
that
||CZ‘Cj|| <0, 1,7 =1,..., N, Z?éj,

then there are self-adjoint elements ¢4, ...,¢xy € A such that
¢ —al <e/2N, and ¢& Lé¢, i,j=1,..,N, i#].
Then, this ¢ has the property of the lemma, as
lev 4o+ enll mapp e+ i
= max{||G|:i=1,..,N}
~.p max{|cl :i=1,...,N},
as desired. U

Lemma 5.3 (cf. [3]). Let A be a C*-algebra. For any e > 0, there are N € N and § > 0 with
the following property:
Let a € A be a positive element with norm at most 1. Define

a; = xi(a), i=1,..,N,

where
0, t <=
Xi(t) = < linear, t € [%, ﬁ],
1, t> .

Assume there are positive elements dy,...,dy € A with norm at most 1 such that
(1) la,d;] =0,i=1,...,N,
(2) ||aidiz1 — diga]] <0,i=1,...,N —1,
(3) ||diais1 —aiqa]| <6,i=1,...,N —1.

Then

1
Ha—N(dl—l—~-+dN)|] <e.

Proof. Choose N > 32/e. Applying Lemma to N and /16, one obtains d;. Choose 6 > 0

such that . . .
166 < 6 d = +6+4((40 + = — )
66 <47 an gto+ (( +8>+16)<8

Then the pair (N, ) has the property of the lemma.
Since a;a; = a;, ¢ < j, by ,
a;d; =5 aia;1d; = aj1d; =5 dj, 1 <.
Hence, together with (2)),
(5.1) la;d; —d;|| <26, i<j.
A similar argument applied to shows
(5.2) |dia; —aj|| <26, ©<j.
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Also note that, if 7 < j — 1, then
did; =5 diaj_1d; a5 aj_1d; =5 dj,
and therefore, a straightforward calculation shows that

Note that

and then, together with , one has
(5.4) a~
Noting that

a=—(a+---+an),

together with (5.1)) and (5.2)), one also has that, fori =1,..., N — 1,

a(d; — digr)
1
= ylat--tay)di = din)

1
= N((Chdz‘ + - +and;) — (ardisq + - - -+ anditr))

1
45 N«dz_'— —l—dl—l—aldz + Qi1+ ‘l‘(IN)

i—1
—(Eli_H + -+ di+£+ai+1di+1 + a2 + -+ CLN)>

~\~
7

l 1
= N(dz —di+1) + N(ai+1 —d; + aid; — aiy1diya)

l

%% N(dl_dH-l)
That is,
l 4 e .
(55) Ha<dz_d1+1>_N(dz_d1+1>‘| <4(5+N <4(5+§, 1= 1,2,..
A similar argument also shows
2 €
(56) HCLdN—dNH <20+ = <46+ =

N 8

LN -1

17
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Then, on applying (5.4), (5.5), (5.6), (5.3), and Lemma (note that a,dy, ...,dy commute),

a Ras ady
(I(dl—d2+d2—d3+"‘+d]v_1—dN+dN)

(I(dl — dg) + (L(dg — dg) —+ 4 a(dN_1 — dN) + adN
N -1

1 2
Rasr+f) (@ = de) + o (de = ds) + o+ ——(dyo1 — dy) +dy

1
= N(d1+d2+-~+dN),

| =l

as desired. O

Lemma 5.4. Let (D, A) be a pair of unital C*-algebras, where D is commutative. For anye > 0,
there are 0 > 0 and N € N with the following property:
Let a € D C A be a positive element with norm at most 1, and set

a; = xi(a), i=1,...,N,

where
0, <5
wilt) = { linear, ¢ € [t 4],
1, t> L

Let dy,...,dy € A be positive elements with norm at most 1 such that
(1) diStZT(A)(di, (D);r) <d,1=1,2,...,N,
(2) |Jaidit1 — dizall2ray <6, i=1,...,N =1, and
(3) ||di@tiv1 — aiallomay <9, i=1,...,N — 1.
Then .
||a — N(dl + -+ dN)HQ,T(A) < €.

Proof. Applying Lemma to /2, one obtains, say, the pair (N,d;). Applying Lemma
to min{dy, £/4}, one obtains d;. Set § = min{d;/4,e/4}. Then (INV,d) has the property of the
lemma.

Indeed, let dy, ..., dy be given. Since distyr(a)(d;, (D){) < 6,4 =1,2,..., N, there are positive
contractions di, ...dy € D such that
(57) Hdz_(ZZHZ,T(A) <m1n{(51/4,€/4}, 1= 1,,N
Then, it follows from and that

Haid;q,l — CZZ‘JrlHQ’T(A) < (51 and HchiH — &i+1H2,T(A) < 51, 7= 1,2, ,N — 1.

