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ABSTRACT. It is shown that, for a free and minimal Z%action on a compact Hausdorff space X,
the transformation group C*-algebra C(X) x Z? always has stable rank one, i.e., the invertible
elements are dense. Moreover, the C*-algebra C(X) x Z? is also shown to be classified by the
Elliott invariant if, and only if, the strict order of its Cuntz semigroup is determined by the
traces. That is, it satisfies the Toms-Winter conjecture.

In fact, for any free and minimal I'-action on X, where I' is a countable discrete amenable
group, if (X,T') has the uniform Rokhlin property and Cuntz comparison of open sets, then the
C*-algebra C(X) x T is shown to have stable rank one and to satisfy the Toms-Winter conjecture.
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1. INTRODUCTION

The topological stable rank of a unital C*-algebra A, denoted by tsr(A), was introduced by
Rieffel in his seminal paper [20] as a topological version of the Bass stable rank of a ring. Consider
the set of n-tuples generating A as a left ideal,

Lg, = A{(z1,x9,....;m,) € A" : Az + Axg + -+ - + Az, = A}

Then the topological stable rank of A, denoted by tsr(A), is the smallest n such that Lg, is dense
in A" (if no such n exists, then the topological stable rank of A is 00). It was shown in [I3] that
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the topological stable rank of a C*-algebra agrees with its Bass stable rank. Thus, we may just
refer it as stable rank.

The stable rank models dimension of a topological space. It was shown in [26] that the stable
rank of the commutative C*-algebra C(X), where X is a compact Hausdorff space, is [dlmT(X)J +1,
where |-] denotes the integer part. It was shown in [36] that for any n € {1,2,...,00}, there
exists a simple unital separable C*-algebra A (A can be chosen to be the limit of an inductive
sequence of homogeneous C*-algebras) such that tsr(A) = n.

The class of C*-algebras with stable rank one is particularly interesting. Any such C*-algebra
A is stably finite, has cancellation of projections, and has the property that K;(A) is canonically
isomorphic to U(A)/Ug(A). It is also well known that a C*-algebra has stable rank one if, and
only if, A = GL(A), where GL(A) denotes the group of invertible elements of A.

Many classes of simple C*-algebras have been shown to have stable rank one. For instance,
any simple unital finite C*-algebra which absorbs a UHF algebra or, more generally, absorbs

the Jiang-Su algebra Z, has stable rank one (see [27] and [29], respectively). Such C*-algebras,
when nuclear, certainly are well behaved from the perspective of the classification program. For
non-nuclear C*-algebras, it was shown in [7] that the reduced group C*-algebra C!(G; * G3) has
stable rank one if |G| > 2 and |G2| > 3.

On the other hand, even beyond the classifiable C*-algebras, remarkably, it was shown by
Elliott, Ho, and Toms ([I0], also see [I5]) that any simple unital AH algebra with diagonal
maps (this class of C*-algebras contains the exotic AH algebras of [35] and [34], which cannot
be classified by the ordered K-groups together with the traces—the Elliott invariant), whether
classifiable or not, always has stable rank one.

This result is in fact the main motivation of the current paper: Consider the C*-algebra of a
minimal homeomorphism. In general, its behaviour is expected to be parallel to the behaviour
of an AH algebra with diagonal maps (see, for instance, [20] and [11] on classifiability and mean
dimension), and it had been anticipated for some time in the C*-algebra community that the
C*-algebra of a minimal homeomorphism should always have stable rank one. (Note that, as
shown in [I2], there exists a minimal homeomorphism of an infinite compact Hausdorff space
such that the corresponding C*-algebra is not classifiable in terms of Elliott invariant.)

A considerable amount of work has been done concerning this question, and finally it was
solved recently by Alboiu and Lutley in [I]. For the C*-algebra of a minimal homeomorphism,
one can consider the orbit-breaking subalgebra, which was introduced by Putnam for Cantor
dynamical systems ([25]) and then constructed for a general minimal homeomorphism by Q. Lin
([16]). It was shown by Archey and Phillips ([2]) that if the orbit-breaking subalgebra has
stable rank one, then the transformation group C*-algebra must have stable rank one. If the
minimal dynamical system has a Cantor factor (so that the orbit-breaking subalgebra is an AH
algebra with diagonal maps), with the result of [10], one has that the transformation group
C*-algebra has stable rank one (see [2]) (this result was generalized by Suzuki in [31] to the
C*-algebra of a minimal almost finite groupoid). For a general minimal homeomorphism (i.e.,
Z-action), the orbit-breaking subalgebra might not be AH, but it is still a unital inductive limit of
subhomogeneous C*-algebras with diagonal maps (the DSH algebras of [1]). Alboiu and Lutley
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show in [I] that any unital simple DSH algebra has stable rank one, and thus the C*-algebra of
a minimal homeomorphism has stable rank one.

Beyond the case of Z-actions, however, it is not clear how to construct large subalgebras in
general. To overcome this difficulty, Uniform Rokhlin Property (URP) and Cuntz-comparison
of Open Sets (COS) (see Definitions and for a topological dynamical system (X, I,
where I' is a countable discrete amenable group, were introduced in [22]. In [22], it was shown
that, with the (URP) and (COS), the radius of comparison of the crossed product C*-algebra
C(X) x I' is dominated by half of the mean dimension of (X,I') ([22]), and the C*-algebra
C(X) % I is classified by its Elliott invariant if (X, I") has mean dimension zero ([23]). Moreover,
it was also shown in [21] that any free and minimal Z%action has the (URP) and (COS).

In this paper, we again consider these two properties, and we show that if a free and minimal
[-action has the (URP) and (COS), then the transformation group C*-algebra must have stable
rank one (Theorem [7.8). Since any free and minimal Z?-action has the (URP) and (COS), the
C*-algebra C(X) x Z4, classifiable or not, always has stable rank one:

Theorem (Corollary . Let Z¢ act freely and minimally on a compact Hausdorff space X.
Then tsr(C(X) x Z%) = 1.

As consequences of stable rank one (some of them are well known), we obtain the following
properties of the crossed product C*-algebra A = C(X) x Z%, where (X, Z?) is free and minimal
(in general, those properties also hold for any C*-algebra A = C(X) x I', where (X,I') is free,
minimal, and has the (URP) and (COS)):

e A has cancellation of projections, cancellation in Cuntz semigroup, and U(A)/Uy(A)

K;(A) (Corollary [7.11]).

e The approximately unitary equivalence class of a homomorphism from an Al algebra to

~

A is determined by the induced map between the Cuntz semigroups (Corollary [7.12)).

e Any strictly positive lower semicontinous affine function on T(A) can be realized as the
rank function of some positive element of A ® K (Corollary [7.13).

e A absorbs the Jiang-Su algebra tensorially if, and only if, A has strict comparison of
positive elements (Corollary. That is, A satisfies the Toms-Winter conjecture. (Note
that any metrizable Choquet simplex can arise as the trace simplex of a transformation
group C*-algebra C(X) x Z.)

e The real rank of A is either 0 or 1 (Corollary [7.15)).

To prove the theorem above, we introduce Property (D) (Definition [5.3), a version of diago-
nalizability. Any finite C*-algebra with Property (D) is shown to have stable rank one (Theorem
. In Sections @ and (7, it is shown that any transformation group C*-algebra of a free and
minimal I-action with (URP) and (COS) has Property (D) (Proposition[7.7), and thus the main
theorem follows.

Property (D) can also be applied to other C*-algebras. In Section , we observe that simple
unital Z-stable algebras and simple unital AH algebras with diagonal maps have Property (D).
These C*-algebras (the first when finite) are known to have stable rank one (|29] and [10]), and
hence Property (D) provides an alternative approach to the stable rank of these C*-algebras.
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2. NOTATION AND PRELIMINARIES
2.1. Topological Dynamical Systems.

Definition 2.1. Consider a topological dynamical system (X, I'), where X is a separable compact
Hausdorff space, and I' is a discrete group which acts on X from the right. The dynamical system
(X,T) is said to be minimal if
Yy=Y, ~eTl,
for some closed set Y C X implies Y = @ or Y = X; it is said to be free if
Ty =2x

for some z € X and v € I' implies 7 = e.

Definition 2.2. A Borel measure p on X is invariant under the action o if for any Borel set
E C X, one has

w(E) = p(Ev), ~vel.
Denote by M (X,T") the set of all invariant Borel probability measures on X. It is a Choquet
simplex under the weak™* topology.

Definition 2.3. Let I be a countable discrete group. Let K C I be a finite set and let 6 > 0.
Then a finite set £ C I' is said to be (K, ¢)-invariant if
|[EKAE)| -
— <e.
|E]

The group I' is amenable if there is a sequence (I',) of finite subsets of I" such that for any
(K,¢€), there is N such that I',, is (K, ¢)-invariant for any n > N. The sequence (I',) is called a
Fglner sequence.

The K-interior of a finite set £ C I' is defined as

intg(E) ={ye E:vK C £},
and the K-boundary of E is defined as
OxE = FE\intg(F)={y€ E:vy ¢ E for some 7 € K}.
Note that
|E\ intg (E)| < |K[|[EK\ E| < |K[|EKAE],
and hence for any ¢ > 0, if F is (K, ¢/|K|)-invariant, then
|E\ int (E))|
|E]
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Remark 2.4. If a set E C T' is (F,¢)-invariant, then, for any v € T, the left translation vFE is
again (F,¢)-invariant.

Definition 2.5. An (exact) tiling of a discrete group consists of

e a finite collection S = {I'y,...,I',,} of finite subsets of I' containing the unit e, called the
shapes,
e a finite collection C = {C(S) : S € S} of disjoint subsets of T, called center sets,

such that the left translations
cS, ceC(9), Ses§

form a partition of I'.

Remark 2.6. If I is amenable, then it follows from [6] that for any finite set F C I' and any
e > 0, there is a tiling of I" such that all its shapes are (F, ¢)-invariant.

2.2. Crossed product C*-algebras. Consider a topological dynamical system (X,T). Then
the group I' acts (from the left) on the C*-algebra C(X) by

Y(f) = fonr.

The (full) crossed product C*-algebra A = C(X) x I' is defined to be the universal C*-algebra
generated by C(X) and unitaries u,, v € I', with respect to the relations

k *
uvfuv =fon, Uy Uy, = Uty Ue = La, v,m,eel

The C*-algebra A is nuclear if I' is amenable (see, for instance, Corollary 7.18 of [37]). If,
moreover, (X, I") is minimal, then the C*-algebra A is simple (Theorem 5.16 of [§] and Théoréme
5.15 of [41]), i.e., A has no non-trivial closed two-sided ideals.

2.3. Cuntz-sub-equivalence and rank functions.

Definition 2.7. Let A be a C*-algebra, and let a,b € A*. The element «a is said to be Cuntz
sub-equivalent to b, denoted by a = b, if there are x;, y;, © = 1,2, ..., such that

lim x;by; = a.
i—00
Ezample 2.8. Let f,g € C(X) be positive elements, and consider the open sets
E:=f10,400) and F :=g (0, +0c0).

Then f = g if and only if £ C F. In particular, the Cuntz equivalence class of a positive element
of C(X) determines and is determined by its open support.

Throughout this paper, we use the following notation:

Definition 2.9. For any ¢ > 0, define the function f. : [0, 1] — [0, 1] by

0, t<e/2,
fe(t) = < linear, /2 <t <e¢,
1, t>e.
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Lemma 2.10 (Proposition 2.4(iv) of [28]). Let A be a C*-algebra, and let a,b € A be positive.
If a 3 b, then for any § > 0, there ise > 0 and r € A such that

fs(a) = 7" f-(b)r.
In particular, denoted by v = fé (b)yr € A, one has
fs(a) =v*v and ov* € Her(b).

Definition 2.11. Let A be a C*-algebra, let T(A) denote the set of all tracial states of A,
equipped with the topology of pointwise convergence. Note that if A is unital, the set T(A) is a
Choquet simplex.

Let a be a positive element of M (A) and 7 € T(A); define

dr(a) i= lim 7(av) = p-(sp(a) N (0, +00)),  a € A,

where g is the Borel probability measure induced by 7 on the spectrum of a. It is well known
that if a < b, then

dT(a) < d’?’(b)7 T € T(A)

Ezxample 2.12. Consider h € C(X)* and let p be a Borel probability measure on X, where X is
a compact Hausdorff space. Then

dm = :u(f_l(ov +OO))7
where 7, is the trace of C(X) defined by

nlf) = / fdu, feCX).

If A = M,(Cy(X)), where X is a locally compact Hausdorff space, then, for any positive
element a € My (A) = M (Co(X)) and any 7 € T(A), one has

T(a):/X%Tr(a(a:))duT and dT(a):/X%rank(a(az))duT,

where p; is the Borel measure on X induced by 7.

Definition 2.13. For each open set £ C X, pick a continuous function
(2.1) vp: X —[0,1]
such that
(1) E =g ((0,1]) and
(2) there is an open set V' C E such that ¢g|y = 1. (In particular, ||¢g|| = 1.)
For instance, one can pick pp(z) = min{id(z, X \ E), 1}, where d is a compatible metric on
X and € > 0 is sufficiently small. This notation will be used throughout this paper.
Note that the hereditary sub-C*-algebra prApg is independent of the choice of individual

function ¢g, where A is a C*-algebra containing C(X) (in a specified way). Therefore, we shall
also denote ppApp by Her(FE).
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2.4. Order zero maps and Rokhlin towers.

Definition 2.14 (Order zero maps). Let A, B be C*-algebras. A linear map ¢ : A — B is said
to be of order zero if
alb= ¢(a) LoO), abeA".

