REMARKS ON VILLADSEN ALGEBRAS
GEORGE A. ELLIOTT, CHUN GUANG LI, AND ZHUANG NIU

ABSTRACT. It is shown that certain unital simple C*-algebras constructed by Villadsen in [31]
are classified by the Kg-group together with the radius of comparison.

1. INTRODUCTION

Villadsen algebras (of the first type) were constructed in [31] as examples of simple unital C*-
algebras which have perforation in their ordered Ky-group. This class of C*-algebras lies outside
the scope of the current classification theorem ([16], [I7], [11], [8], [9], [28], [4]), as Villadsen
algebras do not absorb the Jiang-Su algebra Z tensorially. Indeed, a Villadsen-type algebra was
constructed in [30] which has the same value of the Elliott invariant as an AT algebra, but is not
itself isomorphic to that Al algebra.

Each Villadsen algebra is an inductive limit of homogeneous C*-algebras with connecting maps
induced by coordinate projections together with a small portion of point evaluations (see Section
. In this note, we shall first show that, with different point-evaluation sets, the resulting alge-
bras are classified by the Kq-multiplicity and the radius of comparison of Toms ([29]; Definition

below):

Theorem 1.1 (Theorem. Let X be a connected finite-dimensional solid space (see Definition
. Let Ag and Ap be Villadsen algebras (see Sectz’on@ with point-evaluation sets E and F
respectively (but with the same connected space X and the same numbers and multiplicities of
the coordinate projections (¢;), (Siy,-.-s Sic;)). Then Ag = Ap if, and only if,

p(Ko(Ag)) = p(Ko(Ar)) and 1c(Ap) = 1c(Ar),

where pa, and pa, are the unique states of the order-unit groups Ko(Ag) and Ko(Ar), respec-
tively, and rc(-) denotes the radius of comparison.

Moreover, if the fixed seed space X is further assumed to be K-contractible (i.e., Ko(C(X)) = Z
and K;(C(X)) = {0}), then the algebras can be classified by the Ky-group together with the
radius of comparison even if the numbers and the multiplicities of the coordinate projections and
the numbers of point evaluations are arbitrary:

Theorem 1.2 (Corollary . Let X be a connected finite-dimensional solid space which is
K-contractible. Let

A= AXE, (), (K, EWY and B = B(XY, (i), (k7)) )

1

be Villadsen algebras with non-zero radius of comparison, where p,q =1,2,.... Then

A=B
1
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if, and only if,
Ko(A) 2 Ko(B) and rc(A) =rc(B).

Note that this theorem covers the example constructed in [30)].

One might compare the Villadsen algebras with the UHF algebras of [I4] and [6], and the
present classification results with the classification of the unital UHF algebras, or, for that
matter, of their non-unital hereditary subalgebras in [6]. The non-unital version of the Villadsen
algebras and their classification is also an interesting question.

We hope that our result might shed some light on the possibility of classifying more general
non-Z-stable C*-algebras, for instance, general simple A(S)H algebras with diagonal maps ([10]
and [1]), or general simple transformation group C*-algebras.
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2. THE VILLADSEN ALGEBRA A(X, (n;), (k;), E)

Let X be a metrizable compact space (usually we assume X to be connected), let (¢;) and (k;)
be two sequences of non-zero natural numbers, and let

By i=A{x11,..., 210, } C X,
Ey = {x91, ..., 2o, } € X,

E; ={xi1,..,xip} C X1,

be a sequence of finite subsets such that for each i = 1,2, ..., the set

o0 CitCitj—1

U U Ts(Eitj)

is dense in X ¢-1_where 7, are the coordinate projections and ¢y = 1.
Construct the (generalized) Villadsen algebra (in [31], X was the two-sphere) as the inductive
limit of the sequence

(21) Mno(C<XCO)) - Mno(n1+k1)(C(XCOCI)) - Mno(n1+k1)(n2+k2)(C(X000102)> —
where the seed for the ith-stage map (recall ¢ = 1),
G CLXT41) = My (C(X ),
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is defined by
f - diag{f oy, ..., fOm, ,f O Teyyeuny f O WCg’f(xiJ)? s f(xzkl)l}

NV Vv TV
Si,1 Sijc; k;
NS ~~ o
ni

= diag{fomy,..., fo Ty ey [ O My f O e f(E)},

Vv A ~" -

4,1 Si,c;
N -~ 7
ni

where s; 1, ..., 8; ¢, > 1 are natural numbers, and n; = 25;1 S ;-
A direct calculation shows that the composed map

¢i,i+j . C(Xcocl..-cifl) - M(nz+kz)( (C(XCOCI“‘Cifl“'Ci+j71))

Nitj—1+kivj—1)

is equal (up to a permutation) to

f—diag{fom,.., fo Teieis 1) f(zi1), ., f(xik,)

Y
. /
NV Vs Vs

g Niyj—1 Ei[(nig1+kig1) - (migj—1+kitj—1)]

ie.,

f diag{f Oy, ..., fO Teicipy 1) JED) Ly thip) (i1 +kiy 1)

-~

NG Njgj1
(f(ﬂl(EH-l))’ ) f(ﬂ_ci(Ei+1)))1(ni+2+ki+2)'“(ni+j71+ki+j71)7 ) }
So, it can be described as

diag{f omy,..., f 0 Teycin,;_,, POINt evaluations}.

NG Niqj—1

We shall choose ¢;, s;1, ..., Si, (and hence the sum n;), and k; in such a way that

. G- Nyt . n; Ny
lim = lim v (—————) #0.
j=o0 (g + ki) - -+ (i + ki) jﬁoo(nz‘ + ki) <nz‘+j + km‘) 7
Equivalently, we require
Tge " Nygj n;

Yoo (— Dy 2,

2.2 lim lim = lim lim .
22 ( Nitj + kit

(In other words, the numbers of point evaluations are small compared with the numbers of
coordinate projections including multiplicity—the ratio is summable.) Denote the inductive
limit algebra by
A<X7 (n”L)? (kz)v E>7
or, more specifically,
A(X7 (nz)7 (Ci>7 (Si)a (k1>? E)

In what follows, we shall show, with a mild assumption on X (see Definition , that this
algebra, which is always simple, is independent of the choice of points in the point-evaluation
set E if the number of them at each stage is kept the same; otherwise, allowing only the number
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of points to vary, as we shall show, it is classified by the Ky-group together with the radius of
comparison.

In the case that X is contractible, we shall show that this C*-algebra is classified by the Kg-
group and the radius of comparison, and also, if the latter is zero, the trace simplex (Theorem
7.1). (Even allowing different numbers of coordinate projections and (non-zero) multiplicities,
and different numbers of point evaluations.)

Remark 2.1. If ¢; = 1, 1 = 1,2,..., then A(X, (n;), (k;), E) is the C*-algebra constructed by
Goodearl] in [I8] with real rank not equal to zero. On the other hand, if s;; = 1,7 = 1,2, ...,
Jj=1,.. ¢, then A(X, (n;), (k;), E) is the C*-algebra constructed by Villadsen in [31].

3. MEAN DIMENSION AND RADIUS OF COMPARISON

In this section, let us calculate the mean dimension (as formulated in [23]) and radius of
comparison (as formulated in [29]) of the Goodearl-Villadsen algebras A(X, (n;), (k:), E).
First, recall

Definition 3.1 (Definition 6.1 of [29]). Let A be a C*-algebra. Denote by M,,(A) the C*-algebra
of n x n matrices over A. Regard M,,(A) as the upper-left corner of M,,11(A), and consider the

union,
n=1

the algebra of all finite matrices over A.
The radius of comparison of a unital C*-algebra A, denoted by rc(A), is the infimum of the
set of real numbers r > 0 such that if a,b € (M (A))" satisfy

d.(a) +r <d.(b), 7€ T(A),

then a = b, where T(A) is the simplex of tracial states. (In [29], the radius of comparison
is defined in terms of quasitraces instead of traces; but since all the algebras considered in this
paper are nuclear, by [19] (see also [3] in the locally finite nuclear dimension case), any quasitrace

is actually a trace.)
We shall use the following remark on vector bundles:

Remark 3.2. Assume a (complex) vector bundle E over a compact metrizable space X has
non-zero Chern class ¢,(E) € H"(X). Then the trivial sub-bundles of E have rank at most
rank(E) — n/2, as, if there is a trivial sub-bundle F' of rank r > rank(F) — n/2, then

C(E)=c(F'F)=c(FF)c(F)=c(F°),

but, since rank(F°) = rank(E) — rank(F) < n/2, we have c,(F°) = 0 (as cq4(F°¢) = 0 for all
d > rank(F°)), and hence cn(E) = ¢, (F°) = 0, which contradicts the assumption.

Definition 3.3. Let us call a metrizable compact space X solid if it contains a Euclidean ball of
dimension dim(X') when dim(X) is finite; when dim(X) = oo, X solid will mean that X contains
a Euclidean ball of arbitrarily large dimension.
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Note that all finite CW-complexes are solid. The Hawaiian earring and the Hilbert cube are
also solid. Not all compact metrizable spaces are solid, as there are such X with dim(X x X) <
2 - dim(X) which implies that X cannot be solid (see [2]).

Theorem 3.4. Let X be a metrizable compact space. With A = A(X, (n;), (ki), E), one has
dim(X) . CREREE
- lim
no 1—00 (n1 + kfl) s (nz + kz)

(3.1) mdim(A) < :
where 0o - 0 =0 and mdim(-) is the mean dimension of an AH system introduced in [23].

Moreover, if the metrizable compact space X 1is solid, then equality holds in (3.1), and the
radius of comparison of A, rc(A), is equal to 3mdim(A).

Proof. Let us first prove (3.1). Consider the jth stage, M, (C(X%)), where m; = no(n; +
ki)---(nj_1 + kj—1) and d; = ¢1---¢j—1 (note that all coordinate projections appear, i.e.,
Sils - 8je; = 1, j = 1,2,...), and let o be a finite open cover of X% . Since the pull-back
of a by any constant map has degree zero and D(a) < dim(X%) < ¢; -+ ¢;—1 - dim(X), we have
that, for each pair j < i,

D(¢ji(a)) <c¢j---cio1D(a) <ep- -y - dim(X),

where D(-) denotes the degree of an open cover, and then

lim —D(¢j’i(a)) < lim ¢ ciDla)
i—00 m; 1—00 no(m + kl) tee (n,’_l + ki—l)
dim(X) CREREe;

Y

where 0o - 0 = 0 in the case that dim(X) = oo. Taking the supremum over all finite open covers
a of D% and passing to the limit as j — oo, we obtain (3.1). In particular, by [23], we have

1 1 dim(X) . )
3.2 A) < smdim(A) < - - ' '
(3.2) re(A) < Tk im(4) < 2 no i (ny 4 k1) (n; + k)

Now, assume that X is solid (i.e., it contains a Euclidean ball of dimension dim(X), if
dim(X) < oo, and of arbitrary dimension otherwise), and let us show that

1 dlm(X) . ClL G
> — . - lim

2 N i=oo (ny + k1) -+ (i + ki)
Together with (3.2), we will then have

(3.3) rc(A)

1 1 dim(X ceec
rc(A) = —mdim(A) = = - dim(X) lim arG :
2 2 No 1—>00 (nl +k1)(nz+kz)
Set
Cl “ .. Ci

=i .
T % (ny+ k1) (n; + k;)

Since (3.3)) holds trivially if v = 0 (as co - 0 = 0), let us assume that v # 0 in the rest of the
proof.
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Suppose that dim(X) < co. Let € > 0 be arbitrary for the time being. Choose ¢ sufficiently
large that

cp-ciop - dim(X) — 2 vy dim(X)_8
2

>
2no(ny + k1) -+ - (nio1 + kio1) no

and

dlm(X) ( CL"Ci—1 C1:Cj—1 ) <e >
= : i
2ng (1 +ki) (i +kica) (o + k) (o + ko) /

Since X contains a Euclidean ball of dimension dim(X), the space X %1 contains a Eu-
clidean ball of dimension ¢; ---¢;—; - dim(X), and hence, if 7 is large enough, it contains a d-
dimensional sphere S, where

C1leldlm(X)—QSdgclszldlm(X)—l

and d is non-zero and even.

