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ABSTRACT. Let X be a compact metrizable space, and let A be a closed set of Borel probability
measures on X. We study the small boundary property of the pair (X,A). In particular, it
is shown that (X, A) has the small boundary property if it has a restricted version of property
Gamma.

As an application, it is shown that, if A is the crossed product C*-algebra C(X) x Z9, where
(X,Z%) is a free minimal topological dynamical system, or if A is an AH algebra with diago-
nal maps, then, A is Z-stable if the set of extreme tracial states is compact, regardless of its
dimension.

1. INTRODUCTION

The small boundary property was introduced in [7] as a dynamical system analogue of the usual
definition of zero dimensional space. It was shown to be equivalent to zero mean dimension ([6];
see [4] for Z-actions), and implies the Z-stability of the crossed product C*-algebra C(X) x Z
([3]). In this paper, let us formulate the small boundary property for a pair (X, A) (see Definition
, where X is a compact metrizable space and A is a closed set of Borel probability measures
on X. This clearly includes the dynamical system case where A consists of invariant probability
measures, but also includes the examples where C(X) is a Cartan subalgebra of A and A is the
trace simplex of A.

Motivated by the argument of [6], the small boundary property is characterized in the context
of the uniform trace norm:

Theorem 1.1 (Theorem 2.9)). (X, A) has the (SBP) if, and only if, for any continuous real
valued function f: X — R and any € > 0, there is a continuous real valued function g : X — R
such that

(W) [If —glloa <&, and
(2) u(g71(0)) < & for all p € A.

This characterization is similar to the property of real rank zero of a C*-algebra, which asserts
that any self-adjoint element can be approximated by invertible self-adjoint elements of the C*-
algebra. Indeed, the (SBP) can be shown to be equivalent to zero real rank of the completion of

the C*-algebra C(X) under the traces in A (Theorems and [2.13)).
As an application of the theorem above, a version of property Gamma is introduced:
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Definition 1.2 (Definition [3.3). The pair (X, A) is said to have the weak restricted property
Gamma if there is K such that for each n € N, there is a partition of unity

P1,P2,--sPn € goo(D)/JQ,A
such that
1
T(piap;) < —K7(a), a€ D", 7€A,,
n

where D = C(X).
And this property is shown to imply the (SBP):

Theorem 1.3 (Theorem B.5). If (X, A) has the weak restricted property Gamma, then (X, A)
has the (SBP).

In the case that C(X) is the canonical subalgebra of A = C(X) x Z?, where Z¢ acts minimally
and freely on X, or in the case that C(X) is the diagonal subalgebra of A, where A is an AH
algebra with diagonal maps, it turns out that if A = T(A) is a Bauer simplex (i.e., 0A is
compact), then (X, A) must have the (SBP), and then the C*-algebra A must be Z-stable. Note
that there is no assumption on the dimension of 0A:

Theorem 1.4 (Theorems and [4.7). Let A be the C*-algebra as above. If T(A) is a Bauer
simplex, then A =2 A® Z, where Z is the Jiang-Su algebra.
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2. SMALL BOUNDARY PROPERTY AND TRACIAL APPROXIMATION

2.1. Small boundary property.

Lemma 2.1. Let X be a compact metrizable space, and let A be a set of Borel probability
measures. The following properties are equivalent:

(1) for any subsets V. C U, where V is closed and U is open, there is a closed set V' such
that V- C V' C U, and u(0V') =0, for all p € A.

(2) for any subsets V. C U, where V is closed and U is open, there is an open set V' such
that V- C V' C U, and u(0V') =0, for all p € A.

(3) for any x € X and any open set U > x, there is a closed neighborhood V- C U of x such
that p(0V) =0, for all p € A.

(4) for any x € X and any open set U > x, there is an open neighborhood V- C U of x such
that p(0V) =0, for all p € A.
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Proof. Since int(W) \ int(W) C oW = W \ int(W) for any closed set W, (1)=-(2) and (3)=(4)
are straightforward.

For (2)=-(3), choose an open set U’ with U’ C U. Since {x} is closed, by (2), there is an open
set V' 3 2 such that V C U" and u(0V) = 0 for all 4 € A. Then the closed neighbourhood V' of
x satisfies (3).

For (4)=(1), choose an open set U’ with U’ C U. Noting that V is compact, by (4), there is
an open cover {Vi, Vo, ...,V } of V such that V; CU’, i = 1,....,n and pu(0V;) =0, i =1,...,n,
and pr € A. Then V' :=V; U--- UV, satisfies (1). O

Definition 2.2. Let X be a compact metrizable space, and let A be a closed set of probability
Borel measures. Then (X, A) is said to have the Small Boundary Property (SBP) if one of the
conditions of Lemma [2.1] is satisfied.