Applying Lemma to each element d;, i = 1,..., N, one obtains a positive contraction d; € D
such that
(58) ’|Jz_j1|‘2,T(A) < 8/4, 1= 1,...,N

and

||aia~l,~+1 — Ji-HH < 52 and ||Jiai+1 — CL,'_H“ < 52, 1=1,2, ,N — 1.
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Then, by Lemma [5.3] one has
1 = = €
— —di -+ i
la = 5 (di+--+dn)| < 3,

and hence, together with and , one has

1 €
N 2
as desired. ]

9
HCL— (d1+"'+dN>H2,T(A) < +§:€,

Lemma 5.5. Let A be a unital C*-algebra. For any e >0, any N € N, and any x € C([0,1])*,
there are 6 > 0 and M € N such that if by, b, ..., by € A and dy,ds,...,dny € A are positive
elements with norm at most 1 such that

(1) ||dldz+1 — di+1||2,T(A) < (S, 1= 1, ,N — 1,

(2) bsz_l = bi—i—l‘; 1= 1, 2, ...,N, and

(3) |7(b)) —7(dl)] <d,i=1,2,...,N,j=1,...,M, 7 € T(A),
then

(1 5) — (e -+ dn)))] <& 7€ T(A).

Proof. Tt is enough to prove the statement for y a monomial, i.e., x(t) = ¢". Note that there are
positive numbers «; ;, ¢ = 1,..., N, j = 1,...,n, such that

- (%(b1+---+bzv))”

_ % ST by

i14+in=n
N n
— E E J
= Oé@jbr
=1 j=1

Hence,
N n

T(0") = ) aiT(b).

i=1 j=1
Then there is § > 0 such that if

|didiy1 — di+1”2,T(A) <9, 1=1,..,N—1,

then
N n

1 n j
ISt +dn)) =D D oyl < /2

i=1 j=1
In particular,

N n N n

(4 d)) e (Y D) = 303 agr(d).

i=1 j=1 i=1 j=1
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Moreover, one may assume that § > 0 is sufficiently small such that if

IT(b)) —7(d)| <6, i=1,2,...N, j=1,...n,

then
N n ‘ N n ‘
DD i) =D 0D auT(d)| < e/2.
i=1 j=1 i=1 j=1
Then this § and M := n have the desired property. 0

6. THE SMALL BOUNDARY PROPERTY

Let us first introduce the following relative comparison property of a commutative C*-algebra
inside an ambient C*-algebra:

Definition 6.1. Let A be a unital C*-algebra and let D be a unital commutative sub-C*-algebra.
Then the pair (D, A) is said to have Property (C) if for any positive contractions f,g,h € D
satisfying f,g € hDh, and

d-(f) <d-(g), 7e€T(4),

and for any ¢ > 0, there is a contraction u € hAh + C1 4 such that
ufu €ll> gAg,
disto ey (udu®, (D)1) < e, distyray(u*du, (D)) <e, de (D),
and

Juw” = Loy, [wu =12y <e.

Remark 6.2. Comparing to Property (COS), the approximations in Property (C) are with respect
to the uniform trace norm, but on the other hand, the comparison in Property (C) is implemented
by an almost unitary which is also an almost normalizer (with respect to the uniform trace norm).

Remark 6.3. If the free and minimal dynamical system (X, I") has the (SBP), then an argument
with almost finiteness of [I8] implies that C(X) x I' has Property (C).

Let us show that Property (S) (Definition 3.1) for the ambient C*-algebra A indeed implies the
(SBP) for the subalgebra D when Properties (C) and (E) (Definitions and [4.1]) are present

(Theorem [6.6)).

For each € > 0, define

0, t<1—¢g,
(6.1) Ne(t) = ¢ linear, t €[l —¢,1—¢/2],
1, t>1—¢/2.

In the proof of the following lemma, we use O(g) to denote a quantity which converges to 0
when e approaches 0.

Lemma 6.4. Let A be a unital C*-algebra, and let D C A be a unital commutative subalgebra
such that the pair (D, A) has Property (C). Let ¢1, ¢o, 3,901,102 € (D) and 9 > 0 have the
following properties:



ON THE SMALL BOUNDARY PROPERTY AND Z-ABSORPTION 21

(1) ¢2,03 € p1D¢y,

(2) Y1ty = 1y, G203 = @3,

(3) dr(¢1) < dr(¢1) for all T € T(A),

(4) inf{r () — d,(6a) : 7 € T(A)} > 0, and
(5) inf{d,(62) — 70y (1)) : 7 € T(A)} >0,

Then, for any e > 0, there is a contraction u € A such that

wipru €112 91 Ay, wne,p(Vi)u €l ¢ Ady,  m(utiu)gs <1 ¢,
and
disto ey (udu®, (D)1) < e, distera(u'du, (D)) <e, de (D),
and

Juu® = gy, [[u'u — 1z <e.

Proof. Let € > 0 be given. Choose § € (0, min{eg, £}/4) such that if x, y are positive contractions
of a unital C*-algebra A such that ||z — y||2 1) < 6, then

(6.2) 17 (x) = ne(y)l2/ma) < /2.
Define
O = inf{7(1hg) — d.(¢3) : T € T(A)} >0
and
0y :=1inf{d,(p2) — 7(n, (1)) : 7 € T(A)} > 0.

By Property (C) and Assumption (3)), for any ¢ > 0 (to be determined later), there is a
contraction u; € A such that

(6.3) witru €l 6 Agy,

(64) diStgyT(A)(U1dUT, (D)1) < E/, diStg}T(A)(quul, (D)l) < E/, de (D)l,
and

(6.5) Jurui = Ulzray,  Nujur = lara <€

By (6.3), there is n large enough that
1
(o7 ) (uitrur) — uitruaflzwa) <€
By (6.4)), there is a positive contraction d; € D such that
ldy — uitrun|l2meay < g,

and then 1
||(bfd1 - UTQ/}IUJIHZT(A) < 2¢.

