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A CLASSIFICATION OF TRACIALLY APPROXIMATE
SPLITTING INTERVAL ALGEBRAS. III. UNIQUENESS
THEOREM AND ISOMORPHISM THEOREM

ZHUANG NIU

Presented by Man-Duen Choi, FRSC

ABSTRACT. Motivated by Huaxin Lin’s axiomatization of AH-algebras,
the class of TASI-algebras is introduced as the class of unital C*-algebras
which can be tracially approximated by splitting interval algebras—certain
sub-C*-algebras of interval algebras. It is shown that the class of sim-
ple separable nuclear TASI-algebras satisfying the UCT is classified by the
Elliott invariant. As a consequence, any such TASI-algebra is then isomor-
phic to an inductive limit of splitting interval algebras together with certain
homogeneous C*-algebras—so it is an ASH-algebra.

RESUME. Une classe de C*-algebres qui généralisent la classe bien
connue TAI de Lin est considérée—basées sur, au lieu de l'intervalle, ce qui
pourrait s’appeler 'intervalle fendu (“splitting interval”), de sorte que 'on
les appelle la classe TASI. On montre que la classe de C*-algebres TASI
qui sont simples, nucléaires, et a élément unité, qui vérifient le théoreme
a coefficients universels (UCT), peuvent se classifier d’apreés l'invariant
d’Elliott.

1. Imntroduction This is the third part of the classification of tracially ap-
proximate splitting interval algebras (together with [12] and [13]).

The uniqueness theorems are studied, and then together with the existence
theorem of |13], one obtains the following classification theorem for the class of
tracially approximate splitting interval algebras:

THEOREM. Let A and B be two simple separable nuclear TASI-algebra which
satisfies UCT. Then A = B if and only if

((Ko(A), KO(A)+> [114]0)7 KI(A)7 T(A), TA)
> ((Ko(B),Ko(B)",[1]0),Ki(B), T(B),rs).

Moreover, the *-isomorphism between the C*-algebras can be chosen to induce
the given isomorphism between their invariants.
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The range of the Elliott invariant for TASI-algebras is then investigated in
Section [d] The class of TASI-algebras is strictly larger than the class of AH-
algebras. C*-algebras which are TASI but not AH have been constructed by
several authors in [8], |4] and [2]. All of these constructions provided a TASI-
algebra with the convex of the states on the Ko-group not being a simplex. We
shall show further that even if the Kyo-group of a TASI-algebra has the Riesz
decomposition property (in particular, this implies that the convex of the states
is a simplex), this algebra still might not be an AH-algebra (even not being a
rationally AH-algebra). An example is constructed as a TASI-algebra with Kg-
group a Riesz group, but with the canonical pairing map not preserving extreme
points (Theorem [4.9)).

Finally, it is also shown in Section that, although the class of rationalized
Kop-groups of TASI-algebras is much larger than the class of rationalized Riesz
groups, its ordered Ky-group still does not exhaust all weakly unperforated sim-
ple ordered groups, even after tensoring by Q (Theorem |4.5). For instance, if an
order-unit group has a pentagon as the convex of its states, then it cannot be
the Ko-group of a TASI-algebra. Therefore, to obtain a classification theorem
which exhausts all possible values of the Elliott invariant, one has to consider the
class of C*-algebras which can be tracially approximated by arbitrary Elliott-
Thomsen algebras introduced in [4] and [2]. This direction of research will be
investigated in [7].

2. Uniqueness Theorem In this section, we shall establish a uniqueness
theorem for simple separable TASI-algebras. The strategy is to get a stable
uniqueness theorem for TASI-algebras first. Then, using an approximately di-
visibility property of TASI-algebras, one can decompose any map between two
TASI-algebras into a direct sum of two maps with the image of one map is in a
small corner and the other map has large multiplicity. Thus one can use the sta-
ble uniqueness to show the uniqueness of the original map. First, let us show the
uniqueness theorem for maps from a splitting interval algebra to a simple TASI-
algebra (assume that the splitting interval algebra is a unital sub-C*-algebra of
a simple C*-algebra.)