Lemma 2.3. Let A be a closed set of Borel probability measures of X. Let ¢ > 0, and let V C X
be a close set with u(V') < ¢ for all p € A. Then there is an open set U OV such that n(U) < ¢
for all p e A.

Proof. Assume the statement were not hold. There would exist a decreasing sequence of open
sets (U;) with U;; C U; and Nz, Ui =V and a sequence of y; € A such that p,;(U;) > ¢ for all
i=1,2,... (and hence ux(U;) > cfor all k > i, k,i = 1,2,...). Since A is closed (hence compact),
by passing to a subsequence, one may assume that (u;) converges to a measure pio, € A. Then,

since
foo(Us) 2> proo(Uig1) > limsup pg(Uiyr) 2 limsup g (Uigr) >
k—oo k—oo
one has
pr— . pr— 1 . >
¢ > fioo(V) uoo(ol U;) = lim 1o (Us) 2 ¢,
which is absurd. O

Lemma 2.4 (Proposition 5.3 of [7]). If (X,A) has the (SBP), then, for every open cover a of
X and every e > 0, there is a subordimate partition of unity ¢; : X — [0,1], i = 1,2, ..., |a], such
that

(1) 3 difa) =Lz € X,

(2) supp(¢;) C U for some U € a, and i = 1,2, ..., |a],

(3) (U ¢71(0,1)) < € for all p € A.

=171

Proof. List o = {Uy, Uy, ..., Ujq|}. Using the (SBP), for each ¢ = 1, ..., |a|, one finds an open set
U! C U; such that U}, i = 1,2,...,|al, still form an open cover of X, and p(0U]) = 0 for all
@ € A. By Lemma there is 0 > 0 such that

p((0U;)s) < e/ lal,

where (OU/)s is the d-neighborhood of dU’. One may assume that ¢ is small enough so that
(0U})s C U; for each i =1, ..., |al.
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Define

i = 1 z e U
" | max(0,1— 6~ tdist(x,0U])) otherwise

Then, define

p1(x) = (),
P2() min(vy, 1 — ¢1(7)),
{ ¢3(r) = min(¢s,1 - ¢i(z) — ¢a(x)),

([ Blof(z) = min(Pa), 1 — b1 =+ = Pjoj-1(7))-
Then supp(¢;) C Uy, i =1,...,|al, and

|a |l

U@%MQUMWM.

O

Lemma 2.5 ([0]). (X, A) has the (SBP) if, and only if, for any continuous real valued function
f: X — R and any € > 0, there is a continuous real valued function g : X — R such that

W) If =9l <&
(2) u(g71(0)) <& for all u € A.

Proof. Assume the properties of the lemma. In order to show that (X, A) has the (SBP), it is
enough to show that the set

{f € Cr(X) - p(f71(0)) =0, Vpu € A}

is dense (Gs) in Cgr(X). As then, let z € X and U be an open neighbounhood of x; pick a
continuous function f : X — [—1,1] such that f(z) = —1 and f(X \ U) = {1}. Since the set
above is dense, there is g such that ||g — f|| < 1/4 and p(g~'(0)) = 0 for all u € A. Consider
the set V = ¢~ 1([-1,0]) C U. Tt is a closed neighbourhood of x with 9V = ¢g~1(0), and hence
u(V) =0 for all u € A. So (X, A) has the (SBP).

For each ¢ > 0, consider the set

Ze = {f € Cr(X) : p(f71(0)) < ¢, Y€ A}.

Note that the properties of the lemma implies that Z, is dense in Cg(X).

Let us show that Z,. is also open in Cg(X). Indeed, let f : X — R be a continuous function
such that p(f71(0)) < c for all 4 € A, and consider the closed set V := f~(0). By Lemma [2.3]
there is an open set U D V such that u(U) < ¢ for all u € A.
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Therefore the set
{f € Cr(X) : u(f71(0)) =0, Vu € A}

= [({f € Ca(X): p(f71(0)) < 1/n, Yu € A}

= m Zl/n
n=1

is dense (Gs) in Cr(X), and (X, A) has the (SBP).
For the converse, assume (X, A) has the (SBP), and let f : X — R and any € > 0 be given.
By Lemma there exists a partition of unity ¢; : X — [0,1], 7 =1,2,..., N, such that

M(U ¢; 1((0,1)) <e, peA

and
f(z) = fy)l <e/2, zyeq;'(0,1]), i=1,..,N.
For each i = 1,..., N, pick z; € ¢;'(0, 1] and the pick real numbers

v 70 and |y, — fx)] < /2.
Define

N
9= Z Yii-
i=1
Then a direct calculations show that

(1) |If =gl <e, and
(2) u(g7'(0)) < e for all p € A,

as desired. n

Definition 2.6. Let A be a closed subset of probability Borel measures of X. Then define
1
I£1oa = sup{( [ 17 € A), f € C(X).