Consider ¢ dy, and still denote this element by d;. One has
di € ¢1D¢y
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and
(6.6) |dy — uithrus||2,meay < 2¢
Consider the contraction

Neo (UT¢1U1),
and note that (by (6.6)), (6.5) and Condition ()

dr (Meo/2(d1)) < (0, (dr)) A2y 7(ney (withrun)) R (0o (V1)) < dr(g2) = 62/2, 7 € T(A).

With &’ sufficiently small, one has

dr(ne/2(dh)) < dr(d2), 7€ T(A).
By Property (C), for any £” > 0 (to be determined later), there is us € ¢ A¢; + C1 such that

(6.7) UyTNzo/2(d1 )z 6!}/"2 P2 AP,

(68) diSth(A) (UQdU;, Dl) < &J/, diStgyT(A) (U;dUQ, Dl) < Ef//, de Dl,
and

(6.9) [ugus — loray,  [usus — |omeay < €”.

Since (as § < g9/4)
7750/2(d1)775(d1) = né(dl)a
it follows from (/6.7)) that

(6.10) upns(di)uz €117 G240,
By , there are positive contractions
dig, dis €D
such that
(6.11) ldi,1 — uhdiusloray < €”,  lldus — ubns(di)ual2may < €
By (6.10),

di s GQJJ?G P2 Ao

With the same argument as above for d;, there is a positive contraction, still denoted by d; s,
such that

(6.12) d175 € ¢2D¢2 and ||d175 — ugn(g(dl)u2||27T(A) < 5e”.

Also note that, by ,
1m5(d1,1) — disll2ma) = O(”).
Define
diy = fs(dry) and dys = ns5(dyy),
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where
0, t<0,
fs(t) = < linear, t € [0,1— 4],
1, t>1-—0.
Then
(6.13) Ci1,1Cz1,5 = dl,é and ||Ci1,1 —dia <9,
and by (6.11)),

i — dusllaray o 1ns(ubdius) — usns(di)us|| = O(”).
Then, with ¢” sufficiently small, there is n € N such that
(dys)mdis — dsllamay < 61/4,
and hence, for all 7 € T(A),
A ((dig)ndig) +0/4 > 1((dis)ndigs) +01/4
(di,5) ~ser T(usms(dy)us) ((6.12)))
~oey  T(ugns(uivrur)us)  ((6.6)

~No(ervery T(Ns(1)) > ()
> dT(qbg) +(51/2

>

ﬁ

With ¢’ and &” sufficiently small, one has

A ((dis)7drs) > dy(e3), 7€ T(A).

Note that (a?l,(;)%dl,(; € ¢2D¢s (both (CZL(;)% and d; 5 belong to D, so they commute).

Property (C), for any ¢” > 0 (to be determined later), there is uz € ¢ Ay + C1 such that

(6.14) U3P3Us ng <d1,6>%d1,6D(j1,6)%d1,67

"

diStQ,T(A) (U3dU§, Dl) <eg, diStgvT(A) (ugdu?), Dl) < 6,”, de Dl,
and

(6.15) lusuz = Ulaweay,  Nuzus — 1loma) < €”.

Note that, by (6.13]),

(leC =C, cE (gl,g)%dl,gA(jlyg)%dl’g.

By (6.14), there is ¢ € (dys)wdysD(dy5)ndy s such that ||¢[| < 1 and

e — ugpsusl|a,ray < ™.

23



ON THE SMALL BOUNDARY PROPERTY AND Z-ABSORPTION 24

Then
(6.16)  (un-(uinun)us) (usdsus)  ~pZy (une(di)us) (usgsul)  ((6:6))

~otn me(uidiu) (usésu3)  ((69)

Nocn ne(dia)(usgsuy)  ((610))

A e me(di)(usenus) (I3 (62)
=~ (dy)e
= c %!}HQ u3p3us.

Then, consider the contraction

U = Ui1u2us.

Since
Uy € p1Ap; +Cl and wus € g Ady + Cl,
one has
(urugus ) 11 (uyugus) € ¢ Ag,.
Moreover,
(U1U2U3)*7]ao/2(¢1)(U1U2u3) %!)"(E/) uEUZmO/z(uwlul)um ((6.5))
oy U a(d)u)us (5
bl 846, (ED)
and
ne((urugus) 1 (waugus))ds ~pC 0 wjusn(uitim)ususds  ((65), (69)
g () (usdsus)us ((6-TH))
Nero(eertemy Us(Uzpaus)uz = ¢s. ((6-16))
With &', ", " sufficiently small, the contraction u has the desired property. O

For technical reasons, we also need the following lemma which, very roughly, asserts that, after
a perturbation with respect to the uniform trace norm, the spectrum of a positive element of the
subalgebra D is, in a strong sense, dense.

Lemma 6.5. Let A be a unital C*-algebra and let D = C(X) C A be a unital commutative
sub-C*-algebra. Assume A is simple, X has no isolated points, and the pair (D, A) has Property
(E). Then, for any positive contraction g C D, any finite set {x1,...,x,} C (0,1], and any e > 0,
there is a positive contraction g € D such that
(1) [Ig = gll;ray <&, and
(2) each point x;, i = 1,...,n, is in sp(g), and is not isolated from the left inside sp(g) (i.e.,
(s,z;) Nsp(g) # D for all s < x;).
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Proof. Since A is simple (and non-elementary), there are mutually orthogonal positive elements
ai,...,a, € A such that
la| =1 and d.(a;) <e/n? i=1,..,n, 7€ T(A).