PROPOSITION 2.1. Let S be a splitting interval algebra inside a unital simple
C*-algebra B, and let A be a simple TASI-algebra. Then, for any finite subset
F C S, any € > 0, there is finite subsets G C B, G C S, and §,0 > 0 such that
for any two G-o-multiplicative maps ¢ and ¢ from B to A, if

* [¢] = [¢] on Ko(9) and
* [IT00(g) =T ou(g)ll <6 for any g € G and any T € T(A),

then there exists a unitary u € A such that

lo(f) — up(f)u*|| < e for all f € F.

PrOOF. Denote by k the size of the matrix algebra at each regular point of S.
Without loss of generality, one may assume that F is a set of generators of S
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containing the central elements {t(1—t)e;;; 4,7 = 1,...,k}. Let n = min{[1/d¢] +
1,e/4}, where &g > 0 is the constant of Corollary 2.23 of [12] with respect to F
and /4.

Denote by Gg and G the finite subsets of Theorem 2.27 of [12] with respect
to F and e. Since B is simple and S has stable relation, there is a finite subset
G C B and ¢ > 0 such that for any G-o-multiplicative map L : B — A, the
restriction of L to S can be approximated by a homomorphism L' : S — A
with tolerance £/2 on any element of F. Moreover, there is 6 > 0 such that
|7(L'(g))| > & for any g € Gy and for any 7 € T(A), and § is independent of L
(using the simplicity of B). By the argument above, with this choice of G, Gy,
o and ¢, for any G-o-multiplicative maps ¢,1 : B — A, one may assume that ¢
and ¢ are homomorphisms from S to A satisfying

[7(¢(9))] >0 and [7((g))| > 6

for any g € Go.

As the first step, let us show that the *-homomorphisms ¢ and 3 can be
decomposed approximately (on F) as a direct sum of a homomorphism and a
large number of point evaluation maps. To construct one point evaluation map
of S, it is enough to find a system of k& x k matrix units in A on which ¢(S) (or
1(S)) acts as a point evaluation. For any n € ZT, set & = % Choose positive
elements {s; ;}I_, in S which take value 0 outside the interval (25-1, 26E1) take
value e;; on [#=1 4+1] " and linear in between. Set s; = > Sij- Since the
elements in {s; ;} are mutually orthogonal, one has that the elements in {¢(s; ;)}
are mutually orthogonal. Pick a non-zero projection p; ; inside each hereditary
sub-C*-algebra of A generated by ¢(s; ;). This can be done since A has the
(SP) property. Moreover, since A is simple, we can assume p; ;’s are equivalent
to each others. Set p; = > p; ;. Note that fs; — f(&)s; < (1/n)s; for any
f € F. One has that ||¢(f)p; — f(&)pi|| < 1/n. Setting e = > p;, one then
has that ||¢(f)e — f(&)ell < 1/n. Hence one has the following approximate
decomposition: we may write ¢ (on F) as

O(f) =F.epa L=e)o(f)(1—e)+ Y [(&)pi.

By the same argument, we also get

V(f) =Fen L=eN(f)(1—€)+ Z (&) ai,

where ¢/ = Y ¢;. Since A is simple and has the (SP) property, for any pair
of projections, there are subprojections in each one of them which are Murray-
von Neumann equivalent. Thus, one may assume that p; = ¢; and the p;’s are
Murray-von Neumann equivalent to each other (by passing to the subprojections
and composing inner automorphisms)(see, for instance, Lemma 3.5.7 of [9]).
Moreover, since the positive cone of Ky(S) is finite generated, we may assume
(I1—e)p(1 —e)and (1 —e)p(1 — e) induce same map on Ko(S5).
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Consider the maps (1 —e)¢(1 —e) and (1 — e)ip(1 — e). For any projections
p and ¢ in S which are not Murray-von Neumann equivalent to each other, if
[(1-e)o(p)(1—e)] =[(1—-e)(q)(1—e)], then there exists a partial isometry
v € (1 —e)A(1 — e) which induces the equivalence relation. Pick one such
partial isometry v for each pair of non-equivalent minimal projections which
have equivalent images. Denote all such partial isometries v by V. Since there
are only finite minimal projections in S, the set V' is a finite subset of A. Consider
F' =¢(F)UP(F)UuV. Since (1 —e)A(1 — e) is a TASI-algebra, there exist a
projection p and a splitting interval algebra S’ C (1 —e)A(1 —e) with 1g» = p
such that

e |lpx — xp| < €0,

e prp €, S’ for all x € F', and

e l—-p=pu.