Lemma 2.7 (Markov’s inequality).

1 2
W(E) < 5 [ 11 dn,

where E. = {x € X : |f(x)] > ¢}.

ne) = [ Pdps [ 1Pdus [ A= [ 157 du
E. E. Ee

Proof.
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Lemma 2.8. Let f, g be the real-valued continuous functions on X satisfying
3
€

2
— <
I1f = ola < 5

and

e (0) <5 meA

Then, there is a self-adjoint continuous function ¢’ on X such that

(W) lf =4l <e, and
(2) 1((g)71(0)) < e forall p € A.

Proof. Define
E.—f{r e X:|f(x) - g(x)| > =/2}.
Then, by the Markov’s inequality,
4 €
wE) <5 f — gl < 3 HEA
Pick an open neighborhood U of E¢ such that
[f(2) —g(z)| <&, z el
and pick a continuous function h : X — [0, 1] such that
hlge =1 and h

e = 0.
Define
9'(x) = h(z)g(z) + (1 — h(x)) f(2).
Then
lf(z)—d'(x)] <e, xelX.

Moreover, since

(¢)71(0) C g7 (0) U E.,
one has

() 710)) < ulg™'(0) + u(E:) <,

as desired. O

Together with Lemma [2.5, we immediately have the following criterion for the (SBP).

Theorem 2.9. (X,A) has the (SBP) if, and only if, for any continuous real valued function
f: X — R and any € > 0, there is a continuous real valued function g : X — R such that
1) 11f = glly» <=, and
(2) u(g7(0)) < e for all p € A; this is equivalent to that there is § > 0 such that 7,(xs(g)) <
g, b € A, where
1, t] < d/2,
X(;(t) = O, ‘t’ > 5,
linear, otherwise.

We like to point out the following corollary:
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Corollary 2.10. Consider (X, A1) and (Y, As), and assume there is an embedding ¢ : C(X) —
C(Y) such that

(1) A1 - ¢*(A2)7

(2) ¢(C(X)) is dense in C(Y') with respect to |||, ,-
If (Y, Ag) has the (SBP), then (X, A1) also has the (SBP).

Proof. Identifying C(X) as a sub-C*-algebra of C(Y'), and identifying A; as a subset of A,.
Let f : X — R be continuous, and let £ > 0 be arbitrary. Since (Y, A) has the (SBP), by
Theorem [2.9] there is ¢’ : Y — R such that

M) [1f = g'lloa <&
(2) n((g")710)) < e for all p € A,.
Since Ay and (¢')7'(0) are closed, by Lemma there is an open neighbourhood of (g’)~*(0)

such that its measure is uniformly smaller than ¢ with respect to A. It then follows that there
is 0 > 0 such that

T(xa(g)) <& T E N,

where
1, t < 6/2,
xs(t) =1 0, t| > o,
linear, otherwise.
Since C(X) is dense inside C(Y') with respect to [|-[|, »,, there is a self-adjoint element g € C(X)
which is sufficiently close to g" (with respect to ||-||, »,) such that

1f=9gllan, <& and 7(xs(g)) <e, p€ A
In particular u((g)~'(0)) < € for all u € A;. By Theorem [2.9 again, (X, A;) has the (SBP). O

2.2. Real rank zero. Let us characterize the (SBP) using real rank zero.

Lemma 2.11. Assume that (X, A) has the (SBP). Let f € Cr(X), and let € > 0. Then there
are sequences (gn), (hn) C Cr(X) such that for each n =1,2, ...,

(D) [If = gull <,

(2) Tu(lgnhn — 1)7) < 1/2" for all p € A,
(3) [lhn]l < 4/e,
(4)

4) llgn = gntillon <1727, and |[h = hngall; 4 < 1/27

Proof. Without loss of generality, one may assume that ¢ < 1 and || f|| =1
Choose an open cover {Uy, ..., Uy} of X such that

[f(x) = fy)l <e/2, zyel,i=1..,N.

By Lemma , there is a partition of unity ¢§1) : X — [0, 1], subordinate to Uy, Us,...,Uyx
such that
N

(2.1) p(J@")1((0,1)) < e/2N(4/e +5), pe A

=1
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Consider the collection of open sets

U = (¢M)71((0,1]), i=1,2,...N,

which is an open cover of X satisfying

(2.2) vV cu, i=1,..,N.