Pick a (complex) vector bundle E over S such that rank(E) = d/2 and e := cq(F) € H%(S) is
non-zero, where ¢4 is the dth Chern class. (Recall that the total Chern class of E is 1 +e.) (Such
a vector bundle exists, as, otherwise, if the d-th Chern class of every vector bundle were trivial,
then the Chern character would not induce a rational isomorphism between the K-group and the
cohomology group of the sphere S.) Denote by p the corresponding projection in M., (C(S)),
and extend p to a positive element of M, (C(X4)) such that rank(p(z)) > d/2, x € X4%. Denote
this element still by p.

Note that, for each tracial state 7 of M,,,(C(X%)),

d.(p) >

> >
T 2no(ng + k1) - (nimr +Hkice) T 2no(na + kr) - (numn + kis)

d C1--"Ci—1 dlm(X) -2 1 dln’l(X) _
5 .

)

Consider the element ¢; (p) € A. For each j > i, the restriction of ¢;;(p) € M, (C(X%)) to
S x -+ xS C X% is a projection which corresponds to the vector bundle

Ej:=(@mnE)e-e( P .. (E)eb

Sejejq

where 0; is a trivial bundle. Then the total Chern class of E; is

T (14 cg)? s (1 +¢q)%2 -+ m (1 4+ cg) it

CiCj—1

= WT<1 + 81(3)71-;(1 + 826) o 'Wz---ci,l(l + Sci'”cjfle)7
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and, by the Kiinneth Theorem, it is non-zero at degree dc; - - - ¢;_1. Hence (see Remark , any
trivial sub-bundle of £ has rank at most

1
rank(Ej) — édcz RS .|

1
= rank(E) (TLZ + kl) s (713;1 -+ kjfl) — §dCl |
d

= it ki) (njr+kjor) =€)
dim (X
S 2( )(Cl s ci,l(ni + kz) s (TL]'71 + kjfl) —C1 " ijl)
dlm(X) CL-""Ci—1 C1---Cj1
- . k) (g + ke
2”0 (<n1 + kl) . (ni—l + kz’—l) (nl + kl) . (nj_l + kj_l))n()(nl 1) (nj 1 J 1)

S 6”0(”1 + k’l) tee (n]-_l + k‘j_l).
Let € A be a trivial projection with 2¢ < d.(r) < 3¢, 7 € T(A). Then

4, + (2 - 2R

But the rank of the (trivial) vector bundle of r at the stage j is at least

" —4e) <d.(p), TeT(A).

28710(711 + k’1> cee (TLj_l + kj—l) > E’I’LQ(TLl + k’l) A (nj_l + k‘j_1>,

which implies that r is not Cuntz subequivalent to p, and therefore,

dim (X
() > L. Ame0)
2 Mo
Since ¢ is arbitrary, this implies rc(A4) > 3 - diri—gx),
c1c

If X is infinite-dimensional (recall still lim; ., R ETE = # 0), then the argument

above (choose d arbitrarily large) shows that rc(A) is arbitrarily large, and hence rc(A) = oo.
So, (3.3) always holds, as asserted. OJ

Corollary 3.5 (Theorem 5.1 of [29]). For any r € [0, +00], there is a Villadsen algebra A such
that rc(A) =r.

Proof. Let us assume that r € (0, 4+00). Pick a natural number d such that 2r < d, and consider
s:=2r/d € (0,1). Then pick a sequence of rational numbers p;/¢; € (0,1), ¢ = 1,2, ..., such that

Writing
n; = pi and kl:qz_ply 1= 172a7

we have
ny U

(n1+k1)(n2+k‘2)“

- = S.
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Let A be a Villadsen algebra associated with (n;) and (k;) (and ¢; = n;, i = 1,2, ..., ng = 1) with
the seed space X = [0,1]%, which is solid. Then it follows from Theorem that
1 nq N9 1

:—d "':—d — .
2 (n1+k1>(n2+k2) 2 ° "

If r = 400, then one can construct a Villadsen algebra with seed space X = [0, 1] and with
the sequences (n;), (k;) as above. Then the resulting algebra has rc(A) = +c0.

If r = 0, then one can construct a Villadsen algebra with seed space X of dimension zero
(e.g., a single point) and with sequences (n;), (k;) as above. Then the resulting AF algebra has
rc(A) = 0. O

Ic

Remark 3.6. Although the statement of Theorem 5.1 of [29] is on the range of the dimension rank
ratio of a simple AH algebra, its proof actually shows that the range of the radius of comparison

of a Villadsen algebra is [0, +oc] (Corollary [3.5).
Theorem 3.7. Ifrc(A) > 0, then

(3.4) lim lim (%) (552 = 1
1—00 J—00 T; Nt
and
_ _ Spisp=L1Lk=1,..,¢-"Ciyj
(3.5) lim lim i ’ G it =1,
where
_ : * * * k : :
Gi j41 = diag{n7, ..., 7, ..., Toscisys s Togciy,s DOIN evaluations}.
N—— ~ —~ .
51 Scieiy
NG >
vV
NN

Proof. Since rc(A) > 0, we have

lim a G
imoo (ny + k) - (ng + k)

> 0,

and hence

. . Ci " Ciyy
lim lim =1L
i—00 j—r00 (nl + /{:l) e (ni+j + k?i+j)

Comparing this with (2.2)) (and since both limits are non-zero), we have (3.4):

lim CiCiyj Ci* Cigj
D= i SRR i Ri) gy, (k) (i o Kay)
i—00 lim 1 1+] 1—00 j—00 v 1+]
i=oo (ni + ki) -+ (i + kitj) (i + ki) - -+ (i + Figy)
C. C. .
= lim lim (=) (=),
As for (3.5), note that n; - --n; = 81+ -+ + 5¢,..c,,;» and hence
Ci " Citj _ Ci Citj < CiCitj CiCiyj <1

iy - = 9
NG -+ niﬂ S1+ -+ SCi"'Ci+j (Ci s Ci+j — b’i,j) -+ 2bi7]’ Ci-- CZ‘+]’ + b@j
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where
bij i =Hsk:se>1L k=1, ..¢- - citj}
Together with (3.4]), this yields

o Ci Citj o 1
1 = lim lim J = lim lim
1—00 J—00 Cj * * * Citj + b@j 1—00 j—00 | +

bs,j

CirCitj

therefore (note that s, k =1,...,¢; - - - ¢;1j, are non-zero),

Ci- - Cipj — by

. . . . sgrsp=L1Lk=1,....¢; - cis;
1 = lim lim = lim lim 1 d R j}|
1—+00 J—+00 Ci " Citj 1—+00 J—+00 Ci**Citj

Using ((3.4) again, one obtains ({3.5]). O

4. INTERTWININGS OF TRACE SIMPLEXES

4.1. Trace simplex of the Villadsen algebra. Let us first observe that, under Condition
, the trace simplex of the Villadsen algebra is independent of (the number and the location
of) the point evaluations.

Denote by A the (non-simple) limit of the inductive sequence

My (C(X)) = Mygn, (C(X)) — Migyn, (C(X %)) — - -,
where the ith-stage map,
Br 2 O(X1) o5 My (C(X %)),
is defined by

f — diag{fom,...fom,....fom., ..., fom,}.

Si,1 Si,c;
A\ 7
-~

ng

Lemma 4.1. Let Ag be a Villadsen algebra with point-evaluation set E which satisfies Condition

(2-2). Then T(Ag) = T(A).

Proof. Choose a decreasing sequence 0y, 0o, ... of strictly positive numbers with > > 4, < 1.
Identifying Affg(T(M,(C(Y)))) with Cgr(Y') for any compact metrizable space Y, note that the
map

(@ii15)" « Aff (Mg, (C(X7971))) — AfF(M C(xamat)),

no Mg j—1

which is induced by ¢; ;1 = ¢irj_10--- 0 ¢; (Where ¢; ;11 := ¢;), is given by
1

CR(X01-~-C7;_1) Sh— —(h om +---+ ho Te,.

Tw e Miyj—1 ~
i Njj—1

) € Cr(xerem),

“Citj—1
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Then a straightforward calculation shows that, for any h € Cg(X“%-1) with |||l < 1,

1(@155)" () = (615" ()
1
- s )
T Mt j—1

! (hom +--+h +point evaluations)||
— om + - -- O Mg oint evaluations)|| s
(ni+ ki) - (Rigjo1 + kisj1) N 1 ivvCityj—1 TP

Vv
Mg Mg j—1

( 1 1
nic g (Mt ke) e (i + ki
g Nipj—1
+1—
(i + ki) - (i1 + Kij—1)
= 21— T Mitj—1 ),
(ni + ki) - (i1 + ki)

which, by Condition (2.2)), is arbitrarily small if i is sufficiently large. Therefore, there is a

IN

))(ni S Miygo)

diagram

(61" (@)
1,iq d: 11,12 d:
Cr(X) — Cr(X%) — Cp(X%2) — - — (Aflr(T(Ap)). || - [|x)

(¢1,i,) - U(@iy,in)* )
Cr(X) —— Cr(X %) —— Cg(X ") e (Affr(T(A)), [ - [loo)

with

1(Birina)” © (S (B) = 07,y 0 i) (W) < 6
for any s = 0,2, ..., any h € Cr(X%:) with ||h]|sc < 1. This implies in particular (by Theorems
2.1 and 2.2 of [7]) that T(Ag) = T(A). O

Let us calculate the trace simplex of A. Note that T(A) is homeomorphic to the limit of the
following affine projective system:

M(X) =<— M(X) =— M (X92) <— - -

where M (-) denotes the simplex of Borel probability measures and the connecting map 6; :
My (Xama) — My(Xer%-1) is given by

97;(5(x1 77777 zc,-)) = _(5“ 4+t 511 R 5%_ 4+t 5%_)’ L1y Lo € Xereio1
v ~———— ~ D)

-
Si,1 Si,ci

where 0, denotes the Dirac measure concentrated at z and X ¢t = X if § = 1.

The following lemma is a simple observation:

Lemma 4.2. Let 7 = (u;) be a tracial state on A, where p;, i = 1,2, ..., is a probability measure
on X1 If u; are Dirac measures for sufficiently large i, then T is extreme.
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Proof. Assume

(1) = a(w) + (1 — a) (1)

( 2)

for some a € (0, 1), where uil) and Vi( are probability measures on X ¢~1. Since p; is extreme

for sufficiently large i, we have that
1) (2)

Vi =V, =

for sufficiently large 4, and hence (") = () = (1), as desired.

7

Remark 4.3. Note that, since the multiplicities of the coordinate projections are non-zero (s; ; #
0), if 6;(p) is a Dirac measure, then g must be a Dirac measure.

Pick a point z = (21, ..., Z¢y.e;) € X% (where X% = X if 4 = 0), and then consider the
trace 7, of A defined by

(41) Ty = (7 (5907 5(:3,.“,9:)7 ceey 5(:1:,...,:2)7 )7

where, at the stage i + k 4+ 1 (with the product space X“¢%+r) the Dirac measure d,, .. )
concentates at the point (z,...,x) € (X )%tk It is straightforward to verify that 7, is a
trace of A as (x,...,x) is a constant sequence of points in X

By the lemma above, 7, is an extreme trace. Also note that if x # y, then 7, # 7,. Hence if
the seed space X is not a singleton, the trace simplex is not a singleton.