Since €¢ can be arbitrarily small and splitting interval algebra are generated by

stable relations, one then may assume that the maps ¢ and v has the following
decomposition on F:

o(f) = ¢'(f) + (@ (/) + Y f&)po),

D) =¥ () + @)+ D FEpi),

where ¢', ¢, 1, 1" are the cut-down of ¢ and v by p and 1 — p respectively such
that 7(1 — p) < §/4 for any 7 € T(A). Moreover, since the positive cone Kq(5)
is finitely generated, one may assume further that [¢']o = [¢]o.

We assert that the sub-C*-algebra S’ can be chosen so that for any 7 € T(.5’),
one has 7(¢'(g)) > 6, 7(¥'(g)) > 6 for any g € Gy, and

I7(&' () = (@' (NI <o

for any f € G;. If this were not true, for any integer m and any finite subset
H C A, there is a sub-C*-algebra S’ in the question above and 7,3 € T(S")
such that H Cy/m S, T (¢'(9)) <6, T (¥ (g)) < 6 for any g € G and

[1Tm34(&'(f)) = T e (W () = 0

for any f € Gi. Extend 7,, 3 to a positive linear functional on A, and still denote
it by 7y n. Pick an accumulation point 7 of {7, %}, and a direct calculation
shows that 7 € T(A) and 7(¢'(g)) < 6, 7(¢'(g)) < 6 for any g € Gy and

7' (F)) — 7('(£))]| = &,

for any f € Gy, which is a contradiction. This proves the assertion.
Hence, one has that

[9']o = [¥']o,
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7(¢'(9)) > 6, T(¥'(g)) >
for any g € Gy, and

(@' (f)) = 7' (DIl < &

for any f € G. It follows from Theorem 2.27 of [12] that there exists a unitary
u; € S’ C pAp such that

16'(f) = wag' (fHuill <e

for any f € F.

Consider the map ¢” : f — ¢"(f) + S0, f(&)pi and " : f = " (f) +
i f(&)pi. Note that [&”]0 = [7]1”]0 By Corollary 2.23 of [12], there exists a
unitary ug € (1 —p)A(1 — p) such that

Setting u = u1 + ug, one has

&(f) — uoth” (f)us|| <e, VfeEF.

lo(f) —up(fHu"| <e VfeF,

as desired. 0

The main ingredient of the uniqueness theorem for TASI-algebra is a version
of stable uniqueness theorem for approximate homomorphisms (Theorem [2.11))
(see [10] and |1]).

DEFINITION 2.2. Let A be a unital C*-algebra and u € Ug(A), the connected
component of the unitary group of A containing the identity. Then the expo-
nential length of u, denoted by cel(u), is

inf{z [|hel| :n € NJhy, - hy € A% uw=exp(ihy) - - - exp(ihy,)}.
k=1

DEFINITION 2.3. Denote by C the class of unital C*-algebras A such that

¢ A has stable rank one,
e for any finite subset 7 C B, any € > 0 and any N € N, there exists a finite-
dimensional C*-algebra F' C B with the size of each direct summand at least N
such that if p = 1, then

— [z, y]|| < € for any x € F and any y in the unit ball of F,
— N[1—p] <[p].

REMARK 2.4. By Theorem 4.13 of [12|, any TASI-algebra belongs to C.

The following lemma is due to N.C. Phillips.
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LEMMA 2.5. Let A be a unital C*-algebra and 2 > d > 0. Let ug,uq,...,u, be
n + 1 unitaries in A such that

up, =1 and |Ju; —uip1|| <d 1=0,1.,...,n—1.

bl

Then there exists a unitary v € Moy 1+1(A) with exponential lengh no more than
2m such that

||(u0 (&) 1M2'n,(A)) — UH <d.
Moreover, v € CU(Map+1(A4)).

Let (By,) be a sequence of C*-algebras. Define

01 : K (][ Bn) = [[Ku(B

to be the map induced by coordinator projections.
LEMMA 2.6. Let (B,) be a sequence of C*-algebras in C. Then the kernel of 01
is divisible.