Let A be a C*-algebras and ¢ : M,,(C) — A be a c.p. order zero map. Consider the C*-algebra
C = C*"(¢(M,)) C A, and set ¢(1,,) = h. Then, by [40], h € C N C’, |h]| = ||¢||, and there is a
homomorphism 7, : M, (C) = M(C) N {h} C A** such that

¢(a) = mg(a)h, a € M,(C).
Moreover,

C' = M, (Co((0,1])).

Definition 2.15. Let ¢ : M,,(C) — A be a c.p. order zero map, and let f € Co((0, ||1||]), where
h = ¢(1,). Then the map

M, (C) 3 a— m4(a)f(h) € A
is again an order zero map, where 7, is as above. Denote this new order zero map by f(¢).

An order zero map ¢ : M,,(C) — A is said to be extendable if there is a c.p. order zero map
Y+ M,(C) — A such that ¢ = f5(¢)") for some § > 0.

The following staement is a characterization of c.p. order zero maps with domain a matrix
algebra:

Lemma 2.16 ([38]). Let vy, vs, ...,v, € A, where A is a C*-algebra, such that
® VU] = VaUy =+ -+ = U, Up,
® VU1, V1VT, VoV, ..., VU are mutually orthogonal, and
o ojurll = 1.
Then there is an order zero map ¢ : M,11(C) — A such that ||¢]] = 1,
d(eop) = vivy, Plei;) =vvf, i=1,2,...,n.
Conversely, every c.p. order zero map M, 11(C) — A with norm 1 arises in this way, for suitable

V1, ...y Un, Which may be taken to be ¢p(e1p), d(e20), -y G(€no)-

Definition 2.17. A Rokhlin tower for a dynamical system (X, I) is a pair (B,I), where B C X
and I'y C I is finite, such that the sets

B/y7 v e FO)
are mutually disjoint. It is called an open tower if the base set B is open. Without loss of

generality, one may assume that 'y contains the unit of I'.

One can naturally construct order-zero maps from Rokhlin towers, as follows.
Let (B,T) be a tower, and pick a positive function e : X — [0, 1] such that e~'((0,1]) C B.
Let 71,72 € I'y and consider the contraction

vi= u;QB%IL71 € C(X) xT.
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Then
v =l e, =eo 7' oand vt = U, €U, = €0 Y5t
In general, if Fy, F» C T’y are two disjoint sets with |F;| = |F5|, pick a one-to-one correspondence
0 : I} — I3, and consider the element
vi= Z ug(v)e%u7 € C(X) xT.
YEF1
Then

_ * L * 1
vty = E Uy, €2Ug(y, ) Ugy(4)€2 Unyy
Y1,72€F1

* 1 _ 1 _ *
- Z u, () (€2 © 0(71) ez 0 0(72) 1>u9(72)u72

Y1,72€F1

_ *
= g UL €Uy,

YEF
and the same calculation shows that
* * _ *
vt = E Ug(y)EUO(y) = E U eUs.
YEF1 YEF

Now, suppose there are given mutually disjoint sets
Loq1, 02,0 €T
such that
Toi| = [To2| == [Tonl.

Consider the orthogonal positive elements
[yp— * Pp— *
e = E UL Uy, ey €y 1= E U €U .

Then the calculation above shows that there are vy, vs, ..., v,_1 such that

* * *
VU1 = VU = -+ =V, _1Up—1 = €1

and
*

VIV] = €9,VoU) = €9, ..., Up_1U,,_| = €.
So, by Lemma [2.16] there is an order zero map ¢ : M,,(C) — A such that
dlei) =€, 1=1,..n.
In summary, one has the following lemma:

Lemma 2.18. Let (B,I'y) be a Rokhlin tower, and let I'y1,Tg 2, ...,Ton C T'g be mutually disjoint
sets such that

|f‘071| = |1"072| N |1"07n|_
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Let e : X — [0,1] be a continuous function such that e=((0,1]) C B. Set
e = Z UL Uy, ooy Cp 1= Z U ey
v€l0,1 v€l0,n

Then there is an order zero map ¢ : M, (C) — A such that
gb(em») = €;, 1= 1, .
2.5. Uniform Rokhlin Property and Cuntz-comparison of Open Sets.

Definition 2.19 ([22]). A dynamical system (X, I") is said to have the uniform Rokhlin property
(URP) if for any finite set F, and any € > 0, there are open Rokhlin towers (By, F}), ..., (Bs, Fs)
such that Fy, Fy, ..., Fs are (F,¢)-invariant, the sets

Byy, v€F,,s=12..8

are mutually disjoint, and

pwX\| || ] B <e, meMi(X,T).

s=1~€eF;
Remark 2.20. If E C X is a closed subset, then u(E) < e for all g € M;(X,T') if, and only if,

the orbit capacity of F is at most ¢ (see, for instance, [17]).

Definition 2.21 ([22]). A topological dynamical system (X,I") is said to have (A, m)-Cuntz-
comparison of open sets, where A € (0, +00) and m € N, if, for any open sets E, ' C X with

w(E) < Au(F), pe Mi(X,T),
one has
o 3 pr® - ®er in My (C(X)xT).
N————

A topological dynamical system is said to have Cuntz-comparison of open sets (COS) if it has
(A, m)-Cuntz-comparison of open sets for some A and m.

Theorem 2.22 (Theorem 4.2 and Theorem 5.5 of [21]). Any free and minimal dynamical system
(X,Z%) has the (URP) and (COS).
3. SOME LEMMAS

In this section, we shall develop some lemmas on dimension drop C*-algebras and order zero
c.p.c. maps with domain a matrix algebra. Let us start with a simple observation:

Lemma 3.1. Let a,c be elements of a unital C*-algebra, and assume that ac = ¢ and a is
self-adjoint. Then,

fla)e = f(We,  f e C([=lall,[lall]),

where f(a) denotes the continuous functional calculus acting on a using f.
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Proof. If f(t) =Y _, cxt®, then

fla)e = (Z cra)e = Z cratc = Z cpC = (Z ce)e= f(1)c.
k=0 k=0 k=0 k=0
The general statement follows from the Weierstrass Theorem and Spectral Theorem. U

It is well known that the universal unital C*-algebra generated by v with respect to relations
vo* Lo*v and |luv*|| <1
is
D={f:]0,1] = My(C) : f(0) € Cly},
with v corresponding to
[0,1]9m(8 ‘f)

Using this identification, one has the following statement:

Lemma 3.2. Let A be a unital C*-algebra, and let v € A. Consider a = vv* and b = v*v, and
assume that ||a|| <1 and a L b. Define

w = cos(g(vv* +v*0)) + g(vv*)v — g(v*V)vT,

where _
(t) = Sm\(/;?rt), te(0,1]
Then w € C*{v, 14} is a unitary such that,
(3.1) if ac = ca = ¢, then b(w*cw) = (w*cw)b = w*cw,
and,
(3.2) if bc = ¢b = ¢, then a(wcw™) = (wew™)a = wew™.

Proof. Noting that vv* 4+ v*v is central in C*(1,v), vo* L v*v, and
v h(vv*) = h(v*v)v*,  h e Cy((0,1]),
one has

ww* = (cos(g(vv* +v™v)) + g(vv*)v — g(v*v)v¥)
(cos(g(vv* +v*v)) + v g(vv*) —vg(v*v))

= COSQ(g(UU* +v*0)) + g% (vu*)vv* + g (v v)v*v
= cosz(g(vv* +v*v)) + siHQ(gv*v) - sin2(gvv*)
= cosg(g(m;* +v*v)) + sinQ(g(v*v + vo™))

= 1.

The same calculation shows that w*w = 1, and so w is unitary.
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Let ¢ € A be an element satisfying

ac = ca = C.

Note that, for any f € C([0,1]), by Lemma [3.1} one has
(3.3) fla)e = f(1)e = cf(a).
Therefore,
w'ew = (cos(g(mfk +v')) + v g(vv*) —vg(v*v))e

(cos(g(vv* + ™)) + g(vv*)v — g(v*v)v*)

= (cos(5(a)) +v"g(vo"))e(cos(5 () + g(vv")o)

= v'g(vv*)eg(vv*)v
= v'ew,
and hence
(w*cw)b = v*cvb = v cvv v = v cav = VeV = wrew
and

b(w*cw) = bv*cv = v vv*cv = viacv = v ev = w*ew.
A similar calculation shows that
a(wew™) = (wew™)a = wew*
if bc = cb = c. 0
The following lemma is crucial in the proof of Proposition [5.4] in which it provides an element
that behaves in the same way as a lower triangular matrix.
Lemma 3.3. Let A be a unital C*-algebra, and let vy, vy, ..., v, € A be elements satisfying
® VU] = VyUy = -+ = UpUp,
® VU1, V1V], VoUs, ..., VU are mutually orthogonal, and
o lofurll = 1.
Then there is a unitary w € A with the following properties:
(1) If By, Es, ..., E, € A are mutually orthogonal positive elements such that
[vivy, B;] =0 and (vu))E; = v, 1=1,2,..,n,

then

wE; € (B1+ B+ Ei1)A, 1<i<n-—1.
(2) If D C A is a hereditary sub-C*-algebra such that
vv; €D, i=1,2,...,n,
and d € D 1is an element such that

[d,viv]] =0 and v;d=0,
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then
wd € DA.
(3) If c € A* satisfies
(vivr)e = ¢,
then
wce € W
Proof. Consider the universal C*-algebra A generated by vy, va, ..., v, with respect to the relations
® VU] = VyUy = -+ = Uy Up,
® Vv, VU], VoV, ..., Vv are mutually orthogonal,
o ||vivq]| = 1.

It is well known (see [18]) that A is isomorphic to the dimension drop C*-algebra

(34) D= A{f € C([0,1]; Mny1) : £(0) = Ongr} = Co((0,1]) @ M1 (C)
with
’UZ(t) :\/Iz®€i’0, te [O, 1], i:1,2,...,n,

where €, ;, 4,7 = 0,1,...,n, are the canonical matrix units of M,,11(C).
With the identification (3.4)), consider the unitary w € D, 11 + C1 defined by

;

Lo, itt=0,
1n—k
cosZIn(t—%1) 0 0 sin gn(t — 52)
w(t) = —sin Tn(t — %) 0 O cos Gn(t — %) if ¢ € [A=L k]
1 0 0 y 1 S n ondt
-1 0

Then the image of w in A, which will still be denoted by w, has the properties of the lemma.
Indeed, put

Wi ; = UZ‘U*

70 17]:17"'ana

and

* * ..
Wo0 = VyV1, Wip =V; Wo; =v;, 4,j=12..n

Then X
w=1+ Z gu(wu) + Z gi,ifl(wi,i)wi,ifl + Z gi,n<wi,i>wi,n7
i=0 i=1 i=0
for some functions g; ; € Co((0,1]). Note that

(3.5) goo(1) = —1.
Let E4, Es, ..., E, be mutually orthogonal positive elements of A satisfying

(36) wMEZ = ’LUm, 7 = 1, 2, N,
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and
(37) [wo’o, Ez] =0.
Note that, by (3.6) and polar decomposition, one has

1 1 1
* . o\ 5 . — o2 o022 . - . - -
vi By = vi(vv]) 2 By = viw? By = viw:  EjE; =0, j#4, 1<1i,j <n,

where v} is a partial isometry in the bidual. Then, for any 1 <i <n —1,

Wiy iy By = v v, B = 0, dg #4, 1 <iiy,ip <,

and hence
n n n—1
wE; = (14 gi(wi) + Y g1 (wiwija+ > gim(wj;)w;n) B
=0 j=1 =0

= Ei+ go0(woo)Ei + gii(wii)Ei + g1.0(wi1)w10E; + Gig1i(Wis1,i41)Wis1: B

By (3.7),

Go,0(woo)Es = Ez‘go,o(wo,o) € LA
By (B.9),
Gii(wi ;) B = Eig;i(w;;) € EiA,
gr0(wr,1)wr0E; = Evgio(wig)wioEs € EiA,
and
gi+1,i(wi+1,i+1)wi+1,iEi = Ei+1gi+1,i(wi+1,i+1)wi+1,iEi € Ei+1A-

Therefore,

as required for Property .
For Property , let D be a hereditary sub-C*-algebra such that

wi, €D, 1=12..n,
and let d € D be an element satistying
[d,wpp] =0 and wy,d=0.
Then

n n n—1
wd = (1+ Z ii(wi;) + Z Gii—1 (Wi )wi ;-1 + Z Gin (Wi i) win)d
i=0 i=1 =0

n n n—1
= d+ go,o(wo,o)d + Z gi,i(wi,z‘)d + Z gi,i—l(wi,i)wi,i—ld + Z gi,n(wi,i)wi,nd
i=1 i=1 i=1

€ DA
For Property , let ¢ € A be a positive element such that

Wo,0C = C.

13
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Then, by Lemma and ((3.5]), one has
n n n—1
we = (1+ Z Gii(wi;) + Z Givi—1(w; ;) w; ;-1 + Z Gin (Wi i) w;p)c
i=0 i=1 i=0

= ¢+ goo(wop)c+ g1,0(wi1)wsoc
= (14 goo(1))c+ gro(wr1)wipc

= gi1o(wy1)wipc € w1 A = v1v7 A,

as required. ]

Lemma 3.4. Let A be a unital C*-algebra, and let ¢ : M,,(C) — A be an extendable order zero
c.p.c. map. Denote by e; = ¢(e;;) and h = ¢(1,,). Then, for any permutation o : {1,2,...,n} —
{1,2,...,n}, there is a unitary u € A such that

[u,h] =0 and w'eu=eyu), i=1,2,...,n.
Proof. S~ince 6 is extendable, there is an order zero map ¢ : M, (C) — A and § > 0 such that
¢ = fs(¢). Note that
C = C{(Mn(C))} = {f : [0,1] = M,(C) : f(0) = 0,} = Co((0,1]) @ M,(C)

with e; = fs®e;,;, 1 =1,2,...,n, under the isomorphism. Denote by U € M,,(C) the permutation
unitary matrix such that
U*e,;,iU = €5(i),0(i)» 1= 1, 2, .., n.