Using Lemma again, one obtains a partition of unity qbZ@) : X — [0,1], subordinate to
UM U, .. Uy such that

N

p((J@2)71((0,1) < e/2°N(4/e +5)%, peA.

=1

Note that, for each i =1, ..., N, by (2.2)), ¢§2> (x) = 1 for all x satisfying gbl(-l)(a:) =1, one then has

(6)71((0,1)) € (¢)H({1}) C U 1),

and therefore, by (2.1)),

oM — ¢

Repeating this process, one obtains partitions of unity qﬁ,gn) : X — [0,1], i« = 1,2,..., N,
subordinate to Uy, Us, ..., Uy such that

LS e/2N(4/e +5)* < &/2N.

(2.3) #QJO%MVJUQlﬂ)<€NWTPU€+5F, pEA.
and
(2.4) el IO

For each i =1, ..., N, pick x; € U; and then pick a real number y; such that

lyil >e/4 and |y, — f(x;)] < g/2.

Define
N N
(n) (n)
=3yl and b, =3 —o".
Then
|f —gnll <¢
and
N
4
Z §— r e X.
— !yl £
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Note that (g,hy,)(z) = 1 whenever z € | ¥, (¢!™)1(1), and then, together with (2.3), for all
wE A,

Tu(lgnhn — 1) < (

By 2.4),

41lgnl £ Al +¢)
1 < .
7 27N (2 +5)? ( e 2n(2 +5)2  2n

N
lgn = gns1llpn = Zyz (@ =" <D lul || — o™ <12
2,A i=1
and
N 4 N
hin = i = >0 (@ =™ " - nH)‘ <1/2"
I = Pl = 2 207 =6 |, Z:j 2 L S 12
as desired. n

Consider [*°(C(X)) and consider the ideal
Joa = {(fifor ) € P(C(X)) ¢ Tim sup{r(| ") : 7 € A} = 0},

Theorem 2.12. Then the C*-algebra (>°(C(X))/Joa has real rank zero if, and only if, (X, A)
has the (SBP).

Proof. Assume (*°(C(X))/J2,a has real rank zero. Let f € Cgr(X), and let € > 0 be arbitrary.
Consider the image of the constant sequence (f, f,...) € {*°(C(X))/Ju,.a. By the real rank zero
assumption, there is an invertible self-adjoint element (g1, g2, ...) € °°(C(X))/Ju.a such that

|77 = g

<eE.

Then there is § > 0 such that
xs((g1: g2, ) = 0.
Hence
dist((f — g1, f — g2, --), Jo,a) <€ and  (xs5(91): x5(92), ) € J2a,
and then, with sufficiently large n,

If = gnllya <& and 7(xs(gn)) <&, 7€A.

By Theorem 2.9, (X, A) has the (SBP).

Now, assume (X, A) has the (SBP), and let us show that [*°(C(X))/J,.a has real rank zero.
Let f € [*(C(X))/Ju.a be a self-adjoint element, and let € > 0 be arbitrary. Pick a self-adjoint
representative (fi, fa,...) of f. By Lemma , there are self-adjoint elements g¢i,¢,... and
hi, ha, ... in C(X) such that for each n = 1,2, ...,

(1) Ifn — gull <&,
(2) Tu(lgnhn — 1)?) < 1/n for all u € A, and
(3) [[hmll < 4/e.
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Then, with g := (g1, g2, ...) and h := (hy, hg, ...) in [°(C(X))/Jua, one has
lf—gll <e and gh=1.
That is, g is invertible. Since € is arbitrary, this shows that [*°(C(X))/J, a has real rank zero. [

Inside [*°(C(X))/Jz,a, consider the sub-C*-algebra consisting of equivalence classes of bounded
sequences of C(X) which is ||-||, \-Cauchy. This C*-algebra is independent of w, and denote it

by C(X)".
Theorem 2.13. The pair (X,A) has the (SBP) if, and only if, C(X)A has real rank zero.

Proof. Assume C(X )A has real rank zero. Let f € Cg(X), and let € > 0 be arbitrary. Consider
the image of the constant sequence (f, f,...) € {*°(C(X))/J, a. By the real rank zero assumption,
there is an invertible self-adjoint element (g1, g2, ...) € I°°(C(X))/J,.a such that

|77 - T )| <=

Then there is § > 0 such that
xs((g1, 92, ---)) = 0.
Hence
dist((f — g1, f — g2,---), Joa) <& and  (xs(g1), X5(92); ) € J2a,

and then, with sufficiently large n, one has

1f = gulloa <e and 7(xs(gn)) <&, T€A.

By Theorem 2.9 (X, A) has the (SBP).