PrROOF. Let us = (u1,us,...,Un,...) be a unitary in a matrix algebra over
[ B, with 61(ux) = 0, and let k& € N. Note that each w, is connected
to the identity by a path, say, with length [,,. Then, pick unitaries uS}) =

un,ug), ...,uglk"fl),ugc") = 1p, such that

Hugf) - ugf“)H <1/2

for all . Then chose a finite-dimensional C*-algebra F,, such that the size of
each direct summand is at least N, (> max{2m,, + 1,2k}), and

(@)

H u? Y ‘ < 1/32 for any uy
e Nyl —pn] <[pn], where p, = 1p,.

and any y in the unit ball of F},,

Without loss of generality, one may assume that Fj, is a single matrix algebra
and the rank of Fj, is divided by k. _
Consider the cut-down of the unitaries uﬁf ) by pn. One then has that
Hpuﬁf)p —pUSZ“)pH <1

for all 4. Since being a unitary is a stable relation, there is a sequence of unitaries
{vl; 1 <4 <k,}in p,Bpp, connecting (1 — pp)un(l —py) to 1 — p, and

Hv,(f) - v,(f“)H < 3/2

for all 1.
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Then, by Lemma there is a unitary v € B,, in with exponential length at
most 37 such that

[((1 = pn)un(l = pn) & pn) — v|| <1/16.
Hence, one has

||u’n - ’Udlag{]‘ — Pn, W, 7w}H < 1/8
——

rank(F)

for some unitary w € eBe, where e is a minimal projection of F.
For each 1 < j <k, consider

2U) = diag{1 — pn, €, ....,e,w, ..., w,e, ..., e},

M(j—1) M

where M = rank(F')/k. Then

k
o o, [ 49 < 40
j:l
for all n. Denote by
D = (D29

for 1 <j<k. By , one has
[uso]r = (&)1 + -+ + [h
in K1 (J] By). On the other hand, it is a straightforward calculation that
() = ==&

in Ky (J] Bn). Therefore, [us]1 is divided by k, and ker(6,) is divisible, as desired.
O

LEMMA 2.7. If (Bn) is a sequence of C*-algebras in C, the C*-algebra
[1Bn/ @ B, is also in C.

PrROOF. It is clear that [[ B,/ € B, has stable rank one.

Let us verify the second condition of Definition Let F C [[ Bn/ & Bn be
a finite subset, & > 0, and N € N. Let 7’ C [][ By, be a lifting of F in [] By,
and denote by F,, the project of 7' to B,. Then there is a finite-dimensional
sub-C*-algebra F,, C B,, such that

1. ||z, y]l] < e for any x € F,, and any y in the unit ball of F,,
2. N[1 —py] < [pn], where p,, = 1F,.
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Moreover, each F,, can be chosen to be a single matrix algebra with the same
rank.

For each n, chose an isomorphism ¢, : F,, — F,11. Consider the sub-C*-
algebra

F' = {(a1,a2,..); ans1 = dn(an)} € [[ Fo S [ Bn:

and denote F' the image of F in [[ B,,/ @ By. Then F is isomorphic to each F,,,
and moreover, a direct calculation shows that F' satisfies the second condition of
Definition 2.3] O

Recall that a group G is algebraically compact if Pext(-, G) vanishes (|5]).

LEMMA 2.8. Let (B;) be a sequence of C*-algebras in the class C. Then the

groups
Ko([[B./EB.) and Ki(]] Bn/ED Bn)

are algebraically compact.

PROOF.  Since each B; has stable rank one, one has that cco(B;) = 0 (see 3.2
of [1] for the definition of cco). By the second condition of Definition [2.3[on the
class C, it is ready that pfo(B;) < 1 and ipo(B;) < 1 (again, we refer to 3.2 of
[1] for the definition of pfo and ipo). It then follows from Corollary 3.6 (II) of
[1] that Ko([[ Bn/ €D B.,) is algebraically compact.

Consider the group Ki([[ B,/ & B.). Note that for any w € K;(p B,,) C
K1 ([ Bn), its image 61 (w) € [[K1(By,) is zero if and only if w = 0. Therefore,
the map 61 : K1(I[ Bn) — [[K1(B,) induces a map

01 : Ko ([] Ba)/ @ Ki(Br) = [[Ku(Bn)/ @ Ki(Bu),

and R
ker 91 =~ ker 01.

By Lemma the group ker 6, is divisible, so is ker 6,. Therefore, one has

Ki([[B./ €D Bn) = Ki(]]Bn)/ EDKi(By)
ker 6y & [ [ Ki(Bn)/ @D Ki(By).