The following lemma is a direct consequence of the Krein-Milman Theorem.

Lemma 4.4. Let F C C(X) be a finite set, let p € My(X), and let e > 0. Then, there is N € N
such that for any n > N, there are x4, ...,x, € X such that

u(f) — %(f(xl) +o 4 flxn))| <e, feF

Theorem 4.5. Assume
. . & Citj
4.2 lim 1 —)-(—=) = 1.
(4.2) Jim Tim (°7) (nm-)
Then the extreme points of T(A) are dense, i.e., T(A) is the Poulsen simplex (of [25]—see also
[22]) if X is not a singleton.
The trace simplex of the simple Villadsen algebra A with non-zero radius of comparison is

the Poulsen simplex.

Proof. Let us show that the extreme traces 7, € T(A) (see above) are dense. Let i be a tracial
state of A, and represent it as

= (,ula K2, )7
where p; is a probability measure of X %=1 and 6;(p;1) = i, 1 = 1,2, ...
Let N(F;e) be the fundamental neighborhood of u
{r e T(A) : [u(f) —7(f)l <e, feF}

where F € A is a finite set and € > 0, and let us show that 7, € N for some x € X“%-1 ¢ & N.
This will show the first statement of the theorem (as a consequence of Lemma [£.2).
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By (4.2) and the proof of Theorem , there is

12

19 > 0 such that for all j > 0,

Cig * * * Cig+j €
(4.3) 1 o G0ty
Mg * " Nig4j 3
and
]{sk:sk:1,k:1,...,ci0~-ci0+j}| -1 19
)
Mg+ * Mig+j 3
where
o =diag{#’, ...owr wt T )
(blo,]Jrl g{ 1s 0 M1 7\ cio---ciOJrj?V? C,L'O---CiOJrjl}
S1 Scig Cint
~ '
Mg Mig+j
Therefore
Dos>2Sk €
>2
(4.4) _mkz2TR 2
Mig * = Nigyj 3

Without loss of generality, we may assume that F is in the unit ball of My..n, _, (C(X®"%0-1)).
Then consider the measure p;,. By Lemma [£.4] there is a large enough jo that c;, - ¢ioyj, 18

large enough that there are

satisfying

|io () =

C’LO DY .
Consider the point

Ty = (T, 2, ooy Ty iy 4

) € (X O Cio=1)Cio " Ciotio = X Ciotio

and consider the trace 7,, € T(A) (see (4.1)). Then, for each f € F,

1(f) = 72, (f)]

= ’um(f) - Ny Mg 1o (5:101 + .-+ 5:]01 + - +§xci0“.ci0+jo + - 5%10 Cig+io )(f)‘
51 Scig " Cin-+i
1 D ges2(sk — 1)
< i - (0, cee 0y o Sk=
1230 () - .nioﬂo( A N (001 s T
1 D s> Sk
< i — 5$ e 6$ Sk——
0 (0) = B e By
1
< pio(f) = m(dm o a3 (by (4.4))
20 20TJ0
1 € €
< pio(f) = ﬁ(% o e (I A5 5 (by(E3)
10 20TJ0
< &

and this shows the first statement of the theorem.
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Now, let Ag be a simple Villadsen algebra with non-zero radius of comparison. By Theorem
3.7 Equation (4.2) holds (and X is not a singleton), and therefore, as shown above, T(A) is
the Poulsen simplex. By Lemma [4.1] T(Ag) = T(A), and so T(Ag) is the Poulsen simplex as
well. O

Remark 4.6. N.C. Phillips also notes that the trace simplex of a Villadsen algebra is Poulsen
(private communication).

Remark 4.7. Note that T(Ag) is always the Poulsen simplex whenever (4.2)) holds and X is not
a singleton. This includes the case that dim(X) = 0 (and so by Theorem [3.4] or since Ay is AF,
rc(Ag) =0).

Remark 4.8. Note that the Giol-Kerr system, a dynamical analog of the Villadsen algebra, is
constructed as a small perturbation of the non-trivial two-sided shift ([13]). It is worth comparing
Theorem to the well-known fact that the simplex of invariant Borel probability measures on
the non-trivial two-sided shift is isomorphic to the Poulsen simplex ([24]). Is the Giol-Kerr trace
simplex also Poulsen (this seems likely), or (a stronger property) is the orbit-cutting subalgebra
of the Giol-Kerr system a Villadsen algebra?

4.2. An intertwining. In what follows, we shall show (further to Lemma that for two
suitably close point-evaluation sets, the intertwining maps between the trace simplices actually
can be chosen to be induced by C*-algebra homomorphisms between building blocks, and in such
a way that the resulting diagram of building blocks commutes exactly up to point evaluations
and therefore approximately at the level of traces.

Let there be given two different evaluation sets

El,EQ,...,Ei,... and Fl,FQ,...,E,...,

with sizes (kF) and (kf) respectively, and both satisfying Condition (2.2)) (with respect to the
same (n;)), and assume that, as supernatural numbers,

(4.5) [T+ 55y =T (ni + K5,
=1 =1

and as real numbers,

(4.6) L B (s K

=1.
=% (ny 4+ k) - (g + k)

Lemma 4.9. With the assumptions (4.5)) and (4.6) above, let Ag and Ap denote the C*-algebras
A(X, (ny), (k:Z(E)), E) and A(X, (n;), (kl(F)), F), respectively. Let 81,0, ... be a decreasing sequence
of strictly positive numbers with

i On < 1.
n=1
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There is a diagram

(E) (B)
(4.7) M,, (C LM e (C(X ) M (E)(C(XdiQ)) A,
Pl EF) $FE) (B
\ 7,1 i9 ¢i2,yi3
0 an
Mno —1>M (F) Xdll J)M (F)(C(Xdi2))—>-~-—>AF

My
with
F.E EF
|T(¢’53+1,2‘5+2 © ¢Z(s,is+)1 (h) - ¢£s+l ’LS+2 ¢’Ls Zs+1( ))’ < 55
for any s =0,2, ..., any h € M_ (&) (C(X%s)) with ||h]| <1, and any 7 € T(M_ (5 (C(X%s42))),

1542
and, symmetrically,

E.F FE
(@) o otE) () — ¢t L oell)  (h)] <6,

for any s =1,3, ..., any h € M_ s (C(X%s)) with ||h]| <1, and any 7 € T(M_ ) (C(X%s42))),
and, moreover, for each s =0,2, ..., o

(F.E) (E,F) - : :
Gislvinys © Pisiesy = diag{my, . omy L, .., boint evaluations},
and for each s = 1,3, ...,
(B,F) (FE) _ : :
Gi s © Piinny = diag{my, ... , point evaluations}.

o Mg, Mgy

Definition 4.10. The sequences (k;z(E)) and (kZ(F)) will be said to be sufficiently close if for any
0 > 0, there is an arbitrarily large pair ¢; > 4} such that

1- 1 iyt <9
. e k(E) ’
j=0 v/ +j i +j
i1—1 i -1
[T (i + £ is divisible by T (n; + k),
=1 i=1
and
EN o (e (F) } (F)
(4.8) (m Ak ) (i + by ) (n% Hky ) (e ki) > 1,

(nl + kgE ) (nz . + k?(E) ) nlll Cee My

and, furthermore, there are arbitrarily large i > i}, such that

o0 . .
Tl g

1— <0,

(F
j=0 Til+j + ki’2+3
io—1 ih—1

[T (i + &) is divisible by T (n; + &),

=1 i=1



REMARKS ON VILLADSEN ALGEBRAS 15
and
E E E E

i2—1
: > 1.
(m + k'iF)) s (nié_l + kz(’QF—)l) nz’2 o My—1

(4.9)

Lemma 4.11. Under the assumptions (2.2), (4.5)), and (4.6), the sequences (kgE)) and (kZ(F))

(2
are sufficiently close.

Proof. We only have to show (4.8)) and (4.9). For the given § > 0, choose i} sufficiently large
that

o0 . .
Thil +j

1— < 0.

(E)
j=0 Migtg + Ry
Then, with sufficiently large i1, by (4.6, we have

ny 4+ k) (g g+ ki@l) (nig + k) (g + k)

( ll 11—1
(nq +k§E))---(ni/1,1 +kf’21> Mgl e My —1
(it K (i + k) 1
(1 + k) (g + 7)o
E E
_(M+W%mmmﬁwﬂﬁ(W+%U”mmﬁwﬁﬁ 1
(m 4+ 7)o+ kD) (i 4 RS - (g R e e
E E
R+ EP) (i R (i R
(1 + k) (o + KD Mg iyt
F F (E)
- (ma+ k) (g + R g Ry o1
(ma+ K)o (e + K
So (4.8]) holds. A similar argument shows that (4.9) holds. O

Proof of Lemmal[{.9 Consider the inductive limit decompositions

5"
(E))(C<Xcl)) — M .

no(n1+k) (no+k47))

(C(X?) — - — Ap,

oS
(Cxe) 2o

no(n1+k{") (na+k5")

My (C(X) S M, (C(X)) — - — Ap.

no(n1 +k§F)

Since the sequences (k') and (k") are sufficiently close (Lemmal4.11)), there is a pair i} < i,
sufficiently large that

(27
(4.10) 1-J]—= <4,
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i1—1 i -1
(4.11) [T (i + &) is divisible by T (n: + &%),
=1 =1

and (a slight reformulation of (4.8)))

no(ny + k) - (g +I<;.(,F)1) (nay + k) - (g + KD
(4.12) & : L > 1.
no(m + kl ) (nl -1+ kz _1) Ty e Myyp—1

Then consider the diagram

o) o)
K d.s ARt )
M, (C(X)) —= M <E>(C(X 1)) = M e (C(X %)) —> - —— A
i 1
o)
11 Zl
o) (F)

l,il d., il i1

where
(4.13) m; = no(ny + ki) (o + ki), dii=creeeci,
and ¢1Ez1 M <E>(C<Xdi/1)) — M ) (C(X%1)) is the map

> dla OT1y.eey ] OT¢,.c; _,, CErtaln polint evaluationsy,
diag i1 tain point luati
"1

’nl/l --?7,7,1'1_1
where the coordinate projections are exactly the same as for @(EZI and the point evaluations are
arbitrarily chosen to fill out the space (by (4.11)) and ( - there is enough room for the map
qb(E ) %o exist). - 4.12)) just says that the desured number of coordinate projections is strictly

less than the ratio of the orders of the codomain and domain matrix algebras.)

Write
(E,F EF E
) ¢< o p®)

-/
141 1,4,

and compress the diagram above as

o ¢(E)
M, (C(X)) —=M_ ) (C(X %)) . M 5 (C(X%1+1)) — .. — A

E.F i1 i1+1
o
¢(F) <1>(F)

Mg (C(X)) — M, ) (C(X %)) — M, ) (C(X%11)) — - — Ap.

ll m11+1

There are iy, < iy sufficiently large that
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12—1 7;/2_1
TT (i + &) is divisible by ] (i + &),
=1 i=1

and (a slight reformulation of (4.9))
no(ny + k7) - (niyr + k) (g + ) (i )
(4.14) ) G > 1
nO(nl + kl ) U (7’L1'12,1 + ki/zfl) nZ,Q T Thip—1

In the same way as above, one obtains a unital homomorphism

O M (C(X™)) = M ) (C(X %))

f— diag{fom,..,fo Ty iy 13 point evaluations},

Vv
Tt Mgy —1
io 2

such that, with
(F,E) (RE) J (F)
¢Z1,22 ¢12 i ¢zl Jih?
and compressing, we have the augmented diagram

(E) (B)
1 ,i1

¢'L 7
) —>M (E> an));‘iM (E)(C(Xdig))_>...—>AE

M, (C
0
%1 oD
o) 5
1 'Ll ) .
M, (C — M _»(C(X%)) —=M @ (C(X%)) — - — Ap.