Since the unitary group of M,,(C) is path connected, there is a continuous path of unitaries

4]
[0, 5] >t U € M,(C)
such that Uy = 1,, and Usjs = U. Set
_ [ U, teod],
u.t»—>u(t)—{ U, teld )
Then the unitary u € C'+ Cl4 C A has the desired property. O

4. NILPOTENT ELEMENTS, ORDER ZERO MAPS, AND LIMITS OF INVERTIBLE ELEMENTS

An element a of a C*-algebra is said to be nilpotent if a™ = 0 for some n € N. It is well known
that if a is nilpotent, then a 4 €14 is invertible for any non-zero ¢; in fact,

la a a° a1
41 ]_ _1:——— _ ..,+ _1 n—1
(4.1) (a+ela) - 2 + -3 + (1)

where the infinite series is eventually zero, as a is nilpotent. Hence any nilpotent element is in

_|_...’

En

the closure of invertible elements.
The following lemma is a modified version of Lemma 4.2 of [2].

Lemma 4.1 (c.f. Lemma 4.2 of [2]). Let A be a finite unital C*-algebra and let a € A. Suppose
that there exist positive elements by, by, c1, co such that

(1) bl + b2 - 1A7
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2 C1+C2—1A,

(2)

(3) C*{by,ba, 1,2} is commutative,
(4) b101 = ¢y,
(5)
(6)
(7)

7) there are umtames u,v € A such that

u(bga(by — c1) + baabg)v  and  u(beaby)v
are nilpotent,
(4.2) v(u(byaby)v)™u € byAby, n=1,2,...,
and
civuby = 0
(8) bia = 0.
Then a € GL(A)
Proof. The proof is the similar to that of Lemma 4.2 of [2], but with ¢; = b3 = 0.
Fix an arbitrary € > 0 for the time being, and note that
la=c1+ (by —c1) + bo.
Put
as; = baacy
a3 = bQG(b1 - 01)
as 3 = boabs.
Then, by and ,
asy + azs + asz = baa(cr + (b1 — ¢1) + be) = baa(by + bg) = bea = (b1 + by)a = a.

Note that
I R |
CL3’3 = U CL373U 9
where the element
as 3 := uaggv = u(byaby)v
is nilpotent (by (7).
Put
to=u""(a}s+ela)v .

Then ¢ is invertible and
(43) ||t0 — (1373” = HE—:U_I’U_IH =¢£.

Using (4.1]), write

_ 1y ayy  (ah,)° -
tlzv___7_|_—’+_|_ _1"17—+u:t+—,
R (=1 Ju=tat
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where, by ([E2),
va g o(ahy)u

R n—1
bri=——%—+—3 +- 4 (=1)

u [
+--- € bgAbg.

(Note that the terms in the series above are eventually zero.) Therefore, as

citby =0 and cvuby =0,

one has

(4.4) a371t51a371 = byacy(ts + %)bgacl =0

and

(4.5) sty a3 = byacr(ta + —)bya(b — 1) = 0.

Hence by , one has

(4.6) (azg + o)ty (1a —azaty') = asity' —asjty as ity +1a —azity' =14
and

tal(lA - a371t51)(a371 +1tp) = tala3,1 + 14— t51a3,1t61a3,1 - tgl&s,l =1a.
In particular, the element (a3, + to) is invertible with
(azg+to) ' =ty (1a — azaty ).
Then, by this together with , one has
(4.7) tot(1a — azaty M) (asy + asa + to)
= (as1+to) "(as1 + asz + to)
1a+ (asq +to) 'aze
La+t' (1 —asqtyass
= 14+ tala&g.
Consider the element

(4.8) t1 = la+ty'ags

= t5'(to + asp)

=t (u (ahg+ela)v +ulah )

= tglu (agg + a5y +ela)vT
where

a3y = uaz v = u(bya(by — c1))v.

Since the element

ag 3 + ay 5 = u((baaby) + baa(by — c1))v
is nilpotent, t; is invertible.

Put
y = (asq +to)t.
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Since a1 + to and t; are invertible, one has
y € GL(A).

We can now calculate as follows, applying (4.6 in the third step, (4.7) in the fifth step, the
definition of ¢; (see (4.8))) in the sixth step, and (4.3)) in the last step:

la—yll = llasy+asz+asz — (as;1 + to)t1]|
< lazz —toll + [[1alasy + azz +to) — (az1 + to)t||
< lags — to|| + H(as,l +to)ty (1a — asaty ' )(azy + aza + to) — (azy + fo)hH
< lags — tol| + ||asa + tol| Htal(lA —azqty )(azy + azs + to) — 751H
= |lags — tol| + [las1 + tol| H1A+t61(13,2—t1H
= |lass —to]| = €.
Since ¢ is arbitrary, this shows that a € GL(A). O

Lemma 4.2. Let A be a unital C*-algebra, and let ¢ : M,,(C) — A be an extendable order zero
c.p.c map (see Definition[2.15). Let § € (0,1), and set

¢(1n) =h and QS(GM) = €;, 7 = 1,2, N,

and set
fa(h) = b2, 1—0by = 51, f5/2(h> =0y, 1- f5/2(h) = C1.

Then, for any m € N with m < n and any
1<y << <1y, <1,

there are unitaries u,v € A with the following two properties:

(1) couby = 0.
(2) If a € cyAcy is an element such that there is d € NU {0} with d < m such that

ejae; =0, whenever j —1i > d,
and
e ;a=ae; =0, 1<j<m,
then uav is nilpotent. If, moreover, a € by Aby, then
v(uav)*u € byAby, k=1,2,....
Proof. With the given m and i1, 4o, ..., i,,, define the permutation

o:4{1,2,...n} —={1,2,..,n}
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by stretching {1,2,...,n —m} to {1,2,....,n} \ {i1,s, ..., 0}, and then moving {n —m+1,...,n}
to fill {i1, 19, ...,4m }. More precisely, write

L={1<i<n—m:i<i},
11:{1§z§n—m21§1, Z+1<22},

Ipa={1<i<n—m:ip1<i+m-—=2i+m—1<ip,},
Ipn={1<i<n—m:i, <i+m-—1},

and note that {1,2,...n —m} =TIy Ul; U---UI, (some of I, k = 1,...,m, might be empty).
Then,
U(i):{ itk ifiel,
licnam, Nn—m+1<1<n.
Note that for any d € N U {0},

(4.9) o(j)—o(i)>d, ifl1<i,j<n—mandj—i>d.
Since ¢ is extendable, by Lemma [3.4] there is a unitary w; € A such that
[wy,h] =0 and wiew, = ey, @=1,2,..,n.
By Lemma again, there is a unitary wy € A satisfying the conditions
[wa, h] =0

and
* ez’+nfm7 1 S Z S m?
wie;wy = .
22 {eim, m+1<i<n.

Then, the unitaries
u:=wow; and v:=wj

possess the property of the lemma.
Indeed, since w; and w, commute with h and ¢;by = 0, one has

c1(vu)by = ¢ (wijwawy )by = (wiwawy )(c1by) = 0.
Let a € cyAc, satisfy
e;ae; = 0, whenever j —i>d
for some (fixed) non-negative integer d < m, and
epa=ae; =0, 1 <7< m.
Consider the element wyawj. Note that, for any n —m+1 <7 < n,
o(i) € {i1, 02y ooy im} -

Hence,
(4.10) e;(wrawy) = wi(egma)wy =0, n—m+1<i<n
and

(4.11) (wiawy)e; = wi(aesi))wy =0, n—m+1<i<n.
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Also note that, for any 1 < i,j < n — m satisfying j — i > d, by (4.9), also o(j) — o(i) > d,
and hence
e;(wiawy)e; = wi(esmaeqj))wy = 0.
Together with and (4.11), this implies
(4.12) e;(wiawy)e; =0, j—i>d, 1<i,j<n.
Consider the element uwav = wow;aw;, and note that for any 1 <1, < n with 57 > 1,
eif1<i<m,thenn—m+1<i+n—m<n,and by ([{10),
e;(wowrawy)e; = wa(ejyn_mwiawi)e; = 0,
o if m+1<i<mn,then j— (i —m) > m > d, and hence, by ,
e;i(wowrawy)e; = wo(e;_pwiawie;) = 0.
In other words,
(4.13) ei(uav)e; =0, j >i.

Consider

and it follows from (4.13) that

Since uav € cyAco, one has
uav = (€ + - + €p)uav(éy + -+ + &,) = Z é;(uav)é; = Z é;(uav)é;.

In particular, there is a decomposition
1)

uav = a; ;i
i>j

(1)

where a; i € €;Aé;. Direct calculation shows that

2
(uav)? = Z Qi kQk,; = Z az(’j),
i>k>j i>j—1
where ag? € ¢;A¢;.
Repeating this, one obtains (uav)™ = 0. Thus, uav is nilpotent.
If, moreover, a € by Abs, since u and v commute with h (and hence commute with bs), one has

v(uav)*u € v(u(byAby)v) u C byAby, k=1,2,....

O

Proposition 4.3. Let A be a unital C*-algebra, and let a € A. If there exist an extendable order
zero c.p.c. map ¢ : M,,(C) — A, a non-negative integer d < m, and 1 < iy <ig < -+ < ip <n
such that

(1) (1 = h)a =0, where h = ¢(1,),
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(2) e;a=ae;; =0, j =1,2,...,m, where e; = ¢(e;;), and
(3) ejae; =0, if j —1i > d,

then a € GL(A).

Proof. Pick an arbitrary 6 € (0,1), and consider the elements

by = fs(h), ca= fs52(h), bi=1—fs(h), and c =1 f5.(h).
Note that
C2b2 = bg, b101 = Cq, and Cle =0.

Since (1 — h)a = 0, one has a = ha, and

boa = fs(h)a = fs(1)a = a.

Hence, bya = 0.
Consider the elements

bgabg and bga(bl — Cl) + bzabg,

and note that they are both in coAcy. Also note that (since h commutes with e;, i = 1,2, ...

eibaabye; = baejaejby =0, j—1i>d,
and
ei; (b2aby) = baej aby = 0 = byae;;by = (baaby)e;;, j=1,2,....m.
The same argument shows that
ei(baa(by — c1) + baabr)e; =0, j—i>d,

and

e,-j(bga(bl - Cl) + bzabz) =0= (bza(bl — Cl) + bgabg)eij, j = 1, 2, M.

Denote by u, v the unitaries in A obtained by applying Lemma[£.2]to ¢, 6, m, and 4y, s, ...

Then, by Lemma one has
c1ouby = 0,
the elements
u(boab)v and  wu(bea(by — ¢1) + baby)v

are nilpotent, and

v(ubgabov)"u € boAby, n=1,2, ...

Hence, by Lemma , a € GL(A).
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5. PROPERTY (D) AND STABLE RANK ONE

Definition 5.1. Let A be a unital C*-algebra. An element a € A will be said to be a Dy-element
if there exists a non-zero positive element b € A satisfying

ba = ab =0,
and there exists an order zero c.p.c. map
¢ : M, (C) — A,
where p, ¢ € N, and there exist r,[ € N such that, with
e = ¢(e;;), 1=1,2,..,pq,

Sk = Ch—1)p41 + F Ch—t)ptr, K =1,...,q,
and
Ek = €(k—1)p+1 + -+ €(k—1)p+p> k= 1, .. q,
one has
(1) EklaEkz = O, k?Q — k?l Z l, 1 S k‘l,k'g S q,
(2) gr > (I+1)p,
(3) for each k = 1,2, ..., q, there are positive elements ¢, dj, with norm 1 such that
(a) cx,dy € DAD,
(b) ¢ L s and ¢ L d,
(¢) cxFrx = ¢ and dpFy = dj, and
(d) sk Z e and 14 — h 2 di, where h := ¢(1,,).
Recall the following important notion:

Definition 5.2 (Definition 3.1 of [27]). Let A be a C*-algebra, then, define
ZD(A) :={a € A:dja = ady =0 for some dy,dy € AT\ {0}}.

Definition 5.3. The C*-algebra A will be said to have Property (D) if for any a € ZD(A) and
any € > 0, there are unitaries uy, us € A and a Dy-element o’ € A such that ||ujaus —d'|| < e.

It turns out that any Dy-element is in the norm closure of the invertible elements.

Proposition 5.4. Let a € A be a Dy-element of a unital C*-algebra A. Then a € GL(A).
Proof. By definition, there is b € AT\ {0} such that
(5.1) ba = ab = 0;
and there exists an order zero c.p.c. map
& Myy(C) — A,
where p, ¢ € N, and there exist r,[ € N such that, with
e, = ¢'(eis), 1=1,2,...,pq,

Sk = el(k—l)p+1+"'+el(k—1)p+T7 k: ]_,...,q,
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and
Ek = el(k—l)p-i-l—{_'.._l_e,(k‘—l)p—i—p’ kf = 1,...,(],
one has
(1) Eyabr, =0, ko — k1 > 1, 1 < ki, ke < g,
(2) gr > (I+1)p,
there are positive elements ¢k, dx, £ = 1,2, ..., q, with norm 1 such that
3) th it 1 di, k=1,2 ith 1 h th
( ) Ck,dk S m
(b) ¢ L s and ¢ L d,
( ) CkEk = Ck and dkEk = dk, and
(d) sk 3 e and 14 — A’ 3 di, where b := ¢'(1,,).