By Lemma 3.5 of [1], the group [[Ki(By)/ @ Ki(B,) is algebraically com-
pact. Since ker 0, is divisible, in particular it is also algebraically compact.
Therefore, as their direct sum, the group K ([ Bn/ @ By) is also algebraically
compact, as desired. O

LEMMA 2.9. Let A be a C*-algebra, and let (By,) be a sequence of C*-algebras
in C. Then the natural map

(22) Hom (Ko (A), Ko([ [ Bn)) = [ [ Hom(Ko(A4), Ko(By))
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is injective. Moreover, let (¢n,) and (1) be homomorphisms from A to By, with
[¢n] = [¢n] € Homp (K(A),K(By))
cel(¢n (u)Pn(u”)) < L(u)
for some map L : UMy (A)) — R*. Then
[(n)1 = [(¥n)]1 € Hom(K; (A), Ky (] | Bn))-

Moreover, in this case,

[(én)] = [(¢n)] € Homa (K(A), K(] ] Bn))-
If A satisfies the UCT and, then one has

(2.3) KK(A, [[ B»/ € Bn) = Homs (K(A),K(] [ B./ € Bn))-

PROOF.  Since each B,, has stable rank one, by Proposition 2.1(1) of [6],

b
Ko([]Bn) = [T Ko(Bn)

and hence the map of (2.2) is injective. The statement on K;-groups follows
from the fact that for any unitary wu, the images (¢, (u)) and (¢, (u)) can be
connected by a path of unitary which is continuous uniformly for n. And then
the statement on the K-theory with coefficient follows from a diagram chase, as
that Theorem 4.10 of [1].
For ([2.3), since A satisfies the UCT, one only has to show
Pext(K.(A), Kuyr (] [ Bn/ €D Bn)) = {0},
but this follows from Lemma 2.8 O

THEOREM 2.10. Let A be a separable simple nuclear C*-algebra satisfying the
UCT, and let L : U(My(A)) — R* be a map. Then, for any finite subset
F C A any e > 0, there exists n such that for any C*-algebra B € C, and any
homomorphisms ¢, : A — B and unital homomorphism o : A — B with

[¢] = [] € Homx (K(A), K(B))
and
(2.4) cel(¢(u)y(u®)) < L(u)
for all u, then there is a unitary u € M,,11(B) such that

|diag(p(a), o(a), ...,o(a)) — u*diag(y(a), o(a), ...,o(a))u| < e
—— ——

n n

for any a € A.
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PROOF. The proof is the same as that of Theorem 4.12 of [1]. Assume that the
conclusion were not true for a finite subset 7 C A and £ > 0. Then, for each n,
there are a C*-algebra B,, in C and homomorphisms ¢,,,¥,,0, : A — B, with
o, unital such that

[¢n] = [¢n] € Homy (K(A),K(B))

and
cel(@p (u), (u*)) < L(u)
for all u, but

inf di
ueU(&E+1<B>)Tea}<{|| iag(pn(a),on(a),...,on(a))

(2.5) —u*diag(vn(a),on(a), ...,on(a))ul|} > e.

Denote by
,¥,%: A [[Bn

the maps induced by (¢,,), (¢,) and (0,,), and consider
0,5 A~ [[Bn/ED Bn.
By Lemma |2.9] one has that
[®] = [¥] € Homa(K(A), K(] [ Bn)),
and therefore,
[@] = [¥] € Homa(K(A), K(] | Ba/ @ Bn))-
By (23), one has
[®lkk = [V]kk € KK(A, [[ B/ ED Bn).

Since ¥ : A — 1B/ B, is a full embedding, it follows from Theorem 4.5 of
[1] that there is N and a unitary w € My41([[ Bn/ € Br) such that

Idiag(®(a), (@), .., £(a)) — w*diag(¥(a), 5(a), .. ()] < ¢
—_——— —_———
N N
for any a € F, which implies that
lim sup mea])_g ||[diag(@n(a),on(a), ..., on(a)) — w*diag(v(a), on(a), ..., on(a))wl|
n a —_—— —_———

N N
<eE.

If n is sufficiently large, it reaches a contradiction to (2.5]). U
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Using Theorem and Lemma[2.7] one then has the following stable unique-
ness theorem for approximate homomorphisms. The proof is a routine argument
as in |10] or [1]. But for the readers’ convenience, an argument is included below.