Now, assume (X, A) has the (SBP). To show that WA has real rank zero, it is enough to
show that each constance sequence (f) with f € Cg(X) can be approximated by an invertible
element within €. This follows from Lemma directly as the sequences (g,) and (f,) are
|- HQ’A—Cauchy. O

Corollary 2.14. Consider (X, A1) and (Y,Ay) such that XM 2 V™. Then (X, A1) has the
(SBP) if, and only if, (Y,As) has the (SBP).

3. A RESTRICTED VERSION OF PROPERTY (GAMMA AND THE SMALL BOUNDARY PROPERTY

In this section, let us use the characterization of the (SBP) in Theorem to connect it to a
version of property Gamma (Theorem [3.5)).
Recall ([2]) that a C*-algebra A is said to have the uniform McDuff property if for each n,
there is a unital embedding
M, (C) = (F*(A)/Jon) N A,
and the C*-algebra A is said to have the uniform property Gamma if for each n, there is a
partition of unity

D1,D2, -y Pn € EQ(A)/JZA N A/
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such that
T(piap;) = %T(a), acA i=12..n71€eT(A),,
where T(A),, is the set of traces of £*°(A) in the form
7((@)) = lim7;(a;), 75 € T(A),

and a is regarded as the constant sequence (a) € (*°(A).
Let us introduce the following restricted versions of these properties:

Definition 3.1. Let A be a C*-algebra and let D C A be a sub-C*-algebra. Then the pair (D, A)
is said to have the restricted McDuff property if for each n € N, there is a unital embedding

¢ : M, (C) = (¢>(A)/Jan) N A
such that
gb(e”) S KZ(D)/J27A7 1=1,....n.

The pair (D, A) is said to have the restricted property Gamma if for each n € N, there is a
partition of unity

P1,P2; -+ Pn S (EOO(D)/JQ’A>QA,
such that .
T(piap;) = ET(G)’ a€ A, TeT(A),.

The pair (D, A) is said to have the weak restricted property Gamma if there is K > 0 such
that for each n € N, there is a partition of unity

P1,P2;y--sPn € EOO(D)/JZ,A
such that .
T(piap;) < —Kt(a), a€ D", 7€ T(A),.
n

Remark 3.2. Tt is clear that the restricted McDuff property implies restricted property Gamma
(hence the weak restricted property Gamma).

Next, let us formulate the weak restricted property Gamma without the ambient C*-algebra
A, just for a pair (D, A), where D = C(X) and A is a closed set of Borel probability measures.

Definition 3.3. The pair (D, A) (or (X, A)) is said to have the weak restricted property Gamma
if there is K such that for each n € N, there is a partition of unity

P1,P2, - P €LF(D)/ Joa
such that
T(piap;) < %KT(G), ac D", T,
The restricted property Gamma for (D, A) is defined similarly.

The following lemma is straightforward:
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Lemma 3.4. The pair (D, A) has the weak restricted property Gamma if, and only if, there is
K > 0 such that for any finite set F C DT, any e > 0, and any n € N, there are positive
contractions aq, ..., a, such that

(1) il < i 7 5
(2) |la; — a; H2A<€ i=1,..,n,
(3) 11— (af+---+a: )||2,A <&
(4) T(a;fa;) < 1K7’(f)+5,z'z1,...,n,fE]:,TGA.

It turns out that the weak restricted property Gamma implies the (SBP):

Theorem 3.5. Let D be a commutative C*-algebra and let A be a closed set of probability Borel
measures. If (D, A) has the weak restricted property Gamma, then (D, A) has the (SBP).

The converse holds in the case that D C D x I', where I is a discrete amenable group acting
freely on D.

Let us start with some preparations:
Lemma 3.6. Let f € C(X) be a self-adjoint element, and let € > 0. Then there exists n € N,
and self-adjoint elements f1, fa, ..., fn € C(X) such that
(D) \f=fil<e, i=1,2,....,n, and
(2)
%|{1§i§n:fi(m):0}| <c zEX

Proof. Choose an open cover U of X such that

1f(z) = fw)ll <e, zyeU Uel.

Choose a partition of unity {¢y : U € U}, subordinated to U, and choose zy € U for each
U € U. Consider the function

9= E f(zv)ou,
veu
and it is straightforward to verify that

If = gll <e.

Also note that ¢g has a factorization

X2~ Nu) 2R

where N(U) is the nerve simplex of U, the map ® : X — N(U) is given by
T Z ¢u () [U]
Ueu

and the map ¥ : N(U) — R is the linear map
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Pick n > dim(N(U))/e, and consider the map
(T, ..., W) : NU) — R",

By Lemma 5.7 of [4], there is
(Ty,..0,) : NU) — R"

such that
V-V, <e, 1<i<n
and
Hl<i<n:V(y) =0} <dim(NU)), yeNU).
Then
(fiy ooy fn) == (V1 0®, ..., ¥, 0 D)
satisfies the Lemma. O

Remark 3.7. The open cover U can be chosen to have order 1, and hence the simplex N (i) to
have dimension 1. Therefore, the number n in the proof can be chosen to be |1/¢] + 1, which is
independent of X.