7'1 "2

Note that, by (4.10) (which says that the point evaluations do not multiplicatively change the

order of the the matrix algebra very much),
(6130 0 02 () — 6fF), 0 15 (h))] < 61, T € T(A), h € M, (C(X)), |h] <1,

(E,F)

14, 1s the map

and, trivially, the composition gbsz X0

frdag(fom,.., fo ey, iy _q» CETtAIN point evaluations).

-~

Njq Mg —1

Repeating this process, we have i; < iy < --- with
o e e}
(4.15) 1—H"“—+J)<5S and 1—H"“—+JF)<5S, s=1,2,..,
7=0 Tig+j + kzg—i-] 7=0 Nig+j + kzg—i-j

and the infinite intertwining diagram

(E) (E)

? ¢1 2
Mno AM (E> Xdil)) iM (E)(C(Xde))ﬁ-ﬁAE
\\\<gfi1\ i oD
§F> (F)
Mo (C(X)) 2 Moy (C(X)) 222 My (C(X)) ——= - —n A

1 12
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The diagram (4.7) is not commutative. But, by (4.15)), we have
(s © Sirie () = B, 0 B ()] < 6

Ts41,0s42 Ts,bs41 Ts41,0s42 Ts,bs41

for any s = 0,2, ..., any h € M_ 5 (C(X%:)) with ||| < 1, and any 7 € T(M_ ) (C(X%sr2)));

1542
and similarly

EF FE F F
(810 © Bitia (B) = 11 0 O ()] < 0
for any s = 1,3, ..., any h € M_ ) (C(X%)) with ||| < 1, and any 7 € T(M_ ) (C(X %iss2))).
is 1542

That is, the diagram (4.7]) is approximately commutative at the level of traces. Note incidentally
that (by Theorem 2.1 and 2.2 of [7]) this implies that the simplices T(Ag) and T(Ap) are

: : (F.E) (B,F) (E) (E)

isomorphic. Moreover, as observed, the maps ¢; " . o ¢,/ and ¢; " ; o, ;  share

the same coordinate projection part, and so also do the maps ¢; 7 ;o ¢; ;" and ¢; / ;
(F)

Piin O

Remark 4.12. As pointed out, a direct consequence of is that the trace simplex of Ag is
isomorphic to that of Ap. In the case of a Goodearl algebra (i.e., ¢; = 1,7 = 1,2,...), the trace
simplex is isomorphic to the Bauer simplex with extreme boundary X ([I8]), while, as we have
shown, in the case of the Villadsen algebra (i.e., s;; = 1,7 = 1,2,..., j = 1,...,¢;), the trace
simplex is the Poulsen simplex.

5. A UNIQUENESS THEOREM

Theorem 5.1. Let X be a connected metrizable compact space, and let A : C{(X) — (0, +00)
be an order-preserving map. Then, for any finite set F C C(X) and any € > 0, there exist
finite sets Ho, H1 € CT(X) and § > 0 such that for any unital homomorphisms ¢g, ¢1 : C(X) —
M, 1 (C(XY)) with

oo(f) = diag{f om,..., fom,, f(x1),..., f(xx)}
and

o1(f) = diag{f o1, ..., fomn, f(y1), -, f(ur)}
where x1, ...,z and yi, ...,y are points of X and 7y, ..., 7, are coordinate projections (possibly
with multiplicity), if

T(do(h)), T(¢1(h)) > A(h), h € Hy,
and
7(¢o(h) = dr1(h)] <6, heHy, 7 T(Mui(C(X))),

then there is a unitary u € M, (C(X?)) such that

[¢o(f) —uw*or(flull <&, feF.

Proof. Fix a metric for X. Since X is compact, there is n > 0 such that for any z,y € X with
dist(x, y) < 3n, one has
[f(z) = fly)l <e feF

Choose an open cover
U={Uy,Us,...Uy}
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with each U; of diameter at most 1. Let
O ={04,0,,...,0g}
denote the set of all finite unions of the sets Uy, Us, ..., Uy. For each O € O, define
ho(z) = max{1 — dist(z,0)/n,0}, z € X.
Also, for each O € O with O,, # X, where O,, denotes the n-neighborhood of O (hence Oy, \ O,, #

@, as otherwise O, is a clopen set and X is assumed to be connected), choose a non-zero positive
function go € C(X) such that go <1 and

supp(go) € Oz, \ O,.
Then

Ho:={90:0€0, O,# X}, Hi:={ho:0e€ O}, and ¢ :=min{A(go): 0 € O}

have the properties asserted in the statement of Theorem [5.1]

Let ¢p and ¢; be given as in the statement of the lemma. Let X C {1, x9,...,21} be an
arbitrary (non-empty) subset. Let U;,, Us,, ..., U, denote the elements of ¢ such that Uy, NX # 0,
and consider the union

O=U,U---ulU,; €0.
Assume O, # X (so that O, # X), and choose
l’lo e X \ 027,,
and then choose zp € X? (e.g., pick zo = (2, ..., 7)) such that

7T1(£Co), ...,Wn(SCo) cX \ 02,7.
Then

(n + k) trag (¢o(ho))

(n + k)tre, (01(ho)) + (n + k)6

O O {y1, y2, - k| + (0 + k)0

|00 0 {y1, 2, -, wi}| + (0 + F)A(g0)

00 0 {y1, Y2, s g} + (0 4 B)tre (¢1(90))

|O77 N {917312, -'-7yk}| + |(O277 \ On) N {ylayZa ~-->yk}’

|02 N {1, Y2, -, Yr |

|)~(3nﬂ{y1,y2,,.,,yk}| (0277 C X377)7

where tr,, denotes the tracial state of M, x(C(X%)) which is induced by the Dirac measure

concentrated on xp.
If Oy, = X, then X3, = X. In particular, we still have

|X| S k= |X377 N {y17y2a 7yk‘}|

(VAN VAN VAR VAR VAN VANRN VAR VAN
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That is, we always have

(5.1) 1 X| < | Xy 0 {y1, 42, s Ui}

The same calculation shows that, for any subset Y C {y1, 92, -, U },

(5.2) Y| < Vs, N {1, 2o, . ).

Thus, by the Marriage Lemma ([20]), there is a one-to-one correspondence

o:{xy, Ttk = {y1, Y2, o Ykt
such that
dist(x;, 0(x;)) <3n, =1,2,.. k.
Denote by w € My(C) the permutation unitary that induces o. Then
u = diag{1,,w}

is the desired unitary. 0

6. AN ISOMORPHISM THEOREM

Theorem 6.1. Assume X is a solid connected metrizable compact space which is finite dimen-
sional. Let Ag and Ar be two Villadsen algebras with point-evaluation sets & and F' respectively
(possibly with different numbers of points, but with the same space X and the same (¢;) and
(Sits ey Si;)). (Recall we are assuming ) Then Ag = Ar if, and only if,

p(Ko(Ap)) = p(Ko(Ap)) and  rc(Ap) = re(Ap),

where pa, and pa, are the unique states of the order-unit groups Ko(Ag) and Ko(Ar), respec-
tively. (The solidness condition and finite-dimensionality condition on X are not necessary when
the radius of comparison is 0.)

Proof. Since a Villadsen algebra is an AH algebra with stable rank one, if rc(Ag) = rc(Ap) =
0, then Ap and Ap are Z-stable ([27]). Since Agp and Ap are built with the same (¢;) and
(Si1s e Sic; ), it follows that Ky(Ag) = Ki(Ap), and by and Lemma that T(Ag) =
T(Ar). For each d € N, since X is connected, we have Ko(C(X%)) = Z @& H,, where Hy
consists of the Ky-elements vanishing on traces of C(X?). Since the connecting maps are direct
sums of coordinate projections and point-evaluation maps, the induced map Ko(C(M,, (X))) =
Z®H; — Z® Hepey = Ko(M,,(C(X2))) has the form (a,b) — (¢1(a), p2(b)), where ¢q is
independent of the point evaluation maps (hence only depends on (¢;) and (s; 1, ..., Si;)). Then,
denoting by H the limit of (H,,...,;) (which depends only on (¢;) and (s;1, ..., Sic;)), one has

Ko(Ap) = p(Ko(Ag)) @ H and  Ko(Ap) = p(Ko(Ar)) & H

as abelian groups. Since p(Ko(Ag)) = p(Ko(Ar)) and A and Ap are Z-stable (so that the strict
order on the Ko-group is determined by the traces), one has Ko(Ag) = Ko(Ar) as order-unit
groups. Also note that, since X is connected, the restrictions of all traces to the Kg-group are
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zero on H and induce the unique state. So, any isomorphism of the trace simplices is compatible
with Ky. Therefore,

(Ko(Ar), K5 (Ag), [1]0), Ki(Ag), T(A), pa) = (Ko(Ar), K5 (Ar), [1]0), Ki(Ar), T(B), pB),

and hence Ag = A (see [12] and [9]).
Now, assume rc(Ag) = rc(Ap) # 0. Since X is solid, by Theorem [3.4] we have

dim(X) SRR dim(X) . SRR
+ fio B) @)y~ E (7) )y’
mo KT b KD) M K)o (4 R
Since dim(X) < oo, both sides are finite non-zero numbers, and
Cl o .. CZ . Cl o .. Ci

lim

= lim .
2 () e ) ) (o R)
Since the limits are not 0 (otherwise, the radius of comparison is 0), the ratio of the two sequences
above converges to 1, i.e.,

(1 + K) - (g + )

6.1 lim = 1.
(6-1) i (g + Ky (g 4+ K
Also note that, since p(Ko(Ag)) = p(Ko(AF)),

(6.2) [T0n + &) = T (ni + K.
i=1 i=1

Consider the inductive limit constructions

(E) (E)
@
M,,, (C(X)) RANN Mno(n1+k§E))<C<Xcl)) 2 Mno(m-s—kf))(ng—kkém)(C(Xclm)) — o —— Ap,
¢§F) (z)éF)

Mio (C(X)) == M, 0 (C(X?)) —=M C(X92)) — - — Ap.

no(n1 no(n1 +k§F))(n2+kéF))(

Choose finite subsets

FF M, (X)), AY cM (C(X)), ...

no (n1 —I—kgE))
and

FI M, (C(X)), Fi cM C(XM), ...

no(n1+k{") (
such that

i=1

i=1
Also, choose €1 > g9 > --+ > 0 such that

o0
Z g; < 1.
i=1

Since Ag and Ap are simple, we have

Ap(h) == inf{r(h) : 7 € T(Ap)} >0, he A5\ {0},
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and
Ap(h) :=inf{r(h): 7€ T(Ap)} >0, he A;\{0}.
Applying Theorem to (]—"-(E),si), we obtain finite sets Hf?,?—[ﬁ? C M & (C(X%)) and

5§E) > (0. Applying Theorem to (}"Z-(F),ez) we obtain finite sets ’Hlo /HE? C Mm(F)<C(Xdi))
and 52-(F) > 0. Set §; = min{&iE ,5§F)}.