THEOREM 2.11.  Let A be a separable simple nuclear unital C*-algebra satisfying
the UCT, and let L : UMy (A4)) — RY be a map. Then, for any finite subset
F C A and any € > 0, there exist finite subsets G C A, P C P(A), H C
UM (A)), a constant § > 0, and n € N such that for any C*-algebra B € C,
any G-6-multiplicative maps ¢, 1,0 : A — B with o unital, if

[(p)] = [¥(p)] in K(B)

for allp € P, and

(2.6) cel(p(u)(u”)) < L(u)

for any u € H, then there is a unitary w € M, 11(B) such that

ldiag(¢(a), o(a), ...,o(a)) — w*diag(y(a),o(a), ...,o(a))w|| < e
— —

n n
for any a € F.

PrROOF. The proof is similar to that of Theorem 4.15 of [1]. Assume that the
statement were not true, there would exist a finite subset F C A, € > 0, and an
increasing family of finite subsets (G;) of A with dense union, an increasing family
of finite subsets (P;) of the projections with the union exhausts all equivalent
classes of projections, an increasing sequence (#;) of finite subsets of unitaries
with dense union, a decreasing sequence (J;) with §; — 0, a sequence (B;) of
C*-algebras in C, and G;-0;-multiplicative maps ¢;, ¥;, 0; : A — B; with o; unital
such that

[9i ()]« = [ti(p)]« for all p € Py,

(2.7 cel(p(w)yp(u*)) < L(u) for all u € H;,
but
oo™ ) max{||diag(¢i(a), 7i(a), ..., 7i(a))

n

(2.8) _U*diag(wi(a)7 Ui(a)ﬂ ey Uz(@))uH} > &,

n

where n = n(A, F,e) is the number specified in Theorem
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Consider the maps ®, ¥, and 3: A — 11 Bi/ @ B; induced by (¢;), (v;), and
;). Since §; — 0, these maps are *_homomorphisms. Then, by (2.2) of Lemma
one has [®]y = [P]o. Since

cel(®(u)T(u*)) < L(u)

for any unitary u in matrix algebras over A, it also follows from Lemma 2.9]
[®]; = [¥];. By the same argument as that of Theorem 4.15 of |1], one has

[®] = [¥] € Homa(K(A), K(][ B»/ €D Bn))-

By Lemma the C*-algebra [[B;/@ B; € C. Then, by Theorem
there is a unitary w € U(M,,4+1([[ Bi/ @ B:)) such that

Jw* diag(®(a), S(a), .., S(a))w — diag(¥(a), (), ., S(@)]| < =
— ——
for any a € F, but this contradicts to (2.8]).
If K;(A) = 0, without assuming Condition one always has that [®]; =
[¥]; = 0, and hence one still has

[®] = [¥] € Homy (K(4), K([] B/ @D B.))-
Then the argument same as above shows that the statement holds. O

In the case A is a simple separable TASI-algebra, we get a natural number n
by applying the theorem above for a finite subset F and § > 0. Since any simple
TASTI-algebra is tracially approximately divisible (Theorem 4.13 of [12]), there
exist mutually orthogonal projections ¢, p1, ..., pn, With g+p1+---4+p, = 1,9 < p1
and p; ~ p1,i = 1,...,n, a splitting interval sub-C*-algebra S with 15 = p; and
two F — e multiplicative linear unital maps ¢o : A — qAq, ¢1 : A — S, such that

|2 = ¢o(x) ® (¢1(x) B - ® d1(x))[| < e

n copies

for any « in F. With this n and the splitting interval algebra S, one then can
use Theorem and Theorem to get an unitary in B rather than in the
matrix algebra over B.

THEOREM 2.12. Let A be a simple separable nuclear TASI-algebra satisfying the
UCT, and let L : UMy (A)) — RT be a map. Then for any finite subset F of
A, and e > 0, there exist a finite subset P C P(A), a finite subset S C A, 61 >0
and a natural number n such that there exist mutually orthogonal projections
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q,p1," " ,Pn with ¢ X p1 and p1,--- ,pn, mutually unitary equivalent, a sub-C*-
algebra S which is a splitting interval algebra with 1 = p1 and unital S-61/2-
multiplicative completely positive contractions ¢g : A — qAq and ¢1 : A — S
such that