(See, for instance, Lemma 4.7 of [26].)
Consider the contraction

and note that it has the property
0<7(hi(a)) <e/n, i=1,...,n, 7€ T(A),
where h; : [0,1] — [0, 1] is the continuous function taking value 1 at [(4i — 1)/4n, (4i + 1)/4n], O
on [0,(2¢ — 1)/2n] and [(2¢ + 1)/2n, 1], and linear between. By Property (E), there is a positive
contraction d € D such that
0<7(hi(d) <e/n, i=1,..,n, 7€ T(A),
and there are mutually orthogonal positive elements by, ..., b, € D such that
|b;l =1 and d,(b;) <e/n, i=1,...,n, 7€ T(A).
Consider the sets
Ui=b1(0,1) and V;=0b;"((1/2,1]), i=1,..,n.
Then
Vi CU; and u.(U;) <e/n, i=1,.,n, 7€ T(A).
For each V;, 7 = 1,...,n, since X has no isolated points, there is a continuous function g; : X —

[0, 1] such that g;|ye = 0 and 1 is not isolated from the left in ¢;(X) (i.e., (s,1) N g:i(X) # O for
all s < 1). Also pick a continuous function r : X — [0, 1] such that

T|X\(U?:1Ui) =1 and T|U?:17i = 0.
Then the function
G :=gr+ (v1g1 + T292 + - + Tpgn)
has the desired property. 0

We are now ready to prove the main theorem of the paper, which states that Property (S) of
A implies the (SBP) of (D, T(A)) if Properties (C) and (E) are present.

Theorem 6.6. Let A be a unital simple C*-algebra, and let D = C(X) C A be a unital com-
mutative sub-C*-algebra such that X has no isolated points. Assume that the pair (D, A) has
Properties (C) and (E). Then, if the C*-algebra A has Property (S), the pair (D, T(A)) has the
(SBP).

Proof. By Theorem it is enough to show that for any self-adjoint contraction f € D and any
€ > 0, there is a self-adjoint element g € D such that

(1) IIf = 9||2,T(A) < e, and
(2) there is 6 > 0 such that 7(xs(9)) <e, 7 € T(A).
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To show this statement, it is enough to prove it for f such that sp(f) = [—1, 1]. Indeed, set
t_-=sup{t<0:t¢sph)} and t, =inf{t >0:¢t ¢ sp(h)}.

If t_ =0 or ¢ty =0, then it is straightforward to perturb f to produce g (with xs(g) = 0).
Assume neither of ¢_ and ¢, is zero. Choose s_, s; ¢ sp(f) such that

0<t_ —s_<min{e,—t_} and 0<s; —t, <min{e, t;}

and consider the self-adjoint element h(f) where

0, t<t_,

t_—s_, telt_,s_],
h=< t, teft_,t+ —|,

5. =85, t€ [t-i-?S-‘r]a

0 t>s,.

Then sp(h(f)) = [t—,t+], and

If = (f + 1) + £ <&,

where fo (t) =tift <s_ and f; (f) = 0 otherwise, and f7, is defined similarly. Then, applying
the statement to the self-adjoint element A(f), one obtains the desired approximation g.

Now, let us assume that sp(f) = [—1, 1]. Identifying [—1, 1] with [0, 1], let us show the following
(equivalent) statement:

Let f € D be a positive contraction with sp(f) = [0, 1], and let £ > 0. Then there is a positive
contraction g € D such that

(6.17) |f = gll2ra)y <e,
and there is 4 > 0 such that
(6.15) (i 4(9) <& 7€ T(A),
where
0, t<i-—4,
linear, te€[i—0,1-1]
X15(t) =4 1L, tE 1-2¢ 149
linear, t € [% +2.1+4],
0, t> 3 + 0.

Let (f,e) be given. Applying Lemma [5.4] to £/2 (in place of €), we obtain N and & (in place
of ¢). Choose 1 > 0 such that

3e1 <1/N, 8Ney <eg, and &1 <e/4.

For each i = 1,2, ..., N, consider the following functions

0, t< L 0, t < =tey,
Xi(t) =< linear, t € [%1 ﬁ], Xie (t) = linear, t € [— +e1, % L+ e,
1, t> L 1, t>E e,
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0, t< T+ T, 0, t< §+en

Kie, (t) = 4 linear, t € [% +2, 5+, b, =} linear, t€ [% + €1, % + 2e1),
]-7 tz%—i_‘gl; 17 tZ%"'Zé\lu
0, t< 4, 0, E< 2,

&, =4 linear, te€ [%, ++ %], and & = linear, te [% + 2e1, & + 3¢4],
1, >4+ I, t> 443

Consider the finite set of functions

(619) H = {Xia Xierr Fiers 9i7517 7]61/2 O Xiey - i = 1a 27 aN}
Note that

Nerj2(Xier (1)) =0, t<i/N+e/2,i=1,...,N,
where, recall ((6.1))),

0, t<1—¢g,
Ne(t) = ¢ linear, t €[l —eg,1—¢/2],
1, t>1-¢e/2.