By (6.1) and , applying Lemma we have a diagram

¢§E_> (B)
’1 1512 )
(6.3) M, (C —>M (E) dzl)) — =M (E)(C(de)) s A
gF) o)
M, (C —1>M o ;iM o (C(X%)) — - —— Ap

11 ’2

that is approximately commutative at the level of traces: that is,

FE E,F) E
|T(¢§s+17)is+2 © ¢§s 'Ls+1( ) ¢Zs+1 is+2 ¢5877:)5+1 (h>>| < 587

for any s = 0,2, ..., any h € M_ & (C(X%:)) with ||| < 1, and any 7 € T(M_ ) (C(X%sr2)));
furthermore, ! o

EF FE F
(B4 v © Bty (1) = 01,0 0 G0 ()] < B
for any s = 1,3,..., any h € M (F)(C(Xdis)) with [[h]| <1, and any 7 € T(M,_(r) (C(X%ist2)));
1542
QS(EF andqb

T1s+1, Zs+2 1syls+1
part—more precisely, these maps satisfy the requn"ements of Theorem for ¢y and ¢1—, and

so also do the maps ¢(-E’F? QS(FE and gb

Ts+1,ts+2 15,541

Therefore, by Theorem [5.1] there are unitaries

moreover, the maps qb share the same coordinate projection

Lot 150542 ¢l sl

(F)
Ts41,0s+2 ¢i57is+1 :
uy™ € M, (C(X%2)), uf € M, (s (C(XM)),
12 i4
and

(F) eM (F)(C(Xdi3)), ( ) eM o (F) (C(Xdi5)),

"3 7'5

such that
FE E.F E) \x E E E
6" ool () — (w0 oot (F)uld] < e
for any s =0,2,4..., any f € .E(SE) C Mm@)(C(Xdis)); and, furthermore,
EF FE F)\x ,(F F F
o0 ool () — ) 6 o odt™h (Al < e,

for any s =1,3,...,any f € .E(SF) C Mm<_F>(C(XdiS))-
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In other words, the ith triangle of the diagram

N ad(us®)os )
IE JF) Z1 (F E) (E F>
Mno —> M (F) Xdzl % M (F) (C(Xd12 ) e AF

1 11 11 ¢11 i9 & ( F>)o¢§f)12
is approximately commutative (pointwise) in norm, to within tolerance (.FS(E), £s) Or (f§F), Es).
Then, by the approximate intertwining argument (Theorems 2.1 and 2.2 of [7]), we have

AE = AF;
as desired. ]

Note that the assumptions on X to be solid and to be finite dimensional are only used to get
Equation (6.1). Thus, if k:EE) = k:i(F), 1 = 1,2, ..., then Equation automatically holds, and
then the same argument shows that A = Ap for an arbitrary compact metrizable seed space X.
That is, the Villadsen algebra in this case is independent of the location of the point evaluations:

Corollary 6.2. Let X be a connected metrizable compact space. Let Ag and A be two Villadsen
algebras with point-evaluation sets E and F of the same size (with the same space X and the
same (¢;) and (S;1, ..., Sie;), and same (k;)). (Recall we are assuming (2.2)).) Then Ap = Ap.

Proof. Since E and F' have the same size, Equation (6.1)) holds, and then the same argument as
in the proof of Theorem [6.1] shows that Ap = Ap. O

Remark 6.3. In the case of Villadsen algebras in the strict sense of [31], i.e., with coordi-
nate projections of multiplicity one (and rapid dimension growth), both the trace simplex of
A(X, (n;), (k;)) and the trace simplex of A(X?, (n;), (k;)) are isomorphic to the Poulsen sim-
plex (Theorem [4.5). However, the algebras A(X, (n;), (k;)) and A(X?, (n;), (k;)) are not iso-
morphic in general as their radii of comparison (see [29]) are different (since by assumption
dim(X) # dim(X?)). In the case that X is contractible, we will show below (Corollary
that the slightly expanded class of C*-algebras based on either a given seed space X or a finite
Cartesian power of X is in fact classified by the order-unit Kq-group and the radius of comparison.

Remark 6.4. In the case of a Goodearl algebra ([I§]), i.e., with only one coordinate projection,
Z-stability always holds, as the mean dimension in the sense of [23] is always zero (Theorem
3.4). In this case, may or may not hold. If it holds, then Theorem and Corollary
are applicable. If not—by [18], this is the case for real rank zero—then in any case the trace
simplex is determined as the state space of the Kq-group and the conclusions of Theorem and
Corollary still hold. In fact, in general, the failure of is equivalent to real rank zero,
and so the hypothesis of in Theorem and Corollary is unnecessary.
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7. LET (n;) VARY
We shall show the following theorem in this section:

Theorem 7.1. Let X be a K-contractible (i.e., Ko(C(X)) = Z and K;(C(X)) = {0}) solid
metrizable compact space which is finite-dimensional. Let

A= AX, (), (kY), ED) and B = B(X, (n{"), k7)), F®)

] 1 1

be Villadsen algebras (with coordinate projections of arbitrary (non-zero) multiplicity). Then
A= B if, and only if,

Ko(A) 2 Ko(B), T(A)=T(B), and rc(A)=rc(B).

Moreover, if rc(A) # 0 (orrc(B) #0), then T(A) (or T(B)) is redundant in the invariant, that
is, A = B if, and only if,

Ko(A) 2 Ko(B) and rc(A) =rc(B).

Remark 7.2. Since X is assumed to be K-contractible, we have

1 1
n(()A) ngA) + k{A)
and
~ 1 1
KO(B)_Z[ B)"”] g@7

néBV ngB) + k;g

with the class of the unit being of course 1 € Z.
Remark 7.3. All contractible spaces are K-contractible, but not all K-contractible spaces are

contractible. Instances of this are the 2-skeleton of the Poincaré homology 3-sphere (or the
Poincaré homology 3-sphere with a small open ball removed), and the join of two infinite brooms:

7.1. An intertwining diagram.

Lemma 7.4. With X a metrizable compact space, let

A= AX, ("), (), EY) and B = B(X, (n{”), (k{")), FP)

7 7

be Villadsen algebras. Assume that

& O TT0 + 60 =i Tl K9,

=1 =1
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as supernatural numbers, and

(4)
1 c;
(7.2) (A4) H @ |, . B) H B) 70,

Ny " =17y +k zln

as real numbers. Let 01,04, ... be a decreasing sequence of strictly positive numbers with

i o, < 1.
n=1

Then there is a diagram

¢(A) ¢(A)

1,7 (A) 11,2 (A)
(7.3) Mn(A) (C( —1> M A (C(Xdil )) 3 M (A) (C d A
0 AP “ B <A B)
ﬁ)l (B) ¢§f12 ( >
Mn(B) (C — M (B) (C(X —> M (B) — - —— B,
0
where
mi = no(ny + ki) (i +kic1), dii=creeeciog,
such that

B,A A,B A A
(62 oot (h) — ol oo™ (h)] <6,
(A)

forany s=10,2,..., any h € M_ (4 (C(ng?))) with |[h]| <1, and any T € T(M () (C(Xd"s+2)));
is 15 2
and, symmetrically, "

A,B B,A B B
(M) oot (h) — ol os) (h)] <6,
(B)

for any s =1,3,..., any h € M n(® (C(Xdif))) with ||h]| <1, and any 7 € T(M_ 5) (C(Xdisw)));
ts+2
and moreover, for each s = 0,2, . ’
¢<B’A? o ¢\ = diag{P., R,, 0/}

1s+1,1s42 1s,ls4+1
and

0y = 00 00, = diag{P, RI, 61},

15,0542 1syls+1
where Py is a (common) coordinate projection map, and O and O are point-evaluation maps
with
rank(R,)  rank(RY)

rank(©}) = rank(07) and rank(0/) = rank(0/) < 0;,,

and, symmetrically, for each s = 1,3, ...

o) ¢<B A — diag{P,, R,, 0}

1s41,0s42 1s,ls4+1
and
¢ _ ¢ ¢(A) :diag{P R// @//}
157Zs+2 Zs+1,ls+2 1s,bs+1 5y Shsy Ms ko
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where Py (with s now odd) is a (common) coordinate projection map, and O, and ©” are point
evaluations with

N " rank(R.) B rank(RY)
rank(0)) = rank(©)) and rank(©)) ~ rank(©”) < 0j,.

Proof. Consider the inductive constructions

(A) d(A) (252 d<A)
M (A)(C(X)) oM (A)(C(X 2 )) — =M (A)(C(X 3 )) —_— e —— A

() (o, o
M (B)(C(X)) LI M (B)(C(X 2 )) — =M (B)(C(X 3 )) - ... _>B’

where

m; = no(ny + ki) (nior + ki), dii=creeecion

Set (see ([7.2))

NORE 4B )

v := lim = lim G € (0,1).
i—00 n(() )( (4) + k‘(A)) --(ngA) + k(A)) i—00 n(B)( + k;(B ). '(nEB) + kZ(B))

(2

Without loss of generality, since kZ(A) >0,7=1,2,..., we may assume

k%A) %51
(7.4) 0 < —+—— and —A—-— < <1
e T

There is i} > 0 such that

o @

i +j

(75) 1—Hw1—] < 01,

7=0 z 1+ + kzl—l—]

and, by Theorem , i} can be chosen sufficiently large that for all j = 1,2, ..., the ratio

(A) (A)
(A) (A)
M iy
is sufficiently close to 1 that
(A) (A) (A) (A)
C., e Cy n. ey, . 62 52
i 11 +7 i 17+7 1 1
(7.6) W Ca—w Tt <g
TLZ, AR nll +] CZI C’Ll +J
1 1 1 1
and
A A
- {oim=1 k=lo.c- i}l g
' niY n(,A) . 127
2 11+7
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where
¢§:2,1+j = diag{~7, ..., 7], ...,W:(A) RO ..,W:(A) RO point evaluations}.
N——— i Gt [ +i-1 i it [+l
S1 N -~
S (A) ()
i i t+i-1
A V(A)
1/1 11+] 1
Then, pick &’ > 0 such that
(A)( —l—k ) (n(,A_) +k(/A_)) 1
(78) i —1 i—1 <__€,
' A . A ’
Cro Gy v
and pick ” > 0 such that
1
(7.9) (; —(vy+e") <1
By (7.1) and (7.2)), there is ¢; > 4} such that
i1—1 11—1
(7.10) n{? H (n'® + kP is divisible by n{? (ngA) + kW),
i=1 =1
(B) - C(B)l
(7.11) 5 5 = B < v+e,
ng )(”1 k( ) ( n; - 1 k?z(l 1)
B
and (since [[2, f ) = o0)
(A) (A)
c Ci 21 62
1 11—1
By Theorem [3.7, one may also assume that for all j = 1,2, ...,
W) nlP)
11 11TJ
(7.13) —c(B)---ch). <2
11 11+]
and
(7 14) ’{Sk DSk = 17 k — 1 ) 7,1 : Zl+]}’ 5_%
: (B) .. (B) 12’
i, Ty +j
where
¢§f§l+j = diag{m{, ... 7, ..., T s - Tm_m  point evaluations}.
H/—/ N ’Ll 11—0—]—1 i1 ’Ll+j 1
' 5.(B). (B)

Cip %41

(B

Z1

(B)
ip+j—1

27
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Pick Iy ;; € N such that

B B A A A A
(7.15) 0<c )~--c§1_)1 — (! )~--c§,7)1)li/1,i1 < )--~c£,17)1
SO b4 4 1s the 1n eger part or ¢ B C C, and 1t wi € use O construc € map
li sy is the int tof ... lP) Y and it will be used t truct th
(7.17)) below).
Then
A A A A
- G (i + k) (i + EY) i i
: B B B B)
ny” (ny” + ki) - (n 5 J +k< D k) 7 )
(A), (A) (4) (A4) (A) (B) (B)
o (ni +k) (Z k}/,l) ci gy
< o (by (7.13))
— B B B A A
A+ ) (i, 4 A P ),
”(()A)(ngA) +kf§A)) (ni -1 +k7' 1) (B)" Cgf)l
- A (B B) B)
CRRTRrcRN ng” (n{” k< ) (i) + RS

1
< (; - 8/)<’Y+€”) <1 (by " " and )

d';
M, 0 (C(0) — M, (C(x ) =228, (C(XE)) A
0 1 s
7,11
‘bgB’i 4P ¢5’1 A )
M, (C(X)) —=M_ o (C(X 1)) —= M, (C(X" ) — - —= B,
i 1
where
m; =no(n + k1) (o + kica),  dii=cc i,
~ (4) (B
and 357 - M, o (C(X™ ) = M, 5 (C(X™)) is the map
i iy
(7.17) [ diag{fom,..., fom, ,,» boint evaluations},

Lit iy

where the point evaluations are arbitrarily chosen (the map ég,ff)

as specified, exists by (7.10) and (7.16])) (the evaluation points chosen for the map %A ’.B) might
oy -
not be suitably dense in X %, but the set of evaluation points of the map ¢§,;4 f) o ¢§ ,), which

, with coordinate projections

contains the set of evaluation points of the map (bgéi, is suitably dense).
Write
(A,B) _ (AB) J 1 (A)
oD =3 0

!
1,01 1,87



REMARKS ON VILLADSEN ALGEBRAS

and compress the diagram above as

o\ PR A
1,11 d“ 1 d! J)rl
Mn(A)(C<X)) E—— Mm(A)(C<X ‘1 )) — Mm(A) (C(X ‘1 )) cee A
0 ¢(A,B) i1 i1+1
\
B B
6 )1 4B ¢§1 ) (B)

M 5 (C(X)) —>M _»(C(X"")) —=M 5 (C(X%+)) — ... —= B.