[ = ¢o(x) & (¢r(2) & -+ & dr(x))]| < 61/2

n copies

forallz € S.
Moreover, there exist a finite subset G C A, a finite subset Py of projections
in M (95), a finite subset H C As.q., 0o > 0 and o > 0 such that for any simple

TASI-algebra B and two S U G-0-multiplicative completely positive contractions
Li,Ly: A — B for which (§ = min{dg,1})

* [Li]lpup, = [La]lpup,,

e ||[ToLi(g) — 7o La(g)|| <9, for all g € H and 7 € T(A),

e e=Liogo(la) =Laopo(la) is a projection,

e cel((Ly o do(u)*)(La o ¢pp(u))) < L(u) (in U(eBe)) for any u € U(A) NP,

there is an unitary uw € B such that:
lu*Ly(a)u — La(a)|]| < e Va € F.

PrROOF. This theorem follows from Theorem Theorem 4.13 of [12] and
Theorem 2.111 O

3. Classification Theorem In previous chapters, we have shown the ex-
istence theorem and uniqueness theorem. In this chapter, using these results,
together with an approximate intertwining argument, we shall show that the
class of simple separable nuclear TASI-algebras satisfying the UCT is classified
by the Elliott invariant. The strategy of the argument is to construct a model
algebra for any given TASI-algebra, and then to show that this concrete model
is in fact *-isomorphic to the given TASI-algebra. Since the construction model
algebra is only based on the Elliott invariant, this gives a classification of TASI-
algebras.

3.1.  Unitary groups of TASI-algebras However, in order to apply the unique-
ness theorem, the two approximate homomorphisms are required not only to
induce the same map on the level of the invariant, but also to satisfy the con-
dition of the boundedness of the exponential length. Note that for the concrete
TAST-algebras in the class SH introduced in Section 2.1 of [13] (recall that these
C*-algebra are inductive limits of splitting tree (interval) algebras together with
homogeneous C*-algebras), we use circle algebras to realize the torsion free part
of the K;-group. Moreover, the unitary groups of TAS-algebras share many of
the properties of TAI-algebras. So one can use the same method as in [11] to
control the exponential length. As in [11], we use the following notation.
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For a unital C*-algebra A, let CU(A) denote the closure of the commutator
subgroup of U(A). It is a normal subgroup of U(A), and U(A)/CU(A) is com-
mutative. If K;(A) = U(A)/Ug(A) where Ug(A) is the component of the unitary
group containing the identity, then the subgroup CU(A) is in fact inside Ug(A).
For u € U(A), we use 4 to denote the image of u in U(A)/CU(A).

LEMMA 3.1. Let u be a unitary in a splitting interval algebra S with generic
dimension n. For any € > 0, there are continuous functions s; : [0,1] — T,
i=1,...,n, and unitaries W € S such that

lu — W*diag{s1, ..., sn }W|| < €.

PROOF. Denote by n the generic size of S, and denote by the partition of n at
the points 0 and 1 by (mél), ceny mél‘))) and (m(ll)7 ...,mglo)) respectively.
Let
WO = diag{WO’l, ceey WO,ZO} and W1 = diag{WO’l, ceey WO,IO}

be two unitary matrices with the the same diagonal block size as that of S at the
endpoint 0 and 1 respectively, such that Wiu(0)Wy and Wi u(1)W; are diagonal
matrices.

Let W’ be a unitary in S with W/(0) = Wy and W/(1) = Wh.

Consider the unitary v := (W')*uW’. It is clear that v(0) and v(1) are
diagonal. Without loss of generality, we may assume that there exists 0 < § <
1/4 such that the restrictions of v to [0,d] and [1 — 4, 1] are constant.

Consider the restrictions of v to [§,1 — ¢], it is well known that there is a
unitary V € C([6,1 — 6], M,,(C)) such that

IV* () () — diag{s1(t), ... sn(t)}]| < e for any t € [5,1 — 4]

for some continuous functions s; : [§,1 — ] — T. Moreover, the unitary V can
be chosen such that

V(&) v(0)V(§) =v(d) and V*(1—-0)v(1 -6V (1—-46) =v(l-19).

Let wy and wy be one branch of natural logarithm of V(§) and V(1 — 0)
respectively such that they are well-defined. Extend the unitary V to [0,1] by
V(t) = exp(Lwy) for any t € [0,6] and V (t) = exp(:=5Fwy) for any ¢ € [1—4,1].
Since V(d) and V (1—4) commute with v(d) and v(1—4) respectively, one has that
wg and wy commute with v(d) and v(1—4d) respectively, and hence V (¢),t € [0, d]
and V(t),t € [1 — d,1] commute with v(d) and v(1 — J) respectively.