As we shall show below, it follows that there exist an extendable order zero c.p.c. map
¢ My(C) — A
and unitaries u,w € A such that, with

h:=¢(l,) and e :=¢(e ), 1=1,2,..,pq,
we have
o (14— h)(uw*au*) =0,
o ¢;(uw*au*)e; =0, j —i > (I +1)g, and
e there are ¢;, ..., €;,, such that
ey, (vw*au”) = (uw*au*)e; =0, j=1,2,..,qr
It then follows from Proposition [4.3| (with d = (I + 1)p and m = ¢r) and Condition (2)) above
that

uw*au® € GL(A).
Since u,w are unitaries, one has a € GL(A), and the proposition follows.
Let us verify the assertion. By Condition and (j5.1))

(5.2) cra=ac, =dya=uad, =0, k=1,...4q.
Consider the positive element f1 (h'), and note that 14 — fi (') 2 14—A'. Then, by Condition

, one has
1A_f%(h,) 5dk, k:1727"'7q7

and therefore, by Proposition 2.4(iv) of [2§] (see Lemma above), there are
U1, V2, ...,0y € A
such that
(5.3) vitk = f1(la = fi(R)) and  wvpop € Her(di) € Her(b), k=1,...q.

It follows from Condition 1} that f%(l A — f%(h’ )) L dy; then, using Condition again, one
has
fiQa = fi (M) Logwg and  vpop € Her(Ey), 1<k <gq,
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and hence the elements
q

are mutually orthogonal. Applying Lemma to vy, v, ..., Uy, One obtains a unitary w € A with
the properties of Lemma |3.3
By Condition ([3dJ),

(5.4) sp S, k=1,..,q.

Since si,cr € ERAFEE, one may assume that the Cuntz sub-equivalences ([5.4) hold in the
hereditary sub-C*-algebra E,AE). By Proposition 2.4(iv) of [28] (see Lemma [2.10)), there is
2z, € B AE), such that

* * *
VIV1, VU], Ualq, ..., VgV

(5.5) 2pz = f%(sk) and  zpz; € Her(cx) C Her(b).
Note that, by Condition ,
(5.6) 2 € f1(Ex)Af1(Er).

By Condition (3bj),
25 2g = f%(sk) L erAck 3 22

Since f% (sk)f%(sk) = fi(sk), applying Lemmato v = 2z, one has that, with
(5.7) uy = cos(g(zkzz + zp21)) + zr9(zk2r) — zk9(252k),
where g(t) = sin(rt/2)/V/t, t € (0,1], the element uj, € C*(2, 1) is a unitary such that
upf1 (sk)ug € Her(cx) C Her(b).
By (5.6), one has uy € fé(Ek)Afé(Ek) + C14, and hence
uj Eyuy € ELAE,
uwiauy = a, a € EyAEy, k#K,
(5.8) qué(Ek)uk € f%(Ek)Afé(Ek), and [uk,f%(Ek)] = 0.

In particular, with

q
U= H U,
k=1

one has

(5.9) u'Eyu € B AE,, 1<k <q,

(5.10) [u fs (Bl =0, 1<k<q

and

(5.11) u*fi(sk)u € Her(cx) C Her(b), 1<k<gq.

Consider the positive element 14 — f1 (h'), and note that
(L= Fo()ofor = (L — L) 3 (La = £y () = La = Sy (H).
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It follows from Lemma [3.3(3) that
(1a = f2(R))w" € Avivf) C Ady

and therefore, by ([5.2),
(5.12) (1a = f1(h))w*a =0.

Since vivy, By € C*(€), ...,€., ), and this is a commutative algebra in view of Condition (3c)

and , one has "
[vjvy, Bl =0 and  (vgv;)Ex = vgvy, k=1,2,...,q.
It then follows from Lemma [3.3|(1) that
Eyw* € A(Ey + Ex + Exy1), k=1,2,...,q—1,

and hence, by Condition , for any ko — ky > [+ 1, where 1 < ky, ks < g, one has that
Ey,w*aFy, = 0, and then, by (5.9),

Ek, (vw*au®)Ey, = u(u* Egu)w*a(u” Eu)u” € uEy, AE, w*aFEy, AE,u" = {0}.
In particular,
(513) f% (Ekl)(uw*au*)fi (Ekz) = O, k’Q - k‘l Z [ + 1.

Consider the sum

Note that ¢ € bAb. By Condition (3c), one has that ch’ = ¢; in particular, [c, A'] = 0, and hence,
by (5.3), [c, viv1] = 0. Also note ¢ L vyv; € Her(d,). Then, it follows from Lemma (2) (with ¢
in the place of d and bAb in the place of D) that

(5.14) cw* € A(bAD).
By (5.11)), for each k =1,2,...,¢ and i = 1, ..., 7, one has
(5.15) u fl(e(,g Dpra) U S U f1 (sp)u € Her(cg) C cAc C bAbD.

From this, together with (§ -, follows
(u*fi (Elh1ypri)u)w™ € (cAc)w* C cAcw* C A(bAD).

Hence,

fr(€hgmnyss) (uw’au’) = u((u’ f1(ef_yype)u)w’)au” € uA(bAb)au" = {0};
on the other hand, by m,
(uw*au”) f1(€f_1ypys) = uw(a(u’ fi(efp_ypp)u))u” € uw*(a(bAb))u* = {0}.
Thus, for any k =1,...,qand i =1, ...,7,
(5.16) fi(€lyppa)uwau” =0 and  uw au” f1(ef_1)4;) = 0.
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Let us show that also

(5.17) u*(ly — f%(h'))uw*a = 0.
By , one has
(5.18) w(la = f1(W))u
g p
= ly—u Z Z f% (el(kfl)p+i)u
k=1 i=1
(e Fr )+ S (W) =0 3OS )
q - Z_; P
e Fa )+ 3 Fa (B — 0SS (€
k=1 k=1 i=1
A= F ) (O L (B = S0 S E )
k=1 k=1 i=1
= (la—fo(h)+ Z Z W (f L (Elpmryprs) = fr(€lmryprs) )k
k=1 i=1
= (la—fo (W) + SN wpA s
k=1 i=1
where

)\k‘,i = f%(el(k‘._l)p_;'_i) _— f%(el(k:—l)p-i-’i)? k - 17 ceey q, Z - 1, 7])
Consider the elements

(upApiug)w*a, k=1,..,q, i=1,..,p.

Ifi=r+1,..,p, then, by (5.5),
2k Ak = Akize = 0;

hence, by (5.7),
[uk, /\k,z] = 0

Since A\;; € Her(1 — f%(h’)), together with (5.12)), one has
(upApsug)w*a = A w*a = 0.

If i =1,...,r, then, by (5.7),

At a = Mgy cos(g(zkz;; + zpzp) )W a + Aizrg(zezn)w*a — Agizkg(zp2k)w*a.

By (£3) and (510),

Meizeg(zrzi)w*a € Ay i2i (cAc)w*a = {0}.
Using ([5.14) again, one has Ay ;2 = 0, and hence

Meizeg(zpzp)w a = 0.

25
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Since [Ais, zp2k] = 0 (by (5.14), one has
)\kz(gz’;zk)zn € Her(\g;) € Her(1 — f%(h’)), n=0,1,..,

and therefore, by (5.12]),

o0
™ * * * 1 ™ * * n ok
i cos(E(zkzk + iz ))wa = Ay Z W<§(Zkz’“ + 2ziz)) M wta
n=0 ’
. 1 ™ * 2n, %
= Z (271)')\]{’1(52’62]6) w a
n=0
= 0.
This shows that
Aiugw a =0, k=1,..,q 1=12 .7
and hence
(5.19) (UpApiug)w a=0, k=1,...,q¢ i=1,..,p.

This, together with (5.18)) and ([5.12)), implies

q p
uw (la — fi(h’))uw*a = (14 — f%ﬁ(h’))w*a + Z Zu,*;/\mukw*a =0,

k=1 i=1

which is the desired equation (|5.17]).
Hence, with

o= f1(¢) and hi=g(Ly).

by (5.17)), one has
(14 — h)(uvw*au™) = 0.

Set
gb(ei,i) = €, 1= 17 2a - Pq.
For any e;,e;, j —i > (I + 1)p, there are 1 < ky, ky < ¢ with ky — ky > [+ 1 such that

¢ < f1(Er) and ¢ < fi(Eg,).
Then it follows from (5.13)) that
ei(uwau”)e; € fr(Ey, )Af1(Ep Juw*au” f1(Ey,)Af1(Ey,) = {0}.

Set
{(k=1p+i:k=1,..,q i=1,..,7} ={i1,i2, ..., 04}
Then it follows from (5.16)) that

ey, (u(wa)u™) = (uw(w*a)u)e;, =0, j=1,2,..,7q,

as desired. Finally, it is clear that ¢ is extendable. This proves that ¢ verifies the assertion.
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Theorem 5.5. Let A be a unital C*-algebra with Property (D). Then

ZD(A) C GL(A).

If, moreover, A is finite, then A = GL(A) (in other words, tsr(A) =1).

Proof. Let a € ZD(A), and fix an arbitrary € > 0 for the time being. Since A has the Property
(D), there exist unitaries ui, us € A and a Dy-element a’ € A such that

|luraus — d'|| < e.

By Proposition , a’ € GL(A). Since uy, uy are unitaries, it follows that

uiad'uy € GL(A),

and hence

dist(a, GL(A)) < e.
Since £ > 0 is arbitrary, one has that a € GL(A), and therefore

(5.20) ZD(A) C GL(A).
If, moreover, the C*-algebra A is finite, then by Proposition 3.2 of [27],
A\ CL(A) C ZD(A);
with this, together with , we have

A= GL(A) U(A\ GL(A)) C GL(A) UZD(A) C GL(A) U GL(A) = GL(A).

6. NON-INVERTIBLE ELEMENTS AND ZERO DIVISORS OF C(X) x T

In the following two sections, we shall show that the C*-algebra C(X) x I" has Property (D) if
(X,TI') has the (URP) and (COS). Since C(X) x I is finite, it follows that C(X) x I" has stable
rank one by Theorem [5.5]

Recall that if B is a sub-C*-algebra of A, a conditional expectation from A to B is a completely
positive linear contraction IE : A — B such that

E(b) =b, E(ba) =0bE(a), and E(ab) =E(a)b, b€ B, a€ A.

(By [33], the last two equations and the complete positivity are redundant.)
If (X,T) is a free dynamical system, and if E : C(X) xI' — C(X) is a conditional expectation,
where C(X) x I'' is a crossed-product C*-algebra, then

E(u,) =0, ~eTI\{e}.

Indeed, let v € I' \ {e} and consider E(u,) € C(X). Note that for all g € C(X), since ulgu, €
C(X),
9E(uy) = E(gu,) = E(uyuigu,) = E(u,)(u)gu,).



28 CHUN GUANG LI AND ZHUANG NIU

Assume that E(u,) # 0. Then there is o € X such that E(u,)(zo) # 0. Since (X,I") is free, one
has g # 29y~". Pick g € C(X) such that g(zg) = 1 and g(zoy™') = 0. Then

9(x0)E(u,)(z0) = E(uy)(0) # 0 = E(u,)(w0)g(z07 ") = E(uy)(z0) (u591,) (xo0),

which is a contradiction.
If I is amenable, then a conditional expectation E : C(X) x I' — C(X) always exists, and is
not only unique (see above) but also faithful (see, for instance, Proposition 4.1.9 of [4]).

Lemma 6.1. Let (X,T) be a free and minimal topological dynamical system, where I' is a count-
able discrete group and X is a compact Hausdorff space. Denote by A = C(X) x I' the crossed
product C*-algebra, and assume that there is a faithful conditional expectation E : A — C(X).

Let a € A such that ba = 0 for some non-zero positive element b. Then, for any e > 0, there
is unitary uw € A and a (non-empty) open set E C X such that

lprual < e.
Proof. Since E is faithful, without loss of generality, one may assume
lall =1 and [[E(b)|| = 1.

Pick & > 0 such that if ||ca| < & for some positive element ¢ with ||c|| < (]|0]| + 1)?, then

cia ‘ < &/(||b]] + 1). Pick &” € (0,1) such that

|

and pick b' € C.(I", C(X)) such that

(1ol +€")e” < &,

=¥ <&
Since |[|E(b)|| = 1, one may assume that ||[E()]| = 1.

Write
b= hu
Y€l
for a finite set [y C T with Ty = T;', where f, € C(X). Since E()) = f., one has that || f.|| = 1,
and then there is g € X such that
| fe(wo)| = 1.
Pick a neighbourhood U of xy such that J U~ # X, and pick an open set W # X such that

~v€lo

Juycw

v€Tlo
Therefore, there is a continuous function ¢y : X — [0, 1] such that
(6.1) e (0, 1) =W and | J Uy C o/ (1),
~v€lo

Pick a continuous function ¢y : X — [0, 1] so that

(6.2) ep (0,1)=U and pulzo) = L.
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Note that
Vou (W) = (O fu)eu(D ] frus)
~v€lo 7€l
= O fuev(D_uify)
~v€lo 7€l
= Z f,y/u,y/@UU;f_,y
R ASIN
= > fr(Fo (v )(er 0y ).
v,y €To
Hence by (6.1)),
(6.3) gpw(b’goU(b')*) = b’(pU(b’)*.