7o i1 i1+1

Note that the map ¢§f‘i’f’) is given by

f—diag{fom,.., fo T )y, certain point evaluations}.
LA R R
1

N

A A
(n! )...ni,ljl)lifl,il

Without loss of generality, we may assume that

(B) 35,
Jy < U and 4 <6y < 1.
ey T

ny ..
(7.18) 1 Hn<B> S 02,
J=0 "Yin+j ih+j
(B) (B) (B) (B)
c, eyl L ey, 52 52
v R ¢ i5+] .
(7.19) 56 o -D+2)< 2 =12,
n. e ey, . , s Cy i 6 3
5 lot+] ) iy+]
and
) (B)
Hsp:sp=1, k=1, LB ¢y H 52
‘2 2] _ Y2 -
(7.20) BB > 1 15 1=12, ..,
5 ]
where
¢E’fz?’2+j = diag{~ny, ..., 7], ..., 7TZ<B)WC<B) s W(m) () » boint evaluations};
S—— i b1 ity T Cih+i—1
S1 ~ 4
S (B) _(B)
i ih+i—1
n(B)_,jf(B)
i ih+i—1
sk :sp =1, k:zl,...,cl(j)---cgﬁjﬂ 2 ,
(721) n(A)n(A) > 1—ﬁ, j—1,2,...,

12 i2+j

29
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where
¢22 oty = diag{m{, .. 7, 7w ) T , point evaluations};
S—— 2 igtji—1 i2 igt+j—1
' 5 (A) (4)
N 7,2 12+] 1 .

)

i9 ig+j—1
and

io—1 i’2—1
(7.22) ng ) TTd + &) is divisible by nd” T (™ + K7,
=1 i=1
(B) (B)
Cy “Cin 5%

(7.23) c(A) PR

1 12—1
and

2P0 + K7y P kD) i
(7.24) @) ) ) S R N <1
L (n1 + k) (z/ 1+k/ 1) (nyl ‘l'kifz)"'(zz 1+k12 1)
where
A A B B B B

(7.25) 0 < eoc — (P DDy, < P

a? 44

Consider the map gzﬁZ 0 Mm(3>(C(X 2 ) = M ) (C(X% ),
1’2 12

f }_)diag{foﬂ-la“')foﬂ-lié’iQ

-~

11’2,12

where the point evaluations are arbitrarily chosen (the map ngfzif)

cf. above). Define
(B,A) _

¢Z1,12

and consider the augmented diagram

o
19,22

A
7 (1)

¢()

M, o0 (C(X)) —= M, (C(X ")) = M, o0 (C(X ™)

(A B)

(B)

l’L (B)
—1> M (B (C(Xdll

7'1

(P
2
M (s (C(X 2
o 12
It follows from ((7.5)) that
(B,A)

A,B
(o83 0 157 (h) — 61, 0 10 (M) < 4y,
Note that
B,A) A,B) B,A) (B
¢’L('1,’LQ ¢§ ’Ll (QSEZ,ZQ o ¢11,32

_ 3B 5B)

N
11,8%

— M (B (C(X%

, point evaluations},

exists by ([7:22) and (72);

A
%)) —— ... —~ B
he M (C(X)), [[All <1.
A, A
gbg’l,f)) © gbgz’i
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By (7.14)), we have

¢W = diag{~], ..., ’/T(B) o Qp, point evaluations},

'Ll 71
N
~~
B B
2. eB
1 12

where @ is a coordinate projection map (possibly with multiplicity) with (in view of (7.13))

52 5?2
rank(Q) < (i ng?) < el ).

Hence,

¢(BA ¢(f)/ o ¢(AB
11,15

15,82 zlz

= diag{~ny, ..., (B (B , Qo, point evaluations},

l'Ll?'Ll( i1 z 71)12/27732
N 7
~~

l

BB
i/l,zl( i1 e /2 1)l1/2 i9

where Qg is a coordinate projection map (possibly with multiplicity) with

(7.26) rank(Qy) < %lllml( BB

and hence,

(720 o) oo = diag{mi o Py (w0 P Qoo P 61},
h (4, (A V(B> B .

(ny™"rem i - 1)l1’1,i1 (i) 1’271)11’2 )

where P( i is the coordinate projection part of the map gb il and @’ is a point-evaluation map.
Also note that by (7.7 - and note that the multiplicities of coordmate projections are non-zero),

A .
¢§3,22 = dlag{ﬂ,...,ﬁz(m OR ()1, point evaluations},

2 1
2 Z2

where (); is a coordinate projection map (possibly with multiplicity) with

2
(7.28) rank(Q;) < %( .. ngf_)l)

We then have

( ) * (A) (4) An
(729) ¢1 g dlag{ﬂ-l 1 b ﬂ-c( ) P17¢/17 Ql o Pl,z"l’ @1}7
1/1 22 1
e

A
(nf™-

where € ! is a point- evaluation map.
Let us compare (]5“ - )o ¢§ﬁ’13) ((7.27)) with Qﬁfg ((7.29)). Note that



(7.30)

IN

IA

Also note that

(7.31)

IN

IA

IA

IA
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A B B
" .ngll—)l)lillvil(cl('l o .cz(é—)l)liéalé
w APy Al
) o
ni’l—l) (A) 24) (Cz'l "'/2_1>(B)—(2m (by (7.15) and ([7.25))
Cl ..'ci’l—l Cl ...Cié—l
(A) (A) (A
My Gyt Cipma
A) (A A A (A)
'ng’l—)lnz(’l b ‘ngg—)1 = ng . "My, 1
A A A A B B
Cg : "'CEZ—)1 - (Cg : .“Cl(/l—l)li’l,h(cz(l b 65/2_)1)%5,@
A A A A B B
Al = (Yl ) (D Dy,
A A B B B B
Cg ). '052—)1 - (Cg . 'Cz(‘l—)1)(cz(1 ). 02(/2,)1)11'2,1'2
H( NP AP by (7.15)
1 i —1 (51 ih—1/" 19502
A A B B A A B B
Vel = (P P gy + (Y DD D i,
B B A A B B
A7 D () s (by ([T2))
(B) (B) (A) (A) \(.(B) (B) e
“a .Cilz—l—{_(cl ) 'Cz"l—l)(cn ' i’z—l)c(B) __C(zB) (by (7.25))
1 i’2—1
(B) (B) (A) (A) e
a4 e i l)ch). .ciB)l
11—
(4) A
e
B B 1 ih—1 A A
cg)"'ny,)le - L (Cg)"'cz(r)l)
A BB
1 i1—1
52 A A
s@”dly by @29, [T12).

32
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and hence,
1 A A A A B B
(7'32) (A) (A) (ng ). .nEQ—)l - (n(l ). 'ngizl)lii,i1(cgl ) Cgé,)l)lig,iz)
L B (7
(A) (A)
Ny mee My (B) (B)
= 1- ol (d? )l
Ty
(A) (A) (A) (A) (A . A
L e Al T VR R R
- (4) @ @A (A) (A i =177
1 [ s T s B B P
O B R R )
o (ci,1 Cip—1 ). Cy Ci/l_llq ‘ (C(B) B Vi o
(A) (A) (4) (A) Mt in—1/"02
nill ...n/l2_1 Cl o .. 22_1
(A) (A) (A) (A) (A) (4)
Ci ey my g 2y €1 Gy (B) (B)
= o o - D0 o el )l )
L P B A P € G
e, a0
ni/ . nig—l Ci’ “ e Ciz—].
1 1
o7

< 3 (by (7.6)).

Then,
) ) ) ) ) N B B
(n§ )., .n'gll—)l)<c’5’1 ). .. 62(221) - (ng ). 'nz("l_)1)li'1,i1 (cl(l b Cgé—)l)lié’iz
) ) : . N 4 B B
< (ng ). nz(’l_)1)(n§’1 )., .m(Q_)1) - (ng .. 'ngll—)1>li/17i1(c§1 o Cl(’—)l)lié’w
< ﬁ(n(m i)
= g m ia=1/
and hence,
5 (A) (4)
A A B B 00 My
(733) (CE/ ). ‘Cz('g_)l) - li'pil (01(1 SR CE/El)lilym = 3 = (i‘) |
1 ’ ’ " .
1 ip—1
Write
. * A * 5
P, = diag{7} o Pl(,z"l)’ T DD Pl(ﬂ/l)}‘
SR il271 '2"2
i Mg iy @7 Dl
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Note that (by (7.26) and (7.28)) in the second step)
rank(©") — rank(©7)|

A A A B
< (Y nf (Yl )) = Ly (e )l 5, + Tank(Qp) + rank(Q)))
2 (A4) (4) 2 2
(A) ()01 MMy 01, (B (B) 01, (A (4
< (my ni’1—1)<3 ”gA)"'nz(f)1 612’1,21(% Ci5_1)l1222+12(”i'1 N, 1))
50, @A) )y, 0%, @ (B)  (B)
= 551(711 "'”1271)"‘5(”1 nifl_1)li’1,i1(czl "Gy 1)11’2,1'2
50, @) )y, 0, @ @
< E‘Sl(nl "'”@—1)"‘5(”1 "'nig—l) by ([7.30))
7 A A
= Lol

Then, ©) and ©” can be decomposed as

O =R 20, and &' =R &0,

with
- - 7
(7.34) rank(©}) = rank(0f) and max{rank(R)),rank(R})} < E(Sf(ngA) i nff,)l)
Define
R} — diag{Qoo P2, R}
and
R// dlag{'ﬂ' (el (B) (B) W 41 Pl(z')7 ,..,W:(A) (A) oP / s Q 1 / , R//}
11 ¥i1 ’2 177,12 i Cig—

Then we have
ol o 0% = diag{ P, R}, 61}
and
o, 0 01 = diag{Py, R}, 67},

with (by (7:26), (7:33), and (730))

5?2 7
rank(RY) = rank(Ry) < Lm0 - ol + 750000 )

6 7,2 7,271
(7.35) < Tl(ni i),

Note that rank((:)’l’ )—the number of the point evaluations appearing in gbff‘zg o qbgﬁz—is at least
kY
RO
and hence, by , is at least

A A A
(Y + k) - 2+ B,

(™ - i),

7,21
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It then follows from ([7.35)) that

2
rank(©}) = rank(0") > (5, — %)(ngf” ot

4 i9—1
and hence (by (7.35)) again), that

rank(R})  rank(RY) < 357
rank(©])  rank(©}) ~ §; — 367

< 0.