Corollary 3.8. Let f € C(X) be a self-adjoint element, and let € > 0. Then there exist n € N,
d >0, and self-adjoint elements f1, fa, ..., fn € C(X) such that

(D) |f—=fill <e, i=1,2,...,n, and
(2) ,
ﬁ|{1§i§n:|fi(x)|<5}|<5, xr e X.
In particular

%(T((fl)a) + -+ 7((fa)s) <&, 7 e T(CX)),
where (f)s = xs(f) with xs : R — R defined by
1, It| < 0/2,
xs(t) =14 0, t| > 9,
linear, otherunse.
Proof. By the lemma above, there exist n € N, and self-adjoint elements fi, fs, ..., fn € C(X)
such that
(D) |f=fill <e i=1,2,....,n, and
(2) ,
ﬁ|{1§i§n: |fi(z)| =0} <e, ze€X.
Since fi,...f, are continuous, for each x € X, there exist a neighbourhood U, > x and ¢, > 0
such that .
SHisi<ni il <ad < yeU.

Then the corollary follows from the compactness of X. OJ

It worth pointing out that the corollary above holds for a general unital C*-algebra.
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Corollary 3.9. Let A be a unital C*-algebra. Let f € A be a self-adjoint element, and let € > 0.
Then there exist n € N, § > 0, and self-adjoint elements f1, fo, ..., fu € A such that

(D) |f=fill <e, i=1,2,...,n, and
(2)

L) 4 ) <2 T ET(A)

Proof. Tt follows directly from Corollary applying to the sub-C*-algebra D := C*{1, f}. O

Proof of Theorem[3.5. To show that (D,A) have the (SBP), by Corollary 2.9 it is enough to
show that for any self-adjoint element f € D and any € > 0, there is a self-adjoint element g € D
such that

(1) ||f — gllz.a < e, and
(2) u(g7{0}) < e, p € A.
By Corollary B8 for the given e, there exist n € N and selfadjoint clements
fl?f?a ?fn € D
such that
(3.1) If—fill <e, i=1,2 ...n,

and there is 4 > 0 such that

L))+ 7)) < /K, 7€ T(C(X)),

where K is the constant of the weak restricted property Gamma. In particular, regarding

(f1)s, -, (fn)s as constant sequences of D, we have
32 L0 4+ (o) < /K, e A

By the weak restricted property Gamma, there are

P1,DP25 -y Pn € KOO(D)/JZA

such that
1
(3.3) T(piap;) < EKT(G/), a€ DY, TeA,.
Consider
g = pl(fl)pl +o +pn(fn)pn € KOO(D)/JQ,A'
By (3.1)),
1 = gl = [ (= Fpa + 4 pall = Jlpa | <=

Note that, for each 7 € A, by (3.3)),

T(ei((f)s)pi) < —7((fi)s), 1= 1,.on, 7 € Ay,

S|
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and hence, together with (3.2)),

7((9)s) = T(o1((f1)s)p1) + - + T(Pul((fn)s)Pn)
< —K(7((f1)s) + - +7((fn)s))

<

—_

M3

Pick a representative sequence g = (gx) with gx, kK = 1,2, ..., selfadjoint elements of D. With k
sufficiently large, the function g, satisfies

(1) [If = grllpa <&, and
(2) T((gr)s) <e, T €A,

as desired.

Now, assume (D, A) has the small boundary property, where A = D x T and (D,T) is free. It
follows from [5] that (D, A) has the restricted property Gamma, and hence the weak restricted
property Gamma. 0

Corollary 3.10. Consider a C*-pair (D, A). If A has the restricted uniform McDuff property,
then (D, A) has the (SBP).

Corollary 3.11. Consider C*-pairs (Dy, A1) and (Da, As), and assume that one of them, say
(D1, A1), has the restricted property Gamma, then (D1 ® Do, A1 ® Ay) has the (SBP).

Proof. Note that 0T(A; ® As) = T(A;) x OT(Ay). Then, using Lemma [3.4] it is easy to see
that Dy ® Do has the weak restricted property Gamma with respect to T(A) (say, if (Dy, A;)
has the weak restricted property Gamma, then consider the corresponding elements a; ® 1p,, ...,
a, @ 1p, in D1 ® Dy). O

Remark 3.12. Does (D ® Ds, A1 ® As) always have the weak restricted property Gamma?