Also note that, by (6.2]),

E(V'ou (b)) (z0) = Z |fv($o)|290U($07) > |fe(900)|2 =1

Y€l
and in particular,
(6.4) [ eu (0))] = 1.
Set
]‘ b/@U(b/)* — b”.
[E(V 0 (V)]
Note that
1
E(V') = — > A (e0).
szero | /517 ¢u|| vers

It follows that there is yo € X such that E(b”)(yo) = 1. Perturbing f,, v € I'y, and ¢y to be
locally constant around gy, we may suppose there is an open neighbourhood V' > g, such that

(6.5) EW")(x) =EQ0")(yo) =1, xeV.
Moreover, since (X, T") is free, one may choose V' small enough that
(6.6) VNVy=0, yelj\{e},

and since the action is minimal (so any orbit is dense), choosing V' even smaller, we may suppose
there is 79 € I' such that
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Note that, by (6.4)),

1
bl/ — bl bl *
¥l [rewmmmeere
1 *
= Ewawny el
1
~ el b/ b = U.
(1" TR o Y] |6"prbal| = 0
In other words,
. all < +el)E <€
(6.8) [0"all < ([]b]] +€")e" < &’
Since
2
(6.9) 1071 < 1117 < (floll + 1)%,
by the choice of €', one has
€
(6.10) H(b”)%a < £
o] + 1

Now, choose a continuous function i : X — [0,1] such that A=*((0,1]) € V, and h~'(1)
contains a neighbourhood of yy. Note that ||a]| = 1.

By (6.6),
B i
huyh =0, ~elg\{e},

2
b = E CoyUy,

and hence, writing

yers
together with , one has O
(6.11) h'h=h() " cu)h =Y cyhuyh = ch’ =E(QU")h* = 1%,
veT3 veT3
By , one has u,,hu; L @w and hence, by ,
(6.12) Uy bl L.

Consider
V= u%h(b”)%.
Then, by ,
00" = Uy, hb" il = uq hul,
and
vto = (b)) 2R (V)2

Pick an open set E such that

(6.13) prv” = pp(uh*ul) = .

(Such an E exists because h is constantly equal to 1 in a neighbourhood of y.)
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By (6.12)), vv* L v*v. By Lemma and (6.13)), there is a unitary u € A such that
(u*ngu)(bN)%h2(b/’)% = (u"ppu)v*v = urppu.
Therefore, by , (6.10)),

lowual = Ju(u*pru)all = |[u(u’ pru) (") h(E") a

as desired. O

< (Il + 1| e
< &,

Proposition 6.2. Let (X,I') be a free and minimal topological dynamical system, where I is
a countable discrete group and X is a compact Hausdorff space. Consider the crossed product
C*-algebra A = C(X) xT". Assume that A is finite and there is a faithful conditional expectation
E:A— CX).
Let a € A be a non-invertible element. Then, for any € > 0, there exist b € C.(I', C(X)), a
(non-empty) open set E C X, and unitaries uy,us € A such that
|luraug = b|| <€ and prb=bpg = 0.

Proof. Without loss of generality, one may assume that ||a|| = 1. Let € > 0 be given. Since a is
not invertible and A is finite, by Proposition 3.2 of [27], there are o’ € A and non-zero by, by € A"
such that

ldl=1, |la—d]| <e/5, and ba =0=dbs.
By Lemma [6.1] there are unitaries uy,us € A and open sets E’, F' C X such that
lepuid]] <e/5 and ||duspr| < e/5.

Since (X,T") is minimal (i.e., any orbit is dense), by passing to smaller open sets and changing
the unitary us, one may assume that £’ = F’.
Pick a” € C.(I", C(X)) such that

|lura'ug — a”|| < €/5,
and note that
uraus N5 UraUs
= ppuduep + (1 — pp)udupp +
ppuaus(l — o) + (1 — pplurd’us(l — op)

s (1 —pp)urdus(l — pr)

Nes (L—p)d’(1—op).
Pick an open set E C ¢ (1) (so that oppp = ¢g), and define

b= (1-pp)d"(1 - pp).
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Then it is clear that
|luraus — b|| <e and @rb=bpr =0,
as desired. O

7. STABLE RANK OF C(X) x T’

In this section, assuming (X, I') has the (URP) and (COS), let us show that the element b
obtained in Proposition is a Dy-element (Proposition . It follows that the C*-algebra
C(X) x I" has Property (D), and so has stable rank one by Theorem

Let ' be a discrete amenable group, and let I'y, I's, ..., I'r be finite subsets of I'. Recall that
I' is said to be tiled by I'y, I's, ..., 'y if there are group elements

Yin n = 1,2,.-., L= 1,...,T,
such that

i=1n=1
Note that if I'; is (right) (F,e)-invariant, then its (left) translation v;,I'; is also (right) (F,¢)-
invariant.

Lemma 7.1. Let I' be an infinite amenable group, and let I'y, Ty, ....I'r C T be finite sets which
tile I'. Let § € (0,1], and let n € N. Then, there is a pair (F,e) such that if F C T is
(F,e)-invariant, then there is H C F such that

|H

— >1-9,

||
and H 1is tiled by 'y, Ty, ..., U with multiplicities divisible by n.
Proof. Set 'y U---UT'y = K, and choose &' > 0 such that

!/

(1_5')(1_%)>1_5.

Choose (F,¢) sufficiently large (with respect to the natural order relation), using amenablity,
that if F' is (F,¢)-invariant, then
lint i (F)| o’
—_—>1—-—.
|| 2
Since I' is infinite, one may assume that (F,¢) large enough that if F' is (F,e)-invariant, then
2n(|Ty| +---+[I'7|)
(2 =080

Then this (F,¢) satisfies the requirement of the lemma.

Indeed, let F' be an (F,¢)-invariant set. Since I'y, ..., I'r tile T', by (7.1)), there is a set F' C F
such that F’ can be tiled by I'y, ..., 'z (in fact, F’ may be chosen as the union of the tiles which
intersect with intx F') and

(7.1)

(7.2) |F| >

|| o'
>1——.
|F| 2

(7.3)
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Set
mi mr
(|_| )y U (|_| yrl'r) = F,
i=1 i=1

where v;; € I" and m;, ¢ = 1,2,..., T, are non-negative integers. Note that
mq |F1]—|—+mT\FT| = |F/‘

For each m;, : = 1,2, ..., T, consider the remainder r; when m; is divided by n. Then, set

m1—rT1 mr—=rr

( |_| Ym, [1) L LU ( |_| yril'r) = H.
=1 i=1

It is clear that H is tiled by I'1, 'y, ..., 'y with multiplicities divisible by n. Moreover, by ([7.3))

and ,

1_|H| _ T1|F1|—|—""|‘T‘T|FT| n|F1|++n|FT|
| F| |F| |[F|
20+ +[lel) L _
(2-10) |F

and hence, by ([7.3]) again,
|H | , '
— 1-6)(1—-—= 1-—46.

as desired. ]

Lemma 7.2. Let I" be an infinite amenable group, and let I'1,Ts, ..., I'r C T' be finite sets which
tile I'. Let § € (0,1], let n € N, and let K C T be a finite set. Then, there exists (F,e) such that
if

FlaFQa"an
are mutually disjoint (F,€)-invariant sets and
|| = || = - = [Fl,

then there are Hy C Fy,..., H, C F,, such that
HKCF, i=12,..n,
each H; is tiled by 'y, s, ..., 't with multiplicities divisible by n,

|Hy| = |He| = -+ = |H,l,
and
O T
7 , 2, .M
Proof. Without loss of generality, one may assume that 0 is sufficiently small such that
4] 1
15T

Applying Lemma [7.1] to
0
3 and n|[y||Ts|---|T'r],
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one obtains (F’,¢’). Choose (F,e) such that if F'is (F,¢)-invariant, then intxF is (F,&')-
invariant, and
inty J
e >1—-.
|| 2
Then (F,¢) satisfies the requirement of the lemma.
Indeed, let F, Fy, ..., F,, be mutually disjoint (F,e)-invariant sets with

[By] = By = - = [Fl.

(7.4)

Consider the sets
intg F, intg Fy, ..., intgF,.
Then each of them is (F’,¢’)-invariant. Also note that
(intg F;) K C F;, (intgF)K N (intgFy) =0, 4,7 =1,2,...,n, i # j,
Hence, by Lemma [7.1], there are
F| CintgFy, Fy CintgFy, ..., F! CintgF,,

such that
7| 5o
7.5 L 1—-— =1,2....
( ) |1ntKF,L| > 27 7 Y Y 7”)
and
5) gﬂ)

(76) F’z/: (|_| W/Efgrl)uu<|_| ,}/%)JI“T)’ 1=1,2,...n,

j=1 j=1

and each m{", i =1,2,...,n, t = 1,2, .., T, is divisible by n |T'y| || - - - [T
It follows from ((7.4) and ([7.5)) that for each i = 1,2, ..., n,
(7.7) |Fil =[] = (|Fi] = [intx (F)]) + (lintx (F5)] = [F7])
o o
< §\F¢!+§\intxﬂ\
o o
< SIEl+5|F
< IR+ 3 IE
— IR,
Set
min{|Fy[, |F3], ... ||} = D.
Since |F{|,|F|, ..., |F}| are divided by n |I'1| || - - - |T'z|, there are non-negative integers d;, i =
1,...,n, such that
|Fl'|—D:dl|F1||F2||FT|n, i:1,2,...,n.
By (0) (note that |Fy| = - = | ),
D |F|=d|F| _
| il | il

(7.8)
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and so
|F/| =D <|Fj|—D<0d|F|, i=12,..n.
For each i = 1,2, ...,n, consider the set

{t1,t2, ..., ts} = {t =1,2,..,T: mgi) £ 0} .

Then, there are integers

! ¢ F|—-D _J|F d|F!
0<c§)...,cgs)gdi|F1HI‘2‘...’[‘T’:| |n < ’ |< |F|

n — (1-=4dn
such that
di [T1] o] -+ |Pr| = ¢ [T+ -+ e [Tl
and
(7.9) (1)n<m§), j=1,..,85.

(Indeen, since
mi) [T+ mil [Deg| = | F)|

and S < T, for at least one of tq, ..., tg, say, t;, one has
1]
|Ft1’ > T

Then, since

/ / }
(Sle‘ < ‘FH <m(z)|1‘\t1|’

dz‘|F1||F2|"'|FT|n<(1_5) T Sy

the numbers A
cg? =d; [T4||Te|---|T7| /Ty, | and cl(t) =0, s=2,..,5,

have the desired property.) For each t ¢ {t1,...,ts}, set ct = 0. Then, one still has
di [T1] Do -+ |Pr| = 7 [Ty + -+ ¢ T

and
(7.10) An<m® t=1,2,..T
Put
ONRON IONNON
1 1 ) T T )

|_| 'ys;l"l)l_l---l_l( |_| fyé%f‘ﬂ, i=1,2,....n.

. st
(Note that, by (7.10] mt — ct n>0,t=1,. T.) Since each mgi) is divisible by n, it is clear

that each H; is tlled by I'y,...,I'p with multlphcltles divisible by n. Since
Hy CintgFYy, Hy CintgFy, ..., H, CintgF,,
one has
HKCF, HhK CF, ..., H,K CF,.
Also note that
(| = |Ho| =+ =[H,| =D
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so that, by (7.8),

| H;|
| Fi
as desired. O

>1-6, i=1,2 ..,n,

Lemma 7.3. Let I be an infinite amenable group, and let (X,I') be a minimal dynamical system
with the (URP). Let X > 0 be arbitrary, and let Oy, ...,00r, 011, ..., 01 € X be mutually
disjoint non-empty open sets and
{ko (=€), ko2, ., Ko, K1 (=€), K1, ooy ki y €T
a finite family such that
O@m :O@llﬁ"m, iZO,l, m = 1,...,M.
Put
§ :=min{u(0;,) i =0,1, m=1,.., M, pe M;(X,I')},
and let K C T be a symmetric finite set. (Since (X,I') is minimal, § # 0.) Let N > 0 be
arbitrary.

Then, there are n € N with n > N and (F,¢) such that if (B, F) is a tower of (X,I") with F’
to be (F,e)-invariant, then there is an order zero c.p.c. map

¢ : Mn2(C) — A,
where A = C(X) x T, such that if
hi=¢(l) and e; :=¢le,), i=12,..,n°%

and
bp := €nh—1)41 T+ Cnk—1)4n, k=1,2,..,n,
then
e, €C(X)CA
and if
Ei=¢'((0,1]), i=1,2,..,n%
then

(1)
|_|E < | | By

yeEF
and
u(l ] Bv\l_lE < A—u L] Bv). weMiX,D),
'yEF YEF
(2) foreachk =1,2,...,n, there are mutually disjoint open sets 015,17 e O&M and O’fjl, e O’f,M
such that

(a) O’g, QOgmﬂLlJ —nth—1)+4 Ej andOk QOlmﬂUJ St Bpom=1,2,... M,
(b) OF,, = OF Kim,1=0,1, m=1,2,... M,
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n2
(e) w(O51), w(OF ) > &pu(LIZ, Ei), p e My(X,T),
(3) by, L uybpyul, v € K, by # ko, 1< ki, ko <, where u, € A is the canonical unitary

of .
Proof. Choose a natural number n > N such that
1 o 4] 1 3 9
7.11 0< <, A—<< d —<—.
(7.11) n—3 20 “16n -2 7 w16
Pick (F’, &) such that if a finite set I'y C I' is (F', ¢’)-invariant, then

1 o

(7.12) ﬁ HyeTlo:zy € Oin}| > 30 ¥ eX,i1=0,1, m=0,1,..., M,
0

and

7.13 L=< —

(7.13) I To 16

where

Ky = {Féo,h K02, -+ KO,M, R1,1, R1,25 -+ fﬁ,M}.