Repeating this process, we have an intertwining diagram which is approximately commutative
in the sense desired. ]

7.2. The isomorphism theorem. First, we need the following stable uniqueness theorem,
which certainly is well known to experts (see, for instance, [5], [21], and [I5]). For the reader’s
convenience, we provide a proof.

Theorem 7.5. Let X be a K-contractible metrizable compact space (i.e., Ko(C(X)) = Z and
Ki(C(X)) = {0}), and let A : C(X)" — (0,+00) be a map. For any finite set F C C(X) and
any € > 0, there exists a finite set H C C(X)T with supp(h) # X for each h € H and there
exists M € N such that the following property holds: for any unital homomorphisms

6,0 C(X) = M,(C(Y)) and 6:C(X)— M,(C) <M, (C(Y)),
where 0 is a unital point-evaluation map with nM < m, and such that
tr(6(h)) > A(h), heH,
there is a unitary u € M, 1., (C(Y")) such that
[diag{¢(a), 0(a)} — u"diag{y(a),0(a)tull <&, acF.
The theorem follows from the following two lemmas.

Lemma 7.6. Let X be a K-contractible metrizable compact space, and let A : C(X)T — (0, +00)
be a map. For any finite set F C C(X) and any € > 0, there exists a finite set H C C(X)™T
with supp(h) # X and ||h|| < 1 for each h € H and there exists M € N such that the following
property holds: for any unital homomorphisms

6, C(X) = M,(C(Y)) and 6:C(X)— M,(C) C M,(C(Y))
where 0 is a unital point-evaluation map with
tr(6(h)) > A(h), heH,
there is a unitary u € Mayayn(C(Y)) such that
|diag{®(a),b(a),...,0(a)} —u*diag{y(a),0(a),....,0(a)}u|| <e, a€F.

M M
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Proof. Assume the statement were not true. Then there would be (Fy, g9) such that for any finite
set H C C(X)* with supp(h) # X and ||h|| < 1 for each h € H and any M, there are unital
homomorphisms ¢, 1,0 : C(X) — M, (C(Y)) for some Y and n with # a unital point-evaluation
map with

tr(0(h)) > A(h), heH,

but
Idiag{(a),0(a), ... 6a)} — u"diag{1(a), 0(a), .. 0(a)kull = 20, a € Fo,
—_——— —_————
M M
for all unitary u € Mg 4a)n(C(Y)).
In particular, let H;, ¢« = 1, 2, ..., be an increasing sequence of finite sets such that the union of

H; is dense in the set of positive contractions of C(X)* which do not have full supports, and such
that supp(h) # X for each h € H;, i = 1,2,.... There are sequences of unital homomorphisms
Gi, i, 0; - C(X) — M, (C(Y;)) =: B; for some Y; and n; with 6; a unital point-evaluation map
with

(7.36) tr(6;(h)) > A(h), h e H,,

but

(7.37) |diag{®i(a),0;(a), ..., 0;(a)} — u*diag{e;(a),b;(a),...,0:;(a)}ul| > o, a € Fo,
— —

for all unitary u € My;(B;) = M144n, (C(Y7)).
Consider the three maps ® := (¢;), V¥ := (¢4),0 = (6;) : C(X) — [[ B:;/ €@ B;. Since X is
K-contractible, by the UCT ([26]), the C*-algebra C(X) is KK-equivalent to C, and hence we

have

(7.38) @] =[] in KK(C(X), ][ Bi/ P By

By ([7.36)), the map © is a unital full embedding (see Definition 2.8 of [5]; we leave the verifi-
cation to the reader), and then, by Theorem 2.22 together with Theorem 4.5 of [5], there exist
[ € N and a unitary u € My, ([[ B;/ €@ B;) such that

|diag{®(a),O(a),...,0(a)} — u*diag{¥(a), O(a), ..., O(a) tul| < g9, a € Fo.
—_—— —_——
I I
Lifting u to a unitary of [[ B; (the relations for a unitary are stable), one has a contradiction

with (7.37). 0

Lemma 7.7. Let X be a compact metric space, and let A : C(X)" — (0,400) be a map (density
function). For any finite set F C C(X), any € > 0, and any M € N, there exist a finite set of
positive contractions H C C(X)™ and L € N, with supp(h) # X for each h € H, such that if
0:C(X)— M,(C), where n > L, is a point-evaluation map with

tr(0(h)) > A(h), heH,
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then there are unital homomorphisms 6y : C(X) — M, (C) and 6, : C(X) — M, (C) for some
no, 1 with ng + Mny = n and a (permutation) unitary u such that
16(a) — u (Bo(a) ® ba(a) @ - Bu(a)u <&, a € F,

-

M

and

N §n1.

Proof. Pick ¢ > 0 such that dist(x,y) < ¢ implies |a(z) — a(y)| < ¢ for all a € F. Pick a finite
set {y1,...,ys} € X which is d-dense in X. Define

0o = min{dist(y;,y;) : i # j, 1,5 =1,..., s},
and pick non-zero continuous functions h; : X — [0,1], i = 1, ..., s, such that
hi(z) =0, if dist(z,y;) > do/2.
Set H = {hq, ..., hs}, and pick an integer
M?+ M
min{A(h;) :i=1,...,s}

Then H and L have the property of the lemma.
Indeed, let 6 : C(X) — M,,, where n > L, be a point-evaluation map satisfying

(7.39) tr(0(h)) > A(h), heH.

L>

Write {z1, ..., z,,} for the evaluation points of . Then, choose a map o : {z1,...,z,} — {v1,...,ys}
such that

(7.40) dist(x;, o(x;)) <6, i=1,..,n,
and for each j =1, ..., s,
O'(flfz) =Y if dlSt(IZ,yj> < 50/2

Let 6" : C(X) — M, (C) denote the point-evaluation map at the points o(z1), ..., o(x,). Then, it
follows from ([7.40) and the choice of § that

(7.41) 10C) = 0Nl <&, feF
Up to a permutation, we have
0" = diag{evy,,, ...,evy,, ...,evy , ...,ev, }.
mi ms

Note that

By ([7.39)), we have
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Then, write m; = Md; + r; with 0 < r; < M — 1, so that, in particular, d; > r;. Write
T1 Ts

. e e PN
6y = dlag{?vyl, oevy 0,00, 8y evy 0, ,Q}

~~ ~~
mi ms

and
1 d1 Ts ds
. N — N —
0, = dlag{g, 0,8V, .. evy,, 0, ...,Q, ...,9, 0,8V, evy,, 0, ,Q}

g g
mi1 ms

Regard 6y as unital homomorphism C(X) — M, (C) and regard 6, as unital homomorphism
C(X) = M, (C), where ng = r; +---+rs and ny = dy + --- + ds. Then a straightforward
calculation shows that
0'=0000,D---04,
~——
M
and the desired inequality is then just (7.41]). O

Proof of Theorem[7.5. Applying Lemmal|7.6/to (F,e/2) with respect to the density function A /4,
we obtain a finite set of positive contractions H; C C(X)* with the property that supp(h) # X
for all A € H; and a natural number M;. Without loss of generality, we may assume that

1
(7.42) Moz A ®) heH)

Applying Lemma [7.7 to (F U H;, min{e/4, A(h)/4 : h € Hi}) and 2M; with respect to the
density function A, we obtain a finite set of positive contractions Hy and L(> 2) . Moreover,
supp(h) # X for all h € Hy. Then H := Hy U Hy and M := 2LM, satisfy the condition of the
theorem.

Indeed, let ¢, 9 : C(X) — M,(C(Y)) and 6 : C(X) — M,,(C(Y")) be unital homomorphisms
such that 6 is a unital point-evaluation map with n(2LM;) < m (in particular, L < m and
n < m/2M,), and

(743) tr(@(h)) > A(h), heH=H,UHs,.

By Lemma [7.7] there are unital homomorphisms 6, : C(X) — M,,(C) and 6; : C(X) — M, (C)
for some ng, ny with ng + 2Min; = m and a permutation unitary u € M,,(C) such that
(7.44)  [|6(a) — u*(bo(a) ® O1(a) ®---01(a))ul| <min{e/4, A(h)/4:h € Hi}, aeFUH,,

-~

2M;

and

N §n1.

In particular,

(7.45) [|(Ln © w)(@(f) & 6(F)) (1 & ) = 6(F) & bo(f) @ 02(f) &~ @ b1 (f) || < 7.

2My

feF
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and

(7.46) [[(1n @ w)((f) @ 0(f))(1n @ u”) = (f) B Oo(f) ©6.(f) @ --- ®O(f) ]| < Z, feF.

-~

2Mq

Note that, also by ((7.44)), we have
| Te(0(h)) — Tr(6g(h)) — 2M,Tr(61(h))| < mA(h)/4, h € H,,

Hence, by (7.43)) (and note that h is a positive contraction),
2MTr(01(h)) > Tr(6(h)) — Tr(0o(h)) — mA(h)/4 > mA(h) —ng — mA(h)/4 = ZmA(h) — no,
and then, by (7.42)) (and note that ng < ny; and m > 2Min,),

1 1 1
3m no 3, m A(h)—gA(h)>3

1
—T — A — —
nq r(el(h)) - 8]\/[1711 (h) 2M1n1 ~ 4(2M1n1)

That is,
1
tr(6,(h)) > ZA(h)’ h € H,.

Now, consider the maps

(0D O)D 01D @) and (VB ® (O DD b).

2M1 2]\41

Since
n0+2M1n1 < 1+2M1

m
oL, T T arar, TS T an

it follows from (the conclusion of) Lemma/7.6] that there is a unitary v € M, 1,,(C(Y)) such that
GBSO © - & (1)~ (W(HSNSGN) & - oYl < 5. feF

~~
2M1 2M1

Therefore, together with and ,
lo(f) ® 0(f) — (Ln & u")o"(1n ® u)((f) ® 0(f))(1n B w)o(ly B u)|| <e, feF,
as desired. O

n+ng < n +n < 2nq,

Proof of Theorem[7.1. 1If rc(A) = re(B) = 0, then A and B are Z-stable, and hence A = B if,
and only if, (K¢(A),T(A)) = (Ko(B), T(B)) (note that Ko(A) and Ko(B) have a unique state,

and hence the pairing maps are automatically isomorphic if T(A) = T(B)).
Now, let us assume rc(A) = rc(B) # 0. Since X is solid, by Theorem [3.4]

dim(X) 77 o?  dim(X) 5 c§B>
Il e

n(()A) = 1 +k n(()B) 1= 1 k(B

Since dim(X) < oo, both sides are finite non-zero numbers, and hence

=R (5)
(A)H (4) = B)H B) B)7é05

L) i= +k zln
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that is, ([7.2)) of Lemma is satisfied. Note that ([7.1]) of Lemmafollows from the assumption
Ko(A) = Ko(B).
Consider the inductive limit constructions

A A
oM (A . oY

M, (C(X)) = M, 0 (C(XE)) = M, (CXB)) — - — 4,
oi” PN e
MnéB)(C(X)) —_— MmgB) (C(X 2 )) — MmgB) (C(X 3 )) — .. ——= B,

where
m; = no(n1 + k1) (nim1 +kic1), dii=croccior

Choose finite subsets

FIVCM w0 (C(X)), F¥Y S M
0 0

(A)

(ngA)+k§A))(C(Xn1 )),

and
(B)

FP M, (CO)), AP S M (™).

(n{® +k{)
such that

Gf}f‘) — A and GI}B) — B.
=1

i=1
Also choose €1 > €9 > --+ > 0 such that

Z g; < 1.
i=1
Since A and B are simple, we have the non-zero density functions
Aa(h) =inf{r(h) : 7€ T(A)}, he A",
and
Ap(h) = inf{r(h): 7€ T(B)}, he B*.