Since A is simple and sp(f) = [0, 1], there is v > 0 such that

6200 4 < gmin{d-(u(h) — e (1), 760, () — (6, (),

T( i—t_al (f)) - T(nm/?(Xi,sl (f))) =1, N? T E T(A)}

Without loss of generality, one may assume that v < ¢/4.
Since A has Property (S), there is a positive contraction § € A such that [|f — gll2ra) is
sufficiently small that

(6.21) IT(x(f) —7(x(@)] <~ x €H CC([0,1]), 7 € T(A4),
and there is 0 > 0 such that
(6.22) T(X%V(;(g)) <e/d, Te€T(A).

(Note that the choice of ¢ depends on g.)

Applying Lemmato e/4, N, and x Lics (in place of €, N, and Y, respectively), one obtains
do (in place of §) and M which have the property specified in Lemma with respect to €/2,
N, and x1,., 5 Choose 0; > 0 such that

46, < g9, 68; <y, and 3V, < min{eq,y/2}.
Also choose d, > 0 such that if a, b are positive contractions of a C*-algebra A, then
(6.23) la = bllaray <02 = [IX14e,5(0) = X34, 5(0) 200y < €/4.
Since (D, A) has Property (E), there is a positive contraction g € D such that
(6.24) 7(x(@) = T(x(@) <7 x € HU{x1,4}, 7 € T(A).
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In particular, together with (6.21]) and (6.22]), one has

(6.25) IT(x() —T(x(@)| <27, x€H, TeT(A),
and

(6.26) T(X%’é(é)) <el/d+v<e/2.

So

(6.27) T(X14e,5((G —21)4)) < /2.

By Lemmal6.5] after a small perturbation (with respect to ||-||2,r(4)), without loss of generality,
one may assume that the numbers

i/N+e, i=1,2..,N—1,

are in sp(g), and are not isolated from the left.
Now, let us consider the elements

Xl(f)7 X2(f)7 - XN € D

and

X1,61(9)7 X1,81(§)7 sy X1781(§> eD.
By (6.24]), one has

(6.28) dr(X16(9)) < T(81,(9)) ~2y T(R1e, () < dr(a(f)), 7 € T(A).
By the choice of v ((6.20))), one has
(629) d‘r(Xl,sl (.5)) < dT(Xl(f))? T E T(A>

Note that, by the construction of HEI, §1e,» and 61, we have

& () &, () € xaf)Dxalf),

X1, (5)91,61 (.5) = 91761 (.5)7 giel (f)£i51 (f) = €i€1 (f)v

T(016,(9)) 2y T(01,(f)) > de(€1, (f)), 7 € T(A),

and

T(0e1 /2(X1.61(9))) 2y (11 2(X1,5 (1)) < 7(&, () < de (L, (f)), 7 € T(A).
By Lemma [6.4] for any 6" > 0 (to be fixed later), there is a contraction u; € A such that

(6.30) UiX1e (9)ur €5 i (F)Ax(F),
(6.31) Nerja(Wix1e, (9)ur) €002 6. (AL (f),
(6.32) s (uix1e, (9w )6, ()~ €, (F),

(633) diStZT(A) (uldu’{, (D)l) < 5”, diStg}T(A) (ufdul, (D)l) < (5”, de (D)l,
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and
(634) ||U1UT — 1||2,T(A)7 ||UTU1 — 1||2,T(A) < 4.

With ¢” sufficiently small, one has

(6.35) IT((wirw,)?) —7(2?)| < 61, j=1,...,M, 2 € (A), 7€ T(A),
and (by (6.33)) and (6.34)))
(6.36) dista r(a) (W X16,(§)u, (D)) < 30" < min{eg, dy, £/4}.
Set
p1=min{7(p14,(9)) : 7 € T(A)},
where
0, t<++e— 6y,
linear, % +e -0 <t< % +e1—61/2,
P16 = 4 1, t:%+51—51/27
linear, % +e1—0/2<t< % + &4,
0, t Z % + 1.

Since 1/N + ¢; is not isolated from the left in sp(g) and A is simple, we have p; > 0.
By (6.36)), there is a positive contraction

[UTXLH (g)ul] €D
such that

(6.37) fui X101 (9)w] = wixa e (9w llameay < 38" < 61
With 0” sufficiently small, one has

175, ([ X161 (9)ua]) — wins, (X1, (G))ua ||2,m(a) < min{p;/8, 01},

Define

(6.38) (75, (X161 (9))ua] == s, ([Ui X 1.6, (§)ma]) € D.

Then

(6.39) [, (X161 (9)) 1] = wins, (X160 (9))ua ll2mcay < min{py/8, 61}
Moreover (by (6.38)),

(6.40) Mg, (WX 1.2, (9)ua]) w5, (X160 (9))ua] = [, (X161 ())ua-

One should assume §” is sufficiently small that

(6.41) 1My ja([Ui X1, (G)u]) = My ya(i X6, (§)wn)l2m(a) < 01,

and

(6.42) 1726, ([T X161 (G)u1]) — M26, (WX 1.6, (G) 1) | 2,70) < 01
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Note that (use (6.32)) in the third and fifth steps),
(UiX1e (D) x2(f) ~ave (Wix1e (9)w) X236 (f)
= (uixie (@u)ér, (Fxzse (f)
A (WX e, (§)un)ns (WX e, (9)1)Er e, (F)Xase (f)
Ne (U1X1 o (G)u)é, 51( )Xz,ssl(f)