By Theorem 4.3 of [6], there are (F’, &')-invariant finite sets
Iy, Iy, ..., T2 CT
which tile I'. Applying Lemma to A\d/32n, n, and K with respect to the finite sets I'y,..., I'p,

one obtains (F”,&").
By Theorem 4.3 of [6] again, there are (F”,&")-invariant finite sets
T, T, . T CT

which tile I'. Applying Lemma to Ad/32n and n with respect to the finite sets I}, T, ...,
')/, one obtains (F,¢). Since I is infinite, one may assume that (F,¢) is sufficiently large that
if F'is (F,¢)-invariant, then |F| > 2n?
Then, (F,e) possesses the property of the lemma.
Indeed, let (B, F) be a tower such that F is (F,¢)-invariant. Then, by Lemma [7.1] there is a
finite set Ry C F' such that
| B 0
(7.14) e
and F'\ R; can be tiled by I'},...,I'%, with multiplicities divisible by n. Grouping the tilings
appropriately, one has
F\R, =Tjurju---ur,
where I'Y i = 1,...,n, are mutually disjoint (F"”,&”)-invariant sets and
DY =I5 =--- =I5
By Lemma 7.2 and the choice of (F” "), there are finite sets I/ C I such that
K CT!, i=1,2 .n,
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I¥% o
‘F,./’ > 1—)\%, 1=1,2,...n,

PV =10 = = T,

and each I is tiled by I'y,...,I'r with multiplicities divisible by n. Since I', i = 1,...,n, are
mutually disjoint, one has

MYKATY =0, ij=1,2,.,n, i # ]

With
Ry = (F\ By) \ (IY" U 0. Uy,
one has
F\(RiURy) =TTy -,
and
| Bo| 0
7.15 — < A
(7.15) |F| = 32n
Note that, by (7.11)), (7.14)), and (7.15)), one has
(7.16) 2|F\ (RiURy)| > |F]|.

Then, inside each I', since each such set is tiled by I'y,...,I'r (which are (F’,¢’)-invariant)

7 0

with multiplicities divisible by n, after regrouping, one has
=T, U UL,
where I'; ; is (F', ¢')-invariant with
Liq] =Tigl=---=Tinl, i=12,..n
In summary, one obtains the decomposition
F\(RMURy) =T u---uly,)u---u(Tpu---Uly,,)
with the properties
(1)
(7.17) Lo il = (Dol 1< 0d1,d2, 51,52 <,
(2) each I'; ; is (F', &’)-invariant,
(3)
(7.18) (Ciay---ul,)KCF, i=1,2,..,n, and
(4) if i # j, then
(7.19) (Ciay---ul ) KN(Tu---uly,) =0.
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Set op = e, and set
uieu, = e, €L

For each 1 <7 < n?, write i = n(k — 1) + j, where 1 < j < n, and set

Verk]
By ([7.17)), it follows from Lemma that there is a order zero map
¢ : an (C) — A

such that
Plei) =€, i=1,2,...n°
Recalling the notation F; := e; '((0,1]), note that, with i = n(k — 1) + j with 1 < j < n, one

has
|_| Bry.

vElL,;
It is clear that

(7.20) |_|E < | | By
yeF
Hence by ((7.14) and (| m, one has

|_|B'y\|_|Ek (|| B A—u |_|Bv e M(X,T).

NEF 'yeRluRz
This proves Property (|} .
Consider the sums
bp = eph—ty1 T +eur, k=1,..n.
Note that, with
Iy =Tp U ULk,

bk: 267,

vElE
and hence, if ['yy C F for a group element ~, then

Uu, bku7 E u 6,},/u7 E Eyly = E €y

v €l U v elky

Thus, by (7.18), (7.19) and the assumption that K = K !, one has that for any k; # ks,
bk;l 1 uvb;@u;, v e K.

one has

This proves Property .
Now consider the C*-algebra of the tower (B, F),

C:=CY{u,f:v€eF,feCy(B)} CA
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Note that, by Lemma 3.12 of [22],

and the isomorphism may be chosen such that, for any g € Cy(| |, . By) € C(X), one has g € C

yeEF
and
g (x— Zg(a:fy)emv).
YEF
In particular, since for each i = 0,1, k = 1,2,...,n and m = 1,...,M, one has bypo,,, €
Co(Ll,er B7), this implies
bro,.,, € C.

Noting that I';; are (F',&’)-invariant, by (7.12) and (7.16)), regarding bypo,,, as an element of
C = M;p|(Co(B)), one has that for any z € B,

rank(brpo,,.(z)) = |{v € F: (bipo,,.)(xy) > 0}
= |{’7 € Fk71 L Fk72 - ka XY € O%m}|

b
> §<|Fk,1| + -+ Tinl)

) )
= —n|T > — | F.
57 Teal > - |F)

Then, for any p € My(X,T), by (7.20) for the last step,
nk

(721) M(Oz,m N |_| E]) = M({$ €X: (kaOOz,m)(x) > O})
j=n(k—1)+1

— [ rank(tugo,,, (0)d
B

5
> [ 2 |F|a
> [ SnIFla

5 5"
= EF’#(B)>R“(j|:!Ej)‘

Now, for each ¢ = 0,1, k = 1,2, ...,n, let us construct open sets Oﬁm, m = 1,2,..., M. Note
that (recall I'y =Ty U+ U ,)

nk
Oimn  |J E=0mn|]|By, i=01 m=12.., M.
j=n(k—1)+1 vely

Consider the decomposition
=T\ T Ul o Uy s) =T s U5 U U Tk,
and define
Og1 = 0p1 N |_| By and Of,, = O kom, m=12, ..M,

VGiﬂtKé\/[ (Fz)
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and
Of =00 || By and O}, =0 kim m=12.. M
’YEintK(jJu(Fk)

Then it is clear that

nk nk
O COmn  |J E and Of,COmn |J E, m=12..M
i=n(k—1)+4 j=n(k—1)+1

Since I'; j are (F', ¢’)-invariant, the sets I'} are also (F',¢’)-invariant. By (7.13), one has
oy TD]
RG]
and therefore, together with (7.11)) and ([7.21)), for any p € M;(X,T') and i =0, 1,

p(Of) > wOun || By

’YeintK]u (FZ)

w(Oi1 N |_| By) — u( |_| B7)

>
Yy€Ery veaKéw(Fz)
0 o
> w(Oin 0[] By) = 5 T3 w(B)
~v€ET}
nk 5 n?
> (O N U i) — (|| E5)
16n" 't
j=n(k—1)+4 j=1
nk n? n?
> woun || B - Su | E) - —u( | E)
= p\Uin j ng# j 16n'u j
j=n(k—1)+1 j=1 j=1
5 " 5o
P E)— — E
= 4n,u< j) 8nu( ])
j=1 7j=1
5 "
= 8_M<|_|Ej)
j=1
This proves Property , as desired. 0

Lemma 7.4. Let I be an infinite discrete amenable group, and let (X, I") be a minimal topological
dynamical system with the (URP). Let A > 0 be arbitrary, and let

Oo1s -y O00 01,0115, O € X
be mutually disjoint non-empty open sets and

{ko1(=e€), ko2, ---s ko, k11(=€), k12, .., ki) CT
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a finite family in T’ such that
Oi,m:Oi,ll‘iz’,m, z'zO,l, m = 1,...,M.

Let K C T be a symmetric finite set. Let N > 0 be arbitrary.
Then there exist n € N with n > N and an order zero c.p.c. map

¢ : an(C) — A,
where A = C(X) x T, such that if
hi=¢(1) and e :=d(e;;), i=12,..,n°

and
bk = en(k—1)41 T+ n(et)tn, k=121,
then
e, € C(X) CC(X) xT,
and with
Bi=e((0,1), =120
one has

(1) foreachk =1,2,...,n, there are mutually disjoint open sets 015,17 ey O’&M and O’il, ey O’va
such that
(a> Ol&m g OO,m N |_|?:4 En(k_1)+i and O’f,m g Ol,m N I-l?:l En(k:—l)-{—i; m = 17 27 ceey M;
(b) OF, = OF ki, i=0,1, m=12,.. M,
()

n?

3
Mi(Of1) > =5 and Aa(Ok,) > p(X\ || B, e Mi(X.T),

i=1
(2)
bk1 1 U,ykaUi‘;, v e K, kl 7é k’g, 1 < kl,k’g S n,

where u, € A is the canonical unitary of .
Proof. Applying Lemma [7.3] with respect to Op 1, Og2, ..., Ogar and Oy1, 019, ..., O1 a1, and
§:=min{p(O;p) :i=0,1,m=1,..., M, p€ M (X,I')} >0,

one obtains (F’,¢’) and n. Since n can be chosen arbitrarily large, we may assume that n > N
and

3 351
29 LR
(7.22) 22 <30 <1

Since (X, I') is assumed to have the (URP), there exist open towers
(Bb F1)7 ceey (357 FS)
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such that each Fy, s =1,...,5, is (F',&')-invariant and

S
(7.23) pwX\ ||| B < A%, pwE M (X,T).

s=1~€Fs

For each tower (B, F}), since Fj is (F',&’)-invariant, by Lemma , there is an order zero
c.p.c. map

¢S : M,,2 (C) — A,
where A = C(X) x I, such that if

hs == ¢s(1) and egs) = ¢s(eis), i=1,2,..n°
and
b = ef()k_l)ﬂ + -4 ef()k_l)Jrn, k=1,2,..,n,
then
658) € C(X)
and if denote by
E.;=(ED70,1]), i=1,2,..,n%

then
(1)
7L2
|_|Es,i g |_| Bs%
i=1 ~EF,
and
(7.24) n(| st\I_IESZ /\—u L] B, pe Mi(xX.T).
YEFs YEFs

(2) for each k = 1,2,...,n, there are open sets 001, . Ok& and O’ff, .. Ok’& such that
()O CO()r,nrjl_I‘7 Tl(k 1+4Es]and0 gOlmﬂl_IJ Tl(k 1+1Esj,m 1,2,,M7
(b) O{f; = O ki, 1= 0,1, m=1,2,..., M,
()

(7.25) 1(0y3), u(ory) > —

(3) bsli_uybstU ’YGK kl#kg, 1<k1,k2<n.

Then, the order zero c.p.c. map

S
(7.26) 6= o

satisfies the requirements.
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Indeed, it follows (|7.26)) that

In particular,
b ="b1;+-+bsi, i=12 .,n%
and
Ei=e'0,1])=E;U---UEg;, i=1,2,..n"
Foreachi=0,1, k=1,2,....,n,and m=1,2,..., M, set

s
= Llos
s=1
By Conditions and , it is clear that

Of . € Ogm N |_| En—1)+; and  OF, C O |_| En(k—1)+j:

j=4 j=1
and
Of = Of ki, 1=0,1, m=1,2,..., M.

By (7.23), -,and- forany,uEM(XF)

(7.27) X\|_|E = X\|_||_|ESZ
S
= M(X\|_||_|st) Z |_|BSv\I_IE“>
< 32n Z UBSV)

= YEFs

0 (5 30

and then, by (7.25]) and ([7.27))
S 5 S
M(Ok) =AYk > AL S ||
s=1 s=1 =
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Also note that, by (7.22]),

30 3
M(OF1) > Ao > —.
w(Op 1) > 39n > 2
This verifies Property .
Property follows from Condition straightforwardly. 0J

Next, let us perturb further the order zero map ¢ obtained in Lemma [7.4] First, we make the
following simple observation.

Lemma 7.5. Let X be compact metrizable space, and let T' be a compact set of probability Borel
measures.

(1) If O C X is an open set and \,6 > 0 satisfy
AM(O) >0, pel,
then there is a closed set D C O such that
(D) >0, peTl.
(2) If O C X is an open set and C' C X is closed set satisfying
A(0) > pu(C), peT,
for some X\ > 0, then there exist a closed set D C O and an open set ' O C' such that
A(D) > u(F), peT.

Proof. Let us prove the second statement only. The first statement can be shown with a similar
argument.
For any p € T, pick continuous functions f,, g, : X — [0,1] such that f,|x\0 =0, gulc = 1,

and

Au(fu) > Tu(gu) + 0
for some 6, > 0, where 7,(f) := [ fdu. Then, pick a open neighborhood N, of p such that

) )

Mru(fu) = 7w (f)| < ZM and  [7,(g,) — T (g,)] < Zu’ 7' € Ny,
and a straightforward calculation shows
)
A (o) > T (g9,) + 5”, f € N,.

Since T is compact, there is a finite open cover of T' consists of N, ..., N, where py, ..., p, € T.
With

. I .
f=max{fu, ..., fu.}, ¢g:=min{g,,....,g.,}, and 0:= §m1n{5m, s O b

one has

f|X\O = 07 g|C’ = 17 and ATM(.f) > Tu(g) + 57 ne T.
Then, with a sufficiently small ¢ > 0, the closed set D := f~!([g,1]) and the open set F :=
g1 ((1 — ¢,1]) satisfy the lemma. O
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Lemma 7.6. Let I be an infinite group, and let (X,T') be a minimal topological dynamical
system with the (URP). Let A\ > 0 be arbitrary, and let Og1,...,Oonr, O11,...,O14 € X be
mutually disjoint non-empty open sets and

{/{0,1(: 6), R0,2y ---y KO,M /1171(: 6), K12y 4y "il,M} g r
a finite family such that
Oim = O 1kim, 1=0,1, m=1,..,M.

Let K C T be a symmetric finite set. Let N > 0 be arbitrary.
Then there is an order zero c.p.c. map

¢:M,2(C)—-C(X)xT
for some n > N, such that with
h:=¢(l) and e :=¢(e), i=1,2, oy n?,

and
bk = €n(h-1)41 + * + Eno—1)4n, k=1,2,...n
so that
e; € C(X) C A,
we have

(1) for each k =1,2,...,n, there are mutually orthogonal positive functions

Ck71, ceey Ck,Ma dk,la ceey dk,M € C(X)

such that

(a) ckm € Her(Oyg ) and dym € Her(Oy ), m=1,2,..., M,

(b) ckm L (eth—1)nt1 + Ehmt)ns2 + €h=1)n+3), m = 1,2,..., M,

(C) Ck:mbk = Ck,m and dkmbk dk,m; = 1,2,...,M,

(d) ckm W Cr1Us, and dy gy =l dyity,, m=1,2,.., M, and
(€) Adr(ck1) > 5 and Ad;(dy1) > d-(1—h), 7 € T(A),

(2)
bkl 1 UfykaUi;, v e K, kl §é ]{52, 1 S k’l,k’Q S n,

where u, € A = C(X) x I is the canonical unitary.