For i = 0,2, ..., applying Theorem to (}"i(A), £;/2) with respect to A4/4, we obtain finite
sets H%),’Hgﬁ) C Mm(A)<C(Xd’(A))) and 5§A) > 0. Applying Theorem to (.7-"2»(’4)7&/2) with
respect to A4 /4, we obtain MZ-(A) > 0 and a finite set Hgé) CM (C(Xdz(A))) with supp(h) # X
for each h € H§j;‘)

Fori = 1,3, ..., applying Theoremﬂto (fi(B), £;/2) with respect to Apg/4, we obtain finite sets
”H;ﬁ), H§f) C Mmgs)(C(XdEB))) and 5§B) > 0. Applying Theorem |7.5| to (]—"i(B), €;/2) with respect
to Ap/4, we obtain MfB) > 0 and a finite set Hgg) C Mm@)(C(XdEB))) with supp(h) # X for
each h € HE?

For each i = 1,2, ..., set

HY =HYUHD UHS, 1P =1 oD uHD,

1



REMARKS ON VILLADSEN ALGEBRAS 41

and
5 Lo o 1 11 s LA () h HNY hp e HP
_mln{2 4 ; 4 ’Mi(A)’Mi(BV% A( A) 20 B( B) A € i B € i }
After telescoping, we may assume that
(7.47) (6L (h) > Aa(h)/2, he HW, e T(M,_w(C(X4H)), i=0,1,...
) 2+1
and
(7.48) (6, (h) > Ap(h)/2, heHP), 7€ TOM, ) (C(XEH))), i =0,1,....
) 7,+1
By Lemma [7.4] there is a diagram
¢§3)1 4 ¢5f12 d(A)
(7.49) Mn(A)(C<X — M (A)(C(X n))—M (A)(C(X —_— .. ——= A
0 <A B) (B A) A B)
\ y 1/2 13
(1]?2)1 4B ¢51i ( >
Mn(B)(C — M (B)(C(X i —2> M (B) —...——> B
0 ’Ll 12
such that
B,A A,B A A
(750) ’T(¢£s+1 Zs+2 © (bl(sﬂ;s«l»)l (h> - ¢7€s+)177:s+2 © ¢§5725+1 (h>)‘ < 57:5
(4)
for any s = 0,2, ..., any h € M_ (4 (C(ngf))) with ||| <1, and any 7 € T(M_ () (C(Xdis+2))),
is 1542

and, symmetrically,
A,B B,A
(057 0 B () = 61 i, 0 B ()] < 8,
(B)

for any s =1,3,..., any h € Mm§B>(C(XdEf))) with [[h]| <1, and any 7 € T(M_ 5 (C(X%er2))),

1542
and such that, for each s = 0,2, ...,

$IN 0o = ding{P,, R, 0.}

1s+4+1,ls+2 15,541

and
(b(A) = ¢z(;4+)1,is+2 © Qb(A) = diag{P87 RIS/7 @Is/}’

15,05+2 1syls4+1
where P; is a coordinate projection map, and ©’ and ©” are point-evaluation maps with
rank(R,)  rank(R)

(7.51) rank(©;) = rank(©;) and rank(©})  rank(©7)

< 52'5,

and, furthermore, for each s = 1,3, ...,

¢(A7B) e} ¢( — dlag{P S R;’ @;}

Ts+1,ts+2 is,t +1
and
(B) _ : /! 1
¢’LS Js+2 ¢25+1 42 gbis,’is_‘_l - dla’g{Ps’ Rs7 68}7
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where P is a coordinate projection map, and © and ©” are point-evaluation maps with

k(R,) rank(RY)
k / — k i d rai LA S 52 .
rank(0}) = rank(©}) an rank(0]) ~ rank(0!) < 0;,

Also note that, by (7.47)) and ( -

(A)
(7.52) (6, oo () > Aa(h)/2, heHP, T TOL w (C(X%+2))), s=0,2,..
ls+2
and
(B)
(7.53) (o) ool () > Ap(h)/2, heH, re T(M m (C(X"+2))), s =1,3,...
ls+2

For s = 0,2,..., let us show the maps diag{ P;, R.,©.} (which is pBA) (A’»B)) and

Ts41,0s42 ¢2.s,ls+1
diag{ P;, R, 0"} (which is gbl iess ngZS i..,) are approximately unitarily equivalent. For this
purpose, by (7.51), we may assume that the ©(1) = ©”(1) (and hence R/(1) = RJ(1)). Then
denote 1p = Py(1), 1 = ©/(1), and 1z = RL(1).

Consider diag{P;, O’} and diag{ Ps, ©”} which are maps

(4) (4)
Mm(A)(C(Xdis )) — (1p + 1@)Mm(A) (C(Xd’sﬂ))(lp + 1@).

is 7;54—2

Then the conditions of Theorem [5.1] are satisfied for diag{ P, ©.} and diag{Ps, ©”}. Indeed, for
(A) s
each h € H; and each x € X s+2, by (7.50)) and ([7.51)),

I Tr(diag{P,(h)(x), ©4(h)(2)}) — Tr(diag{ P(h)(x), ©(h)(x)})|
< |Te(e>Y) o PV (h) () — Te(el? oot (h)(x))] + | Te(RL(h)(x)) — Te(R,(h) ()|
< m; (4) 0i, + m(A) i, Qm(A) i, -

542 42 542

Therefore (use (7.51]) again and recall that ¢;, < 1/2),

)26Zs < 4515 < 51(814)’

[tr(diag{ Fs(h)(z), ©;(h)(2)}) — tr(diag{Fs(h)(z), O, (h)(2)})| < (5 _15

which implies
(7.54) I (diag{ P.(h), ©,(h)}) — 7(diag{ P.(h), ©"(h)})| < 46, <™, heH?,

(4)
where 7 is a tracial state of (1p + 1o)M () (C(Xdi5+2>)(1p + 1g).

is42
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Also note that for any h € %2(24)’ by (7.51]) and (7.52)),

tr(diag{ Ps(h)(x), ©{(h)(2)})

> i Te(ding {P(0) ), @) ()}
= — o Tr(diag{ Py (1) &), O (@), RN ) }) — — Tr(RI(A)(0)
> (6 0 A @) 5

> AA(h) /2 -6,

s*

Hence
(7.55) 7(diag{P.(h), 0"(h)}) > Au(h)/2 = 6, > Aa(h)/4, heHD,

(4)
where 7 is a tracial state of (1p + 1o)M () (C(Xdi5+2)>(1p + 1g).

1542

Together with ([7.54]), we also have that, for all h € 7-[5;4),
(7.56)  T(diag{Ps(h),©L(h)}) > 7(diag{ Ps(h),©%(h)}) — 46;, > Aa(h)/2 —5d;, > Aa(h)/4,

(4
where 7 is a tracial state of (1p + 1o)M | @ (C(Xdls%))(lp + 1g).

Thus, by - -, and ( -, we apply Theorem [5. 1} - to obtain a unitary

(A)
Usyo € (lp + 1@)Mm(A) (C(XdiSH))(lp + 1@)

is+2

such that
(7.57) iz ading{ P2, O Yuugyz — ding{Py, O0}| < = on F

Now, consider the maps

(A)
dlag{R’ @/} dlag{R @//} M (A)(C(X @i’ ))) — (1R+1@)MmgA) (C(Xdi?+2))(1R—|—1@).
ts+2

(4) (4)
For each h € ”HE:‘%(Q 'HE:‘)), since supp(h) # Xdi?, there is a point z € X% such that

(4)
h(z) =0. Set * = (z,...,x) € X%:+2. Since P, consists of coordinate projections, we have that
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Py(h)(Z) = 0. Then

B(OU) = O (h)(E)
= iy T ie (P () (). RL(E). OL0) (D)) = e TR ()
> mmmag{m)(@, R((&), ©)(h)(#)}) - 4,
> ﬁﬁ(diag{a(h) (&), R(@), ©.(h)()}) — 3
= — TN, 0 ol (W) (&) - o,
> A(f:) /2 —26;, > A(h) /4.
The same argument also shows that
tr(0”(h)) > A(h)/4, he HY.
Also recall that, by ,
%<5i5 < M}A) and %<5¢5 <W.

Then, the conditions of Theorem are satisfied, and there is a unitary

(4)
Wsyo € (1g + 1@)Mm(A) (C(Xdis+2))(13 + 1g)
ts+2
such that
(7.58) |w? oding{ R, O by — diag{RY O7H| < = on FLY.

. o d“ .
Regarding w2 and w,,o as unitaries in M () (C(X"s+2)), and setting vs1o = UsioWsia, We

have .
o2 oding{ P, L, O }vss — diag{ Py, R, O} < i, on F.
That is,
02 (B0 © G Jost2 = 01 0 Gl | < i, on LY
A similar argument shows that for s = 1,3, ..., there are unitaries vy, such that

A B B,A B B
|| s+2(¢£s+1 T2 ¢’£5 23_31) 3 - ¢§S+)1,is+2 o gbzs Jst1 || < 523 on }-’L(S )
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Therefore, in the diagram

o\ JAR( v§)op () Fe)

(7.59) M, (C(X)) —=M <A>(C(X d ))—>M <A>(C(X i2 ) A

A,B
%\ y ¢£;7§)

(B)
M, (C(X)) —= M, (C(X*T)) o My (C(X% a&méi Y
Ly 01,99 01,09

the sth triangle is approximately commutative to within (F(SA), £i,) or (]-"-(SB ,€i,). By the ap-

(2 (2
proximate intertwining argument ([7]), we have

A= B,
as desired. O

Corollary 7.8. Let X be a K-contractible solid metrizable compact space which is finite dimen-
stonal. Let

A= AXP, (), (B, ED) and B = B(X?, (n?), (KP), F®)
be Villadsen algebras (with coordinate projections of arbitrary (non-zero) multiplicity). Then
A= B if, and only if,
Ko(A) = Ko(B), T(A)=T(B) and rc(A)=rc(B).
Moreover, if rc(A) # 0 (orrc(B) #0), then T(A) (or T(B)) is redundant in the invariant; that
s, A = B if, and only if,
Ko(A) = Ko(B) and 1c(A) =rc(B).
Proof. Consider the inductive limit construction

M, (0 (C(XP)) —= M, o (C(XPAY)) = M, o (C(XPE")) s oos s A,

Tensor it with M,,(C) and add a new first map, which is induced by coordinate projections with
multiplicity one (but no point evaluation yet), to obtain the new construction

M, (C(X)) — My (M, ) (C(X7))) — My (M, 0 (C(XPE"))) —= -+ —= My (A).

qng

Similarly, also consider B, and consider the new inductive limit construction

M,,, ) (C(X)) —= Mg (M, 5 (C(X)) — My (M, 5 (C(X¥"))) — - - —— Myy(B).

png

Then collapse the first two maps so that there are point evaluations in all connecting maps of
the new sequences.

Since rc(A) = rc(B), we have re(Myy(A)) = rc(Mpy(B)), and by Theorem [7.1] M,,(A) =
M,,(B); denote this algebra by C. Note that [ea]o = [eg]o in K¢(C), where e4 and ep are the
images of 14 and 1p in the upper left corner of the matrix algebras respectively. Since A and B
have stable rank one ([10]), C' has stable rank one, and hence cancellation of projections. This
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implies that e4 is Murray-von Neumann equivalent to eg inside C', and therefore A = B, as
asserted. O

Remark 7.9. Let A and B be two Villadsen algebras with seed spaces X and Y respectively.
Is X* = Y gsufficient for our classification to apply? Is it possible that the seed space X is
completely irrelevant (when rc # 0)?
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