4. THE CASE THAT T(A) 1S A BAUER SIMPLEX

As an application of Theorem , in this section, let us show that if A = C(X) x Z< or is an
AH algebra with diagonal maps, and if 0T(A) is compact, then A has the (SBP) (Theorem 4.6]),
and hence is Z-stable.

Lemma 4.1. Consider a C*-pair (D, A) where D is a unital commutative sub-C*-algebra of A,
and assume that T(A) a Bauer simplex. If p1,pa,...,pn € ((>°(D)/Jop) N A', where n € N, is a
partition of unity such that

1
T(p))=—, TE€T(A)y, i=1,..,n.
n
then,

1
(4.1) T(piap;)) = —7(a), a€ A, Te€T(A),, i=1,..,n
n
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Proof. The proof is the same as that of Proposition 3.2 of [2]. Let a € A and 1 < ¢ < n be
arbitrary. Then there is a partition of unity py, pa, ..., pn € (€>°(D)/J2.p)/A’ such that

1
(4.2) T(p) =—, T€TLA), i=1,..,n.
n
Pick a representative (by) € £>°(D) for p;. Since p; € ((*°(A)/Jaa) N A’, one has
’11_>HL10 |aby, — brall, o =0, a € A.
Since T(A) is a Bauer simplex, by Proposition 3.1 of [2],
lim sup |7(aby) — 7(a)7(by)] =0, a€ A.

k—w reda
By (#.2),
1
I B
p g =3 =0
and hence 1
lim sup |7(abg) — —7(a)| =0, a€ A,
k—wrean n
which implies (4.1]). O

Before diving to the main result of this section (Theorems and , let us take a detour
to formulate a version of Lemma without using the ambient algebra A (Lemma below),
which might be interesting by its own.

Definition 4.2. A subset A C T(D) is said to be ample for a nonzero positive contractions
c=(c1,¢9,...) €L°(D)/ o if for any 71,79, ... € A, the tracial states

lim,, ., 7, (zcy)

lim,, ., 7 (cn)

D5z —(r)o(wc) = e

(Tn)w(c)

and
1 - (1 — o)) = lim,, Tn(ZE(l - Cn))
P2 Ty et =)

are still in A (when (7,,),(c) = 0 or 1, only the well-defined trace is considered above), where
(Tn)w is the limit trace of (7,,) on £>°(D).

e C

1 —lim, , 7 (cn)

Remark 4.3. Note that for a C*-pair (D, A), the set T(A)|p is ample for any positive contraction
ce (l>(D)/Jop)NA.

Lemma 4.4. If A is ample for ¢ = (¢,) € {>°(D)/Jao.a and OA is compact, then

lim sup |7(ac) — 7(a)7(ck)| =0, a€ D.
k—=w reon

Proof. Assume the statement were not true, there exist a € D, e > 0 and a sequence (7,,) C 0A
such that

|0 (ac,) — To(a)ma(cn))| >, n=1,2, ...
Consider (7,), € A,. Then

(4.3) (Tn)w(ac) # () w(@)(Tn)w(c)-
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Note that, for any = € D,
(Tn)w(zC)

(4.4) (To)uw(®) = (Tn)wl(c) - N0

Since A is ample for ¢, we have that
(Tn)w(-c) (Tn)w(-(1 =)
a0’ 1= (o)

Since (7,) € 0A and OA is compact, (7,),|p € OA; in particular, it is an extreme point of A.
Therefore (note that (7,,),(c) # 0), by (4.4)),

. (Tn)w(C)
(Tn)w(x) = (Tn)w_(c) ;

(r)o(a(1 = )

+ (1 - (Tn)w(c)) ) 1— (Tn)w(c)

r €D,

which is
(Tn)w(xc> = (Tn)w(x)(Tn)w(C>7 reD.
This contradicts (4.3]). O

Then, we have the following version of Lemma [4.1] for (D, A):

Lemma 4.5. Consider a pair (D,A) with A a Bauer simplex. Assume that, for each n € N,
there is a partition of unity p1,pa, ..., pn € €°(D)/Jaa such that

1
(4.5) T(pi))=—, TEA,, i=1,..n
n

and, and A is ample for each p;, i = 1,...,n. Then, the partition of unity pi,ps, ..., pn above
satisfies

1

(4.6) T(piap;) = —7(a), a€D, TEA, i=1,..,n.
n

So, (D, A) has the restricted property Gamma.