~ 6 (D)xase (F)
= X2.36; (f) ~ane, x2(f)-

~
~

>
N

With 0” sufficiently small, one has

(6.43) X1 (@unlxa(f) =N, xa(f)-
Note that, by (6.39)),

(6.44) |7 ([um8, (X160 (9))ua]) = 7(wims, (X1, (9))ua) | < p1 /8, 7 € T(A).
With 6" sufficiently small, one has

(645) 7(7751 (X1,€1 (é))) ~p1/8 T(Uy{ﬂdl (X1,€1 (é))u1>’ TE T(A)’

and

(6.46) 115, (Wi X160 (F)ur) — wins, (X1.e, (9))un]l2 < 61/4.

Hence, by ((6.44)) and (6.45]),
dT(X2,€1 (é)) < (7751 (Xl 81( ))) /2

~p1/8 7(u1s, (X1, (5))”1) p1/2
~p1/8 7 ([uyns, (Xl,al(fl))ul]) —p1/2
< de([uins, (e (9))wa]) = pr /2.
for all 7 € T(A), and therefore
(647) dT(XQ,el (.5)) < dT([uintﬁ (Xl,z—:l (5))”1])? T E T(A>
By (and (6.39), (6.46)), (note that 3e; < 1/N and ¢” < 6;)
(648)  [uins, (X1, (9)wl(&3.,(F) = [wins, (X1 (9D (&5, ()&, ()

b2 (s, (e () un) (€, (D) (&S, ()

)
5, (i (X124 (9))wr)) (&1.e, () (&3, ()

A (& ()& ()
= £2+,a1 (f)a

%||'H2
o1

and therefore, one also has

(6.49) (w5, (12 (§))un) (G, () 02 €57 ().

Now, fixing ¢”, we have the contraction u; € A.

30
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Let us inductively assume that contractions uy, ..., ux, where k£ < N —1, have been constructed

such that (note that (6.51)) and (6.53)) are void if k = 1)

(6.50)  distorea)(u; Xie (§)wi, (D)T) < min{eg, d2,e/4}, i=1,...,k, ((6.36]) when & =1)

(6.51) i1 () (5 X (9)1i) = (i Xy (D)) o000y < 401 <1, i =1,k

(6.52)
1(ui Xier (9)ua) X1 (f) = Xir1 (F)ll2ray < TNer +3%01, i=1,...k  ((6.43) when k =1)

and

(6.53) 151 X0 (@) 1i=1) (45 Xy (9)u) — (W) X1 (9)i) |2y < 681, i =1,k

(6.54)

IT((ufzu))—7(2x?)| < 6y, i=1,...,k j=1,...M, z € (A), € T(A). ((6.35) when k& = 1)
Moreover, the contraction wuy satisfies

(6.55) 1oy ja(WiXne (3)ur) EELHQ Ene (DAL (), ((6.31) when k = 1; note that §” < §)

and there are positive contractions [wjXk.e, (§)ur], [wins, (Xke (§))ux] € D such that

(6:56) 1125, ([ (9)ua]) [wins, (Xne, (9))ur] = [uigns, (iey (9))wnd, (640 when k = 1)

(6.57) 17, 7 ([ Xrer (9)tn]) = Moy ja(uiXke () u) l2rcay < 01, ((6-41) when k = 1)
(658)  llmas, ([wixier (9 ur]) = s, (i, (@) ooy < 61, ([642) when k = 1)
(659)  de(rira (@) < delluing O (@)ued), 7€ T(A), (64D when k= 1)
(6:60)  [uims (ks ()l (€11, (D) A5, i () (EAF) when k= 1)

and

(6.61) s, (ks (D)) (€ (D) =iy, €ne () (BA9) when k= 1)

Let us construct ug,q. Define
<€k_+1,51 (f)> = [UZ:T/& (Xk:,al (.5))'“76] (5];+1,€1 (f)) S Her([uzn& (Xk:,al (.5))1“?]) NnD.
It follows from that
(6.:62) (€ () = Genes (Dllarrcn) < 5.
Then, for all 7 € T(A),
(016, () > dr(§pne, () 427 = de([ums, (Xeer (9)) )., () +27 = de (e, (1)) 427,
and hence .
T(Ohi1.6(9)) Ry T(Ok 116, () > de((Eir e, () + 2.

In particular,

(6.63) T(Ohs160(9)) > de((§y1, (F)), 7 € T(A).
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Also define

(6.64) (&1, () = (s (e (9)un] (65511 2, (F)) € Her([wi(ms, (Xu.er (9)))ur]) N D
Then,

T(Nerj2(Xt1,64 ()

(Erre, () =3y ((6:20))
(

(

A
9

~grs, ([ (M5, (X (9)ur] (51, (1)) =37 ((6:60))
<§k+1 £1 >) -3y
< dT(<’Sk+1,51 >> — 37

I
\]

and therefore

(01 /2 (X1, (9))) Ry (o1 2 (Xnr1,0 (F) < dr([€41 ., (F)]) — 37 + 3541,
In particular (note that 3V§; < v/2),
(6.65) T(0e1 2o (X141 (9)) < dr (€1, ()]), 7 € T(A).