Proof. Tt follows Lemma [7.4] that there exist n € N with n > N and an order zero c.p.c. map
¢ M,2(C) — A

such that, with

h/ = ¢/(1) and e; = ¢/(€i,i)7 Z = 1, 2, ...,n2,
and

= 6;~b(lc—1)+1 +oet e:z(k—l)-l-n? k=1,2,...n
so that

e; € C(X),
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and with
E;=(e;)7'((0,1]), i=1,2,..,n%
we have
(1) for each k = 1,2, ..., n, there are mutually disjoint open sets O ;, ..., O ,, and OF ., ..., OF

such that

(a) Og,m g OO,m N U?:4 En(k—l)+i and O]f’m g Ol,m N I_l?zl En(k—1)+i7 m = 17 2a sy Mo

(b) OF,, = OF Kipm, i=0,1,m=1,2,..,M, and

()

n2

3
M(Of1) > =5 and Au(Ok,) > (X \ || B, e Mi(X.T),
i=1
(2)
b;ﬂ 1 uyb;@uf;, v e K, kl 7& kg, 1< kl,kg <n.

Since M1(X,T) is compact, Of ; and Of | are open, and X \ |_|;i1 E; is closed, by Condition
and Lemma , there are closed sets Dll-fl - Oﬁl, i =0,1, and an open set U 2 X \ |_|?:21 E;
such that

(7.28) Au(Dg,) > % and Au(Dfy) > p(U), pe Mi(X,T).
For any € > 0, define

(7.29) Vo= int(fo(h) 1 ({1})) = {z € X : W(2) > £},

and consider the open sets

(7.30) WL = (05, N Vo) N (OF, N V)i N+ 0 (OF N V)R,

k

which increase to OF, as e — 0, i = 0,1. Since Df

that

| is compact, there is € > 0 sufficiently small

W 2D, i=0,1.

7,19

Pick such an e, and assume also, as we may, that
UD{xeX: :NW(x)<e}

and note that then
UD{zeX: W) <et= (- f(n)(0,1)).

Hence, in view of ([7.28]),

(7.31) MWL) > Ma(Dhy) > 5 e My(X,T),
and
(732)  AuWE) > Au(DE) > u(U) = (L~ L) (O.1), € Mi(X.D),

It follows from ([7.30)) that
(7.33) Wk kim CVe, i=0,1, m=1,2,..., M.

1,€
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Set
Pwk_ = Cra and  uy Cpilk, = Ckm, M =2,3,..,M,
and
Pwg. = dry and  up Cpilg, = Ckm, M =2,3,..,M.

Note that, by ,
Chm € Her(O’&m) and  di, € Her(O’f’m), m=1,2,.., M.
It follows from ([7.33)) and (7.29)) that
Cromfe(Up) = comfe(h) = crm  and  dyp fo (b)) = dim fo(R') = diom,
and it follows from (7.31) and that for any 7 € T(A),

3
A, () = Mir (WEL) > =

n2
and
Mo (da) = M (W) > (1= f(R))7H((0,1]) = do (1 = fo(R)).
Then
¢ = fe(¢) : M;2(C) — A
is the desired order zero map.
Indeed, noting that

h=o(1) = f(h'),
the existence of ¢y, dim, k =1,...,n, m =1,..., M, and Property (1| are verified above.
Consider any by, , br, with k; # ko, 1 < k1, ks < n. Note that
bk, = f(by,) € Her(b,,) and Uy by, 1l = fa(uvbﬁcgui) € Her(uwlﬁ@u;), v e K,
and therefore, it follows from Condition [2] that
br, L uybpul, v € K.
This verified Property [2| as desired.

We are now ready for the main results of the paper.

Proposition 7.7. Let I' be an infinite countable discrete amenable group, and let (X,T") be a
minimal free topological dynamical system with the (URP) and (COS). Then the crossed product

C*-algebra C(X) x I' has Property (D).

Proof. Let a € ZD(A) and let € > 0 be arbitrary. It follows from Proposition that there are

unitaries uy,uy € A, a’ € C.(I', C(X)) and a non-empty open set £ C X such that

|luraus — d'|| <& and ¢pa’ =dpr =0.

In the following, let us verify that o’ is actually a Dy-element. Since e is arbitary, this shows

that A has Property (D).

Note that, since (X,I") has the (COS), the sub-C*-algebra C(X) has the (A, M)-Cuntz com-

parison insider A for some A € (0, +o00) and M € N. Fix X and M.
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Write
(7.34) a =" fyus,

yeEK

where f, € C(X) and K C I is a symmetric finite set.
Consider the open set E. Since (X, I') is minimal, all orbits are dense, and hence there exist
non-empty mutually orthogonal open sets

Qo1s--,000,011,...,00 CF
and
(7.35) {ko1(=€), ko2, --s Ko, k11(=€), k12, .., ki) CT

such that
Oim = Oi1kim, i=0,1, m=1,.., M.
Since (X,I") has the (URP), it follows from Lemma [7.6|that there is n > 3 and an order zero
C.p.c. map
¢:M2(C)— A
such that if
hi=o¢(l), e :=¢(eis), i=12,..,n°%

Sk 1= Ch-Lpt1 T T g-nprs, K =107

and
Ey = ent—1)41+ -+ en—1)tn, k=1,2,...n
then
(7.36) e; € C(X)
and

(1) for each k = 1,2, ...,n, there are mutually orthogonal positive functions

Chys oy Ci M s o di i € C(X)

such that

(a) cxm € Her(Op,p) and dy., € Her(Oy,), m = 1,2,..., M,

(b) Crm L s, m=1,2,.... M,

(¢) ckmEr = com and di B, = digm, m =1,2,..., M,

(d) ckm = U Cpil, and di, = uy dpitg,,, m=1,2,..., M, and
() Adr(cx1) > 3 and M. (dg1) > d-(1 —h), 7 € T(A),

(2)
Ekzl 1 UWE]QU:(;, v e K, ky 7é ]{32, 1< ]{31,]{‘2 <n,

where u, € A is the canonical unitary of .
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Let us verify that the order zero map ¢ satisfies Definition [5.1) with p = ¢ = n, [ = 1, and
r = 3. (With the given p, q,l,r and the property n > 3, it is straightforward to verify that of
Definition [5.1] holds.)

Note that, by Equations (7.34), (7.36), and Condition (2)), for any ki # ko, 1 < ki, ks < n,
Ek1a,Ek?2 = Ekl(z f’Yu’Y)Ek2 = Z By, fyuy Bk,

yeK vyeK
= Z JyEryuy B,
vyeK
= Z f’Y(Eklu'YEhuiky)u’Y =0.
yeEK
In particular, this verifies of Definition .

Set
Cp = Cg1 ++ Cem and d = dk@ + -4 dk,M7 k= 1,...,n.

Then, , , and of Definition follow directly from Conditions , , and

above.

As for of Definition [5.1} note that it follows from Condition above that
3
d-(s) < e < AMd,(cr1) and d (1 —h) < Ad.(dr1), 7€ T(A).

Since (X,T") has (A, M)-Cuntz comparison of open sets and ¢ 1,dy 1, h, sp € C(X), one has

skj\ckyl@---@ck,l and 1—hj£ik71@---@dk711.

M M

By Condition above, the positive elements ¢, ,,, m = 1,..., M, are mutually orthogonal and
mutually Cuntz equivalent, and the positive elements dy, ,,,, m = 1, ..., M are mutually orthogonal
and mutually Cuntz equivalent. One then has

ck~C1 @ Degy and dp ~dp1 D Ddyg,
N 7 N J/

M M
and hence
sp 3¢ and 1 —h 2 dg.
This shows that o’ is a Dy-element, as asserted. O

Theorem 7.8. Let I" be a countable discrete amenable group, and let (X,T') be a free and minimal
topological dynamical system with the (URP) and (COS). Then tsr(C(X) xI') = 1.

Proof. 1f |I'| < oo, since (X, I') is minimal, the space X must consist of finitely many points and
C(X) x I =2 Mjp|(C). In particular, it has stable rank one.

If Tl = oo, then it follows from Proposition that C(X) x I' has Property (D). Since
C(X) x T is finite, it follows from Theorem 5.5[ that tsr(C(X) x T') = 1. O

Corollary 7.9. Let (X, Z%) be a free and minimal topological dynamical system. Then tsr(C(X)x
7% = 1.
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Proof. By Theorem 4.2 and Theorem 5.5 of [21], any free and minimal dynamical system (X, Z%)
has the (URP) and (COS). It then follows from Theorem [7.§] that tsr(C(X) x Z¢) = 1. O

Remark 7.10. Without simplicity, the C*-algebra C(X) x I' might not have stable rank one in
general, even if X is the Cantor set, I' = Z, and (X, Z) has finitely many minimal closed invariant
subsets (see [24] or [3]).

Corollary 7.11. Let (X,Z%) be a free and minimal dynamical system, and set A = C(X) x Z4.
Then
(1) A has cancellation of projections: if p,q € ARK are two projections such that p®r ~ qdr
for some projections r € AR IKC, then p ~ q.
(2) A has weak cancellation in the Cuntz semigroup: if a,b,c are elements of the Cuntz
semigroup of A with a + ¢ << b+ ¢, then a < b.
(3) The canonical map U(A)/Ug(A) — Ki(A) is an isomorphism. That is, any unitary of
A® K is homotopic to a um'tar/g/of A, and if a unitary u of A is connected to the identity

with a path of unitaries of A® K, then u can be connected to the identity by a path of
unitaries of A.

Proof. Statements [1] and |3| are well known facts for C*-algebras with stable rank one ([20]).
Statement [2| follows from Theorem 4.3 of [30].

(An earlier, equivalent, version of the weak cancellation in the Cuntz semigroup was obtained
in [9]. For the convenience of the reader, let us provide a proof that the cancelation result in [9]
is equivalent to that of [30]. Recall that following three statements:

(1) If a,b € W(A) are such that a+ [c] < b+ [(c—¢)] for some positive element ¢ € My (A),
then a < b. ([30])

(2) If a,b,c € Cu(A) are such that a + ¢ < b+ ¢, then a < b. ([9])

(3) If a,b,c,d € Cu(A) are such that a + ¢ < d < d < b+ ¢, then a < b. ([9])

Let us show that these three statements are all equivalent.

It is clear that = .
As for (1)) = @), let a,b,c € (A® K)T with

[a] + [d] < [b] + [d].
Pick € > 0 such that
[a] + [e] <[(b—e)4] + [(c —e)4];
and then pick an arbitrary €’ € (0, ) so we have
[(@ —e)s] + [(c—&N)] < b —e)4] + [(c —e)4].
Note that there are a/, ', € (M (A))* such that
[@]=Ma—e)y], P]=[b-e)] and []=[lc—£)].

Hence
[@] + [(] < [B] + [(¢ = (e = £))+],
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and by ,
[(a =] =[] <[] = [(b—e)4].
Since &’ is arbitrary,
[a] <[(b—e)4] < [b]
This proves .
Let us show = . By adjoining a unit, let us assume that A is unital. Let a,b,c €

(Moo (A))* such that

[a] + [d] < [b] + [(c — €)4]
for some ¢ > 0. Let ¢’ € (0,¢) be arbitrary, and hence

[a] +[c] < [b] + [(c — €)4].
Let h. : [0,1] — [0, 1] be a continuous function which is nonzero on [0,¢’) and zero everywhere
else (so ho(a) L (a—¢€');). Then
(a—€&)y @ (c—€)s @ ha(a) ® ho(c)
((a =€)y + he(a) & ((c — )4 + he(c))

Q

3 b
~ (a+ho(a))® (c+ ho(c))
3 a®cdho(a) P ho(c)
3 bd(c—¢€)y ®ha(a)® ha(c).
By (@),
(a—e"), <b.
Since &’ is arbitrary, we have a = b. This proves ) O

By Theorem 4.1 of [5], the Cuntz semigroup classifies homomorphisms from an inductive limit
of interval algebras (Al algebra) to a C*-algebra A with stable rank one. Therefore we have the
following corollary.

Corollary 7.12. Let (X,Z%) be a free and minimal dynamical system. Let ¢y, ¢y - I — A =
C(X) % Z% be two homomorphisms, where I is an Al algebra. Then ¢y and ¢y are approximately
unitarily equivalent if, and only if, [¢1] = [¢2] at the level of the Cuntz semigroups.

The next corollary follows from [32]:

Corollary 7.13. Let (X,I') be a free and minimal dynamical system with the (URP) and (COS).
Then for every f € LAff(T(A))44, where A= C(X) x T, there exists a € (A® K)t such that

d,(a) = f(r), 1€ T(A).

Moreover, if A has strict comparison of positive elements, then the Cuntz semigroup of A is
almost divisible (see [32]). In this case, there are canonical order-isomorphisms

Cu(A) 2 V(A) ULAfF(T(A))+, = Cu(A ® 2).

In particular, the statements above hold for T = Z°.
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Proof. This follows directly from Theorem 8.11 and Corollary 8.12 of [32]. O

In fact, if C(X) x Z? has strict comparison of positive elements, then it actually is Jiang-Su
stable:

Corollary 7.14. Let (X,I') be a free and minimal dynamical system with the (URP), and denote
by A=C(X)xT. Then A= A® Z if, and only if, A has strict comparison of positive elements.

