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S-set, M= (ms;) € Msys(NU {oo})

Mmss = 1, Mmst > lifs 73 t, Ms = Mts

Artin-Tits group I = <S | stst--. = tsts- - >
— =
ms ¢ me s
. . . +
Artin-Tits monoid P = <5 | stst--. = tsts- - >
—— =
Mms t mt s
Coxeter (reflection) group W = (S | stst- -, =tsts--., s> =1)
—— =

ms, ¢ mt s



- [ (and P) are irreducible if cannot write S = 5; LI Sy so that
ms: = 2 whenever s € S5; and t € 5.

- [ (and P) are of finite type if W is finite.

(Alternatively, right-angled if ms; € {2, 00} for all s, t)
(studied by Crisp-Laca)
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Examples
1. Doy =(a,b| aba---= bab---) "dihedral type",
—— =

m m

1 .
M = (m r1n> (these are the examples with two generators).

W is the dihedral group of order 2m.
2. By = (a,b,c | aba = bab, bcb = cbc, ac = ca)

“braid group on 4 strands", M = | 3

W =5, the symmetric group.



Semigroup C*-algebras
Let P be a monoid. Assume that P is
- left cancellative: aff = ay = 3 = 1.
- LCM: aPNBP # @ = dy s.t. aPNBP =~P.

(The intersection of two principal right ideals is either empty,
or is another principal right ideal.)

A : P — B({?P), the left regular representation: A\, (es) = ez
(Ao is an isometry by left cancellativity)
Define C*(P) := C*(\(P)).



Abstract description
[o] :={B:a € BP} - “prefixes” of . A subset x C P is
hereditary if o € x = [a] C x
directed if o, B Ex = aPNEPNx # o
Q = set of directed hereditary subsets of P.
Topology on Q: let Z(a) :={x € Q:a € x}.

{Z(a) \U]Z(Bi) : v, Bi € P} is a base of compact-open sets
for a compact Hausdorff topology on €.
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[o] :={B:a € BP} - “prefixes” of . A subset x C P is
hereditary if o € x = [a] C x
directed if o, B Ex = aPNEPNx # o
Q = set of directed hereditary subsets of P.
Topology on Q: let Z(a) :={x € Q:a € x}.
{Z(a) \U]Z(Bi) : v, Bi € P} is a base of compact-open sets
for a compact Hausdorff topology on €.
Action by partial homeomorphisms: P ~ Q by a - Z() = Z(ap).
C*(P) := C(Q2) x P (use groupoid, partial crossed product, etc.)



Laca-Crisp showed that for right-angled Artin groups, C*(P)
behaves roughly like (Toeplitz-) Cuntz-Krieger algebras (e.g. free

groups).
They point out that for Artin-Tits groups of finite type, C*(P) will

usually not be nuclear.

We investigate the structure of C*(P) in that case.



Let P be an Artin-Tits monoid of finite type.

1. Z(e) \ UsesZ(ao) = {[a]}.
P :={[a] : @ € P} is a discrete open invariant subset of Q.
P acts freely and transitively on P, so K(¢2P) <1 C*(P).

2. P is a lattice: Vo, f € P, 3y € Pst. aPNBP =P

(v=:aVp).

P is directed, so P € Q. Write co := P € Q (0P = {o0}).
oo is invariant; C*(Pl)) = C*(T).



Let P be an Artin-Tits monoid of finite type.

1. Z(@) \ UsesZ(ao) = {[a]}.
P :={[a] : @ € P} is a discrete open invariant subset of Q.
P acts freely and transitively on P, so K(¢2P) <1 C*(P).

2. P is a lattice: Vo, f € P, 3y € Pst. aPNBP =P

(y=:raVp).

P is directed, so P € Q. Write co := P € Q (0P = {o0}).
oo is invariant; C*(Pl)) = C*(T).
0—=1—C"(P)—C(I)—0, I=C"(Plo\{x})

We study //K.
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Normal forms
TP — W, Pedg i ={a € P:la)="I{r(a))}
7| py : Pred = W is bijective.
For a € P,eq, put
L(a) ={o € S:a € aP}, "left initial letters” of «
R(a) ={c € S:a € Pa}, ‘right initial letters” of o
E.g. ao € P iff 0 & R(«).
A :=\/ Pieq - the unique maximal element of Py
L(A) =S = R(A), but L(ar) # S # R(«) for a € Preg \ {A}.

For o € P\ {1}, a normal form is (a1, ..., o) with
- € Peg \ {1}, 1<i<n
ca=ai--a,
. R(a,-) D) L(Oz,url), 1<i<n

Every o € P has a unique normal form.



Infinite Word: (a1, ao,...) s.t. Vn, (a1,...,a,) is normal.
Theorem There is a bijection from the set of infinite words to
Q\ P given by
(a1, a0,...) = ot o -+ a).
In particular, (A, A,...) — oo
Let X, = {x € Q\ P: Ak € x, AF! ¢ x}
={(a1,a,...) aj = Aiff | < k}.
Put X = | %4 X,. Then I/K = C*(P|x).

X is invariant and relatively open in Q\ P. Xj is a relatively closed
transversal in X. Then I/K ~ C*(P|x,) (Muhly-Renault-Williams).

Xo is the space of reduced infinite words (i.e. not containing A).



Example Dy,
Pred = {1,a,ab,aba,... aba---, b, ba, bab,... bab--- A}
ey e
L(aba---)={a}, L(bab---)={b}
C*(P|x,) is a Cuntz-Krieger algebra, / is nuclear.

Example [ with more than two generators (e.g. By)

Theorem //IC ~ C*(P|x,) is simple and purely infinite, but not
nuclear.



Ideas of the proof: the restricted action P ~ Xj is

- minimal: Y& # U C Xy open, Vx € Xp, dJa € P, ax € U.

- top. principal: {x € Xy : ax = x = a = 1} is dense in Xp.

- loc. contractiie: Vo # U C Xp open, 3V C U open, Ja € P,
aV V.

A necessary move in this direction is

Lemma Let U = Z(«) \ U7 Z(Bi), suppose U N Xg # &. There
exists € P\ AP s.t. Z(6) C U.



(Technical) Lemma Suppose I is irreducible. For all s, t € S
there is a normal form (v1,...,7,) s.t. L(y1) = {s} and

R(vn) = S\ {t}.
Y ="71---7n IS a spacer.

E.g. lete € P\ AP and x = (u1, p2,...) € Xo.

¢ has normal form (e1,...,em).

Choose s € R(emm) and t € S\ L(a1).

Let v = (y1,...,7n) be as in the lemma. Then
EYX = (E1ye ey Emy YLy - vy Yny 1y 2, - -.) € Z(€).

With a bit more trickery, can choose § = v so that
Z(0) N Xo € U in the lemma.