With (6.59), (6.63), and (6.65), by Lemma for any ¢” > 0 (to be fixed later), there is a
contraction ug,, € A such that

(6.66) U Xk (@) unrr €0 [wims ke, (3)) ) Aluzng (e, (§)) ),
(6.67) Ner ja (W1 X1 .2 (D) wnsn) €50 (1o ()Y ALER L, (),
(668) ns (u]t+1Xk+1,s1 (5)“’]64’1) <€l;+1 €1 > l5|”H2 <£k;+1 €1 > )
(6.69) disto o) (uks1dug, 1, D1) < 6", distoreay(up, dugsr, D1) < 0”, d € Dy,
and
(6.70) urr1tirr — Ulameay, [wgs e — omay < 6"
By and (6.70), with ¢” sufficiently small,
(6.71) disto r(a) (U1 Xet1.e0(§) k41, (D)) < 38" < min{eo, b2, £/2}.
This verifies Assumption ((6.50)) for k + 1.
Also note
qu (Xk+1,61 @))Ukﬂ
A2 Orne (8))wt) (12, ([Wixne, (D)ur))) ((6266), (6:56))
2 Oete ()t t) (s, (e, (D)ur)) ([659)
Al (s (ke (8))wet) (s, (W Xk ey (8) k) (kX () )
~siaor (Wt (k1o (§) k) (Wixee (9)ur).  ((6.66), (6.56)), (6.58))
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In other words,

(WX ey (9)1tr) (W Ok 10 (9)) 1) 2002 oy (X100 (§)) s

This verifies Assumption ((6.53)) for k + 1.
By (6.55) and (6.66), (6.56), (6.57),
Xk(f)(UZH(XkH,el(5))Uk+1) s Xk(f

= x(f

s, (W Xk () ) (W (i1, (D)) ((656))
Ner ja( [ Xher (9)Ur]) (W1 (k41,60 (7)) Ukg1)

A ()2 (WX () ) (i (X2 (D) uisn) — ((657)

A ey 4 (W () ) (W (k1.6 (D)) ((655))

(
A ey i (e (9)u)) (U3 (e () ) ((657))
(

= Upy Xit1,e1 (g ))Uk+1

)
)

So,

X () (g (X2 (9)) ) 20 sy (X (9)) i

This verifies Assumption for k + 1.
If k+1< N — 1, with the same argument as for ,
(UZHXkH €1 (§)Uk+1)Xk+2(f)
k1) Xkt2,36 (f)
)Ukﬂ)é;;rl,sl (f)Xk+2,3s1 (f)
Jis1) (Gsre, () X2 (F) - ((6:62))
W1 Xk 1o (0) 1) (Wey Xt 1,60 (§) U1 (Erre, () Xna2,36, () ((6.68))
~sr Nen (W Xer1en (9)Ukt) (Ere, () Xnr23e, (f)

Eu”z’ <§k_+1,gl (f)) Xnr2.3e, (f) ((6.68))

-l

Ry, Xkt23e () Rane, Xa+2(f). ((6.62))

~3Ney uk—HXk-l—l €1

(
uk+1Xk+1 e (
(

(

(
%Q}JE (Ukt1 X410

(

~lell2

g
g
g
~l) j

Thus,
(W1 (X1 ()01 X2 () AN g, Xsa(F).
This verifies Assumption for £+ 1 (which is void if £ +1 = N).
With 0" sufficiently small, one has

(U zuren)’) = 7(@7)| <0y, j=1,... M, x € (A)1, 7 € T(A).
This verifies (6.54) for k + 1.
If k+1< N —1, let us verify that (with 6" sufficiently small), the contraction w; satisfies

the 1nduct1ve assumptions (6.55), (6.56), (6.57), (6-58), (6.59), (6.60)), and (6.61) for k + 1.

By (6.64) and noting that [uf(ns, (Xk.e, (§))ux] and (&1, (f)) commute (both are in D), one
has

<§]j—|—1751 (f)> A <€Ij+1751 (f)> g glj—i—l,al (f)Aglj-i-l,al (f)
Thus, Assumption ((6.55]) for k& + 1 follows from (6.67)).
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For the other assumptions, let us repeat the argument of u;: Set

Pre1 = min{7(pr11,5,(9)) : 7 € T(A)},

where
0, t< Bl ey — 4y,
linear, 4 e —0; <t <EL4e—6/2,
Pk+1,61 — 1, t= % +é1— (51/2,
linear, k—#+51—51/2§t§k—;l+81,
0, t> 5L ey

Since (k+ 1)/N + & is not isolated from the left in sp(g) and A is simple, we have that p; > 0.
By (6.71)), with a sufficiently small §”, there is a positive contraction

[ult+1Xk+1,51 (g)ukJrl] eD
such that

W1 Xat 1,60 (@) Uk1] = Wiy Xar 1,60 (§) Uk |2, ma) < 36" < 4.
With ¢” sufficiently small, one has

||7751([UZ+1Xk+1,sl(9)uk+1]) - UZH% (Xk+1,s1(9))uk+1||2,T(A) < miﬂ{ﬂkﬂ/& 51}-

Define

(6.72) [ 178, (Xh1,20 () 1] == M6, ([0 Xt 1,64 (§) Us1]) € D

Then

(6.73) [ 178, (Xa1,00 () rest] — W16y (Xt 1,01 () )i [| 2,04y < min{prr /8, 61}
Moreover (by (6.72))),

(6.74) Mo, ([We 1 Xt 11 (9) W1 ) (W18 (X120 () trern] = (U176 (1,60 (9)) o]

This verifies (6.56]) for k + 1.