(In other words, A satisfies the Toms-Winter conjecture). In particular, the statement holds for
I =274

Proof. One only needs to show the “if” part. Let us show that A is tracially 0-divisible in the
sense of Definition 3.5(ii) of [39]. That is, for any positive contraction a € My (A), any k € N,
and any € > 0, there is an order zero map

¢ : My(C) — Her(a),
where Her(a) is the hereditary sub-C*-algebra generated by a, such that
T(¢(1g)) > 7(a) —e, 7€ T(A).
It then follows from Proposition 4.7 of [23] and the strict comparison assumption that A is
tracially Z-stable. Since A is nuclear, by [19] and [14], it follows that A = A ® Z.
The proof of the tracial 0-divisibility is similar to that of Corollary 3.2 of [23]. For the given
positive contraction a, let us consider the lower semicontinuous affine function

T(A) > 7+~ %dT(a) € (0,00).

Since A is assumed to have strict comparison of positive elements, (X, I") particularly has the
(COS). Then, by Corollary [7.13] there is a positive element z € A ® K such that

1
d-(z) = Ed7<a>, T e T(A).
For each pair of positive numbers §; < d,, define the continuous function
07 t S 517
frnt) =4 £ 6 <t<d,
1, t > 0o.

Also consider the continuous function
fe(t) := max{t —e,0}, teR.

Then, since A is simple, with a sufficiently small § > 0 (see, Remark 2.7 of [39]), one has

1

(as(@)) > %T(fg(a)) > (r()—e), TET(A),

and use the simplicity again, there is ' > 0 such that

1

T(fs/2.6(x)) < dr(z) — 8" = k(dT(a)) —d, TeT(A).
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Thus, after a perturbation of x, there is a positive element 2’ € M, (A) such that

(7.37) r(fasss(a')) > 7(r(a) =€), 7€ T(A),
and
7(fs2.5(2")) < %dT(&) -0, TeT(A).
Note that

kd, (f5a5(2')) < kr(f326(2) < dy(a), 7€ T(A).

Since A has strict comparison, one has k[fs5/25(2")] < [a] in W(A) (2’ and a are in My (A)). By
Proposition 2.12 of [39], there is an order zero map ¢ : My (C) — Her(a) such that

Ple1) ~ f25,35(9€l)7
where a ~ b denotes the relation a = vv*, b = v*v for some v. In particular, by (7.37)),

7(o(11)) = k7(¢(e11)) = kr(fasss(2’)) > 7(a) —e, 7€ T(A),
as desired. O

Since the real rank of a C*-algebra A is at most 2 - tsr(A) — 1, one has the following estimate:

Corollary 7.15. Let (X,Z%) be a free and minimal dynamical system. The real rank of C(X)xZ4
is either O or 1.

Remark 7.16. Consider a simple unital AH algebra A with diagonal maps. It is known that if
A has real rank zero (or just projections separate traces), then A is classifiable ([20]). Does the
same statement hold for the crossed-product C*-algebras C(X) x Z (or C(X) x I' in general)?
That is, if C(X) % Z (or C(X) x T, in general) has real rank zero, does C(X) X Z (or C(X)x T, in
general) absorb the Jiang-Su algebra Z tensorially? What if one only assumes that projections
separate traces instead of real rank zero?

Let I' be a countable discrete group with sub-exponential growth, and let (X,I') be a free
and minimal dynamical system. Assume that (X,I") is an extension of a minimal I'-action on a
Cantor set. Then it was shown in [3I] that the C*-algebra C(X) x I' has stable rank one. Note
that, by Corollary 3.8 and Corollary 8.11 of [22], the dynamical system (X,I') has the (URP)
and (COS), and therefore this result also can be deduced from Theorem [7.8|

Corollary 7.17 (cf. Main Theorem of [31]). Let I" be a countable discrete group with sub-
exponential growth, let (X,T') be a free and minimal dynamical system. Assume that (X,T")
is an extension of a I'-action on the Cantor set. Then tsr(C(X) xT') = 1.

8. TWO REMARKS ON PROPERTY (D)

In this final section, let us remark that simple Z-stable C*-algebras and simple AH-algebras
with diagonal maps all have Property (D). These C*-algebras (if finite for the case of Z-stable
C*-algebras) are known to have stable rank one (see [29] and [10]).
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8.1. Z-stable C*-algebras. Let A be a unital simple exact C*-algebra such that A 2 A® Z,
where Z is the Jiang-Su algebra. Note that, by [29], A has strict comparison of positive elements
(we include infinite C*-algebras, which have empty tracial simplices).

Let a € ZD(A) with |ja]| = 1 and let ¢ > 0 be arbitrary. Pick dy,dy € A" such that
ldi]l = lld2| = 1 and

dia = ady = 0.

By regarding A as A® Z ® Z ® Z, one obtains @,d;,dy € A® Z ® 1 ® 1 with norm one, where
dy, dy are positive, and a unitary ueA® Z® Z® 1 such that

||luau™ — al| <13 HUd1U —d, Hudgu* —dy|| < %,
and then
= £ s €
) dial| < G and ads|| < 6

With a small perturbation of d; and cig, one may assume that there are positive elements d}, dj, €
A® Z®1® 1 with ||di]| = ||d]| = 1 such that

didy =d, and dydy = d.
Note that

(1—d)a(l —dy) ~=a and dy(1—d)a(l—dy) = (1—dy)a(l —dy)d, = 0.

3
Pick two orthogonal non-zero positive elements s1,s € 1 ® 1® Z ® 1, and consider the positive
elements d131 and d252 Since s1, S, commute with dl, dg, one has that

d181 1 d282 and (dlsl)((l — dll) ( dg)) ((1 — dl) (1 - d~2))<d,282> = 0.
Since A® Z® Z® 1 is simple, thereis v € A® Z® Z ® 1 with ||v|| = 1 such that
vv* € Her(dys;) and  v*v € Her(dsss),

and, moreover, using polar decomposition and making a further perturbation, one may assume
that there is a positive element b such that ||b]| = 1 and (vv*)b = b (and hence b € Her(d;s1)).
It then follows from Lemma [3.2] that there is a unitary w € A ® Z ® Z ® 1 such that
wbw* € Her(dys2).
Thus, with
= (1 — dl)&(l — dg)w
one has
|luau w —d'|| <e and ba' =0=db.
Let us show that @’ is a Dy-element, and thus that A has Property (D).
Since A is not of type I, there are positive elements ¢,d € (A ® Z ® Z ® 1)b such that ¢ L d
and ||c|| = ||d|| = 1. Since A is simple, there is § > 0 such that
7(c),7(d) > 6, T¢€T(A).
Now, consider the embedding ¢' : Z2 - 1® 1 ® 1 ® Z, and note that
(8.1) [d',¢'(a)] =0 and [b,¢'(a)] =0, a€Z.
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Pick n € N sufficiently large that
(n—3)6 > 6,
and pick a standard embedding
L Mn2(C0((O, 1])) — Zn2,n2+1 — Z.

Denote by ¢” the order zero map induced by the homomorphism ¢’ o ¢, and choose ¢’ > 0
sufficiently small that

T(fo(¢"(1))) >1—46/2n, 7€ T(A).
For each k = 1,2, ...,n, define
e = for(@")(epmtynta + - + €h—1)ntn),
and
dp = d- fo(¢")(e-1mer + -+ €-1yntn)-
A straightforward calculation (using (8.1))) shows that ¢, dy € b(A® Z® Z ® Z)b, ¢ L dj, and

CkEk = C and dkEk = dk,

where Ek = f%’(¢”)(e(k—1)n+1 +-+ e(k—l)n—l—n)-
Note that, for any 7 € T(A),

n—3 2n—20 3 4n—2 3

d, >4 - . — .
(ck) n? 2n n? 2n n?

and

Qi) > 505 LS s 4 f(e ).

n 2n 2n
Since A has strict comparison of positive elements, one has that
spScr and 1— f§(¢//(1)) 3 dy.
This shows that a’ is a Dy-element (with ¢ = f(¢"), p=¢q =n, r =3, and [ = 1 in Definition
2

, as asserted.

8.2. AH algebras with diagonal maps. Recall that an AH algebra with diagonal maps is the
limit of a unital inductive sequence (A, 1,), where

hn
i=1
for some compact metrizable space X, ;, and if

D, = @{diag{fl, Joas s fknz} D fr € C(Xoa)} C @Mknz(C(Xnﬂ)) = Ap,

then
Un(Dpn) € Dyyr.
Let A be a simple AH algebra with diagonal maps. It then follows from Theorem 3.4 of [10]
that A has Property (D); we leave the details to the reader. Alternatively, let us propose the
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following approach which is similar to our approach to the crossed product C*-algebra C(X) xI:
Consider the limit diagonal algebra

D::liénDn ghﬂAn:A.
Then the commutative sub-C*-algebra D actually behaves like the sub-C*-algebra C(X) of
C(X)xT.
Let a € A satisfy [ja|| = 1 and a € ZD(A), i.e., dyja = ady = 0 for some non-zero positive
elements dq,ds, and let € > 0 be arbitrary. With a telescoping of the inductive sequence if
necessary, there are @, d;, d, € A; with norm one such that

\|a—a\|<§ and ]dla‘

~ €
) ~d H < Ta)
H“ S 12
where Jl, 622 are positive. Since Jl, ci2 has norm one, there is zy € X;; for some 7 such that
Hdl(l‘o)H =1 and HJQ(CE())H =1.

Since d,, ds are positive, by conjugating some constant unitary matrices, one may assume that
dy and dy are diagonal matrices at xy. Hence, by cutting the diagonal entry which has value 1 at
Zo, one can find a positive element h € Dy which is constant equal to 1 on a small neighbourhood
of xg such that

hdy ~c h and  hdy ~< h.

12
Then a straightforward calculation shows that

|l <% and  ||ahl| <g.

Since h is constant equal to 1 on a neighbourhood of x, there is a positive element b € D,, with
norm 1 such that bh = b. Then
a = (1—h)a(l—h)
and b satisfy
la—d|| <e and ba' =d'b=0.

Now, let us show that o’ is a Dy-element, and thus that A has Property (D). (Recall that, at
this stage, a has been replaced by ujaus as allowed in Definition )

Choose positive orthogonal functions ¢,d € D; such that ¢,d € bD,b. Set

d = min{7(c),7(d); 7 € T(A)} > 0.
By another telescoping if necessary, one may assume that
3 0  min{rank(c(z)), rank(d(z))}
<= < ,
kii 2 k1
Choose [ € N such that

(8.2)

x € Xl,i-

12 )

-3 2
Set K := max{ky1,....,k1n} + 1. Consider Ay, and to simplify notation, rewrite A, =
@Sszl M. (C(X5)). With a telescoping of the inductive sequence if necessary, one has that,

inside each direct summand of A,,
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(1) the element @ is a matrix of continuous functions with
(8.3) d, =0, if |i—j|>K,
(2) with
s s
c= @diag{cgs), . c,(i)} and d = GB diag{d&s), . d,(i)},
s=1

s=1

where ¢\, d\¥ € C(X,), by (8.2), for any L = 1, ..., ki,

5 ok ‘{i0§i§i+L—1:c§S)(;ﬂ)7§O}‘
<

(8.4) S0 =—) 7

5 i 1§i0<kS—L,fE€XS,

and

5 ok ‘{z’ogigz’JrL—l:dEs)(x)#O}‘
<

. —(1-=— 1 <9 —L X
(85) 2( L) J3 ) _Z0<ks ; T E X,
(3) with k, = myl%? + 7y, 0 < r, <2 one has
K 1 4r, )
. 2K, — <= —_— < -
(8.6) msl > 2K, . <3 and msl—2K<2
Then, for each s = 1,...,.S, consider the elements M (C) C My, (C(Xy)), and consider the

projection

%2mg
P = diag{0m., .., 0., Lmos Oy ooy Oy O}, i =1, 12,
s

Note that p\*, p{”, ..., pl(f ) C My, (C) have the same rank and are mutually orthogonal. Therefore,

there is a homomorphism
¢5 . Ml2 (C) > €i4 pgs) - Mks (C) - AQ.

Consider the direct sum map

¢ := P ¢s : M (C) = @ My, (C) C A4y,

and set ¢(e;;) = e, @ = 1,2, 1%, €141 + - + €144 = Sk, €-1)41 + - + € = Eg,
k=1,..1, and ¢(1) = h.
Then, since m4l > 2K, by (8.3),

Ekla'EkQ = 0, k?g — k?l Z 2.

For each £ = 1,2, ...,[, consider the diagonal elements

2mg
¢ == @D diag{0 Om., 0 O, ) 90 O, Op, }
k -— g \msw"u mw\ms?'“a Ms ) (l(k—1)+4)ms+1""7 lkmsg? YMs) =) Y Mgy YTs S
s I(k—1)mn. 4m
A -~ 7

Ilms
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and
%2ms
d = dla 6m ,...,Om ,d(s) ,...,d(S) 70m 7"'7Om‘70r .
k @ g{ (s : s l(k*l)mstlr lkms s s 5}
l(k—1)ms Ims

Then it is clear that ¢, L si, ¢, L di, . L = ¢ and dipE), = dj,.

Note that, by (8.4), (8.5), and (B.6)),
1 1
Z—lrank(ck(x)) > 1 g((l — 4)mg — 2K) > 3mg = rank(sg(z))

and

)
2
Since sy, ¢g, dr and 1 — h are diagonal elements, by Theorem 7.8 of [22], one has

1 1
Zrank(dk(x)) > 1 (Ims —2K) > ry = rank((1 — h)(x)).

sp 3¢ and 1 —h 2 dg.

Therefore, @’ is a Dy-element (with p = ¢ =1, [ =2, and r = 4 in Definition [5.1)).
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