Proof. Let a € D and 1 < ¢ < n be arbitrary. Pick a representative (c¢x) € £*°(D) for p;. By

Lemma [4.4]

lim sup |7(ack) — 7(a)7(ck)| =0, a€ D.
k—w rean

Together with (4.5)), one has

1
lim sup |7(acy) —7(a)—| =0, a€ D,
k—=w rcon n
which implies (4.6)). O

Theorem 4.6. Let (X,I') be a free and minimal topological dynamical system with the (URP),
where I is a discrete amenable group. Assume that Mq(X,T') is a Bauer simplez (but with no
restriction on dim(OMy(X,I"))). Then (X,T') has the (SBP). In particular, if (X,T') also has
the (COS), the C*-algebra C(X) x I' is Z-stable.
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Proof. If |I'| < oo, then X is a finite set, and hence (X,I") has the (SBP). Therefore, we can
assume that |I'| = oco.

In this case, since (X,I') has the (URP), for any n € N, there is a partition of unity
D1, D2, s P € ((°(D)/Jap) N A" such that

1
7(ps) = o 7€ (T(A))w, i=1,...,n.
By Lemma [4.1] and (D, T(A)) has the restricted property Gamma. By Theorem (D, T(A))
has the (SBP). O

Now, let us consider an AH algebra with diagonal maps A, which is an inductive limit

A, A, A=lig A,

where each 4; = B, M,, ;(C(X;;)), and the connecting maps have the form
f—diag{foX\,...,foA}.

Since the connecting maps preserve the diagonal subalgebras, their inductive limit D is an com-
mutative subalgebra of A. Let us assume A is simple. Then n;; are arbitrarily large if i — oo.
Hence a standard argument shows that A has the property that, for any n € N, any finite set F,
and any € > 0, there are mutually orthogonal projections py, ..., p, € D such that py+---+p, =1
and

Ipi,alllon <&, i=1,..,n, a€ F.

Theorem 4.7. Let A be a simple unital AH algebra with diagonal maps. If T(A) is a Bauer
simplex, then (D, A) has the (SBP). (By Proposition [4.8 below, the C*-algebra A is Z-stable.)

Proof. Since T(A) is a Bauer simplex, by Lemma (D, T(A)) has the restricted property
Gamma, and by Theorem (D, T(A)) has the (SBP). O

Similar to the transformation group C*-algebra C(X) x I' (with the (URP) and (COS)), an
AH algebra with the (SBP) is also Z-absorbing:

Proposition 4.8. Let A be a simple unital AH algebra with diagonal maps, and denote by
D C A the standard diagonal sub-C*-algebra. If (D, T(A)) has the (SBP), then A locally has
slow dimension growth and hence is Z-stable.

Proof. Let € > 0 be arbitrary, and let F € A be a finite subset. Without loss of generality, one
may assume that F = Fy U F; with Fo € D = C(X) and F; consists of finitely many matrix
units of a building block. Passing to a finite open cover of X and use the (SBP), the same
argument of Lemma shows that one may assume further that

Fo=A{d1,...,o}
where ¢1, ..., ¢, is a partition of unity of X with the property

pr(670,1)) < T i =1, Ly 7€ T(A),
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Then pick a positive contraction g € C(X) such that

7'(9) <e and 9Xe/4,1—a/4(¢i) = Xs/4,1—a/4(¢z‘)7 1=1,..,L, 7€ T(A)7
where X./4,1-c/4 is a positive function vanishing outside (¢/4,1 —¢/4), but is 1 on [¢/2,1 —£/2].
With a sufficiently large k, choose positive contractions ¢’ € Dy, and ¢; € Dy, i =1, ..., L such
that
lg—4d'll <e/4 and ||¢; — || <e/4, i=1,.., L.
Without loss of generality, we may assume that

7(¢) <e, T€T(Ap),

and
F1 C A
Then
Xea—=((; =€) )h1-c/a(9) = Xen—=((#; —€)4)
where h;_./4 is a continuous function which is 1 on 1 —¢/4, 0 at 0, and linear in between, and
also note that
[h1—ea(g) = o'|| < /4.
Then consider
O-1-c((¢; —€)s), i=1,..1L,
where 6 is a positive function which is 0 on (0,¢), 1 on (1 — &,00), and linear in between. Then

(4.7) MT(U(QM_E((@; —£)4)) 10,1)) < T(hi—cpaly’) <e/2, 7€ T(Ap).
i=1
Then, consider the C*-algebra
C:=C*¥0.1--((¢)—2)y)),v;:i=1,...,L,vj, j = 1,...,d are standard matrix unit of 4} C Ay.

Note that Fy C. C.
Write A, = @ M,,(C(Z;)). Then, by (4.7), a similar argument as Theorem 4.5 of [3] shows
that

C = @Mnj(C(Z]’.))
with dim(Z!) < (¢/2)d;. J O
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