One should assume ¢” is sufficiently small that

(6.75) 1o ja (W1 X100 (@) k1)) = ey 7 (W Xt 1,64 (§) i) 2wy < 61,4
and
(6.76) H77261([UZ+1X1¢+1,51 (§)Uk+1]) — 126, (uz—l—le-l-l,El (§)Uk+1)\|2,T(A) < 0.

This verifies (6.57)) and (6.58)) for k& + 1.
Note that, by (6.73),

6.77) 17 ([whsa sy (Xt 1,60 (9))tiei1]) = T3, (0 (9| < prga /8, 7 € T(A).
With 6" sufficiently small, one has

(678) 7'(7761 (Xk+1,81 (g))) %Pk+1/8 T(ul:+17751 (Xk-l-l,&l (g))uk-i-l)? T E T(A)7

and

(6.79) M5, (W1 Xkt 1.0 () UR41) — W15 (Xt 1,60 (7)) Unrn |20 4) < 01/4
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Hence, by (6.77) and (6.78),

dr(Xer2e (@) < 70 (Xer1e(9)) — prya/2
~ort1/8 T(ul:+17751 (Xk+1,51(§))uk+l) — Prt1/2
Ropsa/s T([Wegams (Xi41,64 (9))uia]) = pria/2
< e ([ 175 (Xk 1,21 (9)urs1]) = Prsa /2,
for all 7 € T(A), and therefore

(6.80) dr (X261 (9)) < dr([Whsa Ty (X121 (9) 1))
This verifies (6.59)) for k& + 1.

By (6.68)) and (6.62)) (and (6.73), (6.79)), (note that 3e; < 1/N and §" < 4;)

(6.81) (g 17, (X161 (9)) 1) (6, ()
= up s e () 01) S e, () (6, ()
P g ams, e (9)0a40) (S e, (D) G, () ([673)
P s, (s 10 () ) iy () G, () (ET9))
%L'A”fl 7761((u2+1<Xk+1,61(:))Uk+1 <§k+151 f) >(§k+2,51(f)) ((6.62))

(
M (G (D) (o (1) ([668))
A G (D) () ([66)

= 5]?—‘,—2751 (f)?
and therefore, one also has
(6.82) (1150 (1.4 (9) i) Gz, () s, o, (F):

This verifies and (6.61)) for £ 4+ 1. Fix ¢”, and we obtain the desired ;.
By induction, there are contractions uy,us, ...,uy € A such that (note that 3V, < £1)

(683) diSt2uT(A) (U’:Xi,f'?l (§>u17 (D);r) < min{so, 527 E/4} < €0, 1= 17 SES) N7

(6.84) i1 () (i Xy (9)us) = (uf Xier (9)0) |20 ) < 401 <0, i=2,.., N,

(6.85)  [1(ufXicr (9)ua)xita (F) = Xirr () ll2meay < TNey + 370 < 8Ney <o, i=1,..,N -1,
(6.86) (g1 X0 ()11 (U X1 (9)05) = (Ui X1 (§)0) |22y < 601 < &g, i=1,...,N,
and

(6.87) IT((ufww;)?) — T(2?)] < 6y < o, i=1,.,N, j=1,... M, x € (A)1, 7 € T(A).

Define
1 % x * ~
g = N(ulxlﬁl (g)U1 + -t UnNXN,er (g>uN)
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Then, by (6.83), (6.84]) and (6.85)), it follows from Lemma [5.4| that

(6.88) 1f = gll2ray <e/2.
Note that .
(g - 51)-1— = N(Xl,el (g) +ot XNe (g))
By (6.86]) and (6.87)), it follows from Lemma [5.5[ that
(6.59) (e (G = £00)) = T(X1era(@))] < /4, 7 € T(A).

By again, one has
dista r(a)(g, (D)) < min{dy, e/4};
together with (6.88), (6.89)), and the choice of d, ((6.23)), there is a positive contraction in D,
still denoted by ¢, such that

1f = gllameay < e/2+e/4=3¢e/4
and,
a5 ) = 714 g (@) < /At efA= /2, 7€ T(A)
By , one has

T(X14e,5(9)) <€/2+¢/2=¢.

Stretching g to move % +e; to % (and note that £, < £/2), it satisfies the desired approximations

and (1. 0

As a consequence of Theorem [6.6] one has the following corollary:

Corollary 6.7. Let A be a simple AH algebra with diagonal maps, or let A = C(X) x T', where
(X,T) is free, minimal, and has the (URP) and (COS). If (D, A) has Property (C), where D is
the canonical commutative sub-C*-algebra, then (D, T(A)|p) has the (SBP).

Proof. By Theorem [4.4] the C*-algebra pair (D, A) has Property (E). Since (by Proposition [3.4)
A has Property (S), by Theorem [6.6] (D, T(A)) has the (SBP). O

Remark 6.8. By Example , there are Villadsen algebras which have Property (S). Since the
diagonal sub-C*-algebras have Property (E) but do not have the (SBP), they do not have Prop-

erty (C). It would be an interesting question whether Z-absorption of A implies Property (C) of
(D, A).
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