Extend each function s;(t) to the interval [0, 1] such that the restrictions of s;
to [0, 4] and [4, 1] are constant. Since that V(0) and V(1) are diagonal, one has
that V € S. Then, a direct calculation shows that

IV*(@)v()V () — diag{s1(t), ..., sn(t)}|| <& for any ¢ € [0,1].
Therefore, set W := W'V, one has that
IW*uW — diag{s1,...,sn}| < e,
as desired. O
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COROLLARY 3.2. Let u be a unitary in a splitting interval algebra S. For any
e > 0, there is an self-adjoint element h € S such that

Jlu — exp(ih)| < e.

PROOF. Since for any continuous function s : [0,1] — T, there is a function
h :]0,1] — R such that s = exp(ih), the corollary follows from Lemma O

LEMMA 3.3. Let u be a unitary in a splitting interval algebra S. If dety(u) =1
for any t € Sp(S), then u € CU(S).

PROOF. Denote by n the generic size of S, and denote by the partition of n at
the points 0 and 1 by (m(()l), ...,mél‘))) and (mgl)7 ...7mgl°)) respectively.

By Lemma we may assume that u = diag{si(t),...,s,(t)} € S. Since
det;(u) =1 for any t € Sp(S), one has that

(3.1) H ${(0)=1 and H si(1)=1

: (k) (k
1€Emg 1 )

for each k.
Since CU(S) is closed, without loss of generality, let us assume that each
function s;(t) is constant if ¢ € [0,0] and ¢ € [1 — §, 1] for some ¢ > 0. Denote by

Uy = dlag(l, 81,8281, ...y8n—-1Spn—2 """ 51) € S,

and consider
uuy = diag(s1, 8281, 838281, -y SnSn—1- " 51)-

Using (3.1)), one can find a unitaries Wy = diag(Wh g, ..., Wi, 0) and Wy =
diag(Wi 1, ..., Wi, 1) such that each W; ; is an |m§l)| X |m;l)| matrix, and

wuy(0) = Wiug (0)Wy  and  wuy (1) = Wiug (1) W7,
Moreover, there is a n x n matrix V such that
wug (t) = V*ui(t)V  for any t € [6,1 — 4.
Consider the path of unitaries
Wo(t) = Woexp(tIn(WiV)) and Wi(t) = Vexp(tln(V*Wh)).
Then, Wy(0) = Wy and Wy(1) = V. Note that
V* Wouur (O)W5V = V*up(0)V = V*ur (0)V = wuy (0).

We have that for any ¢ € [0, 1],

exp(t In(V*Wy))uuq (0) exp(t In(WiV)) = wuq(0),
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and hence
W5 (@)ur (0)Wo(t) = exp(tIn(V*Wy))Wiuy(0)Wyexp(tIn(WiV))
= exp(tIn(V*Wy))uuy(0) exp(tIn(W§V))
= wuu(0).

With the same argument, we have a path of unitaries Wi () such that Wy (0) =V,
Wl(l) = Wl, and
W (#)ug (1)W1 (¢) = uuq (1).

Denote by
Wo(%) if t € [0,
wit)y={ vV if te[5,1— 0]
Wi (=22 ifte [l —6,1]

It is clear that W(t) € S and wu; = W*uyW. Hence one has that u =
ufW*uW e CU(S). O

LEMMA 3.4. For any ¢ > 0, there is a constant K such that for any splitting

interval algebra S and a unitary u € S, if for any irreducible representation
of S, dim(m) > K and det(m(u)) =1, then

lu — exp(ih1) exp(ihz2) exp(ihs)|| < e

for some self-adjoint element h; with ||\h;|| < 2w, i=1,...,3.

Proor. Without loss of generality, one may assume that there exists 0 < § <
1/4 such that the restrictions of u to [0, ] and [1 — J, 1] are constant. Denote by
the constant matrices by ug and u1, and assume that v and v can be diagonalized
by unitary matrices W and W{. Noting that W}, and W; have the same block
diagonal form as v in 0 and 1, there are unitaries Wy € S and W; € S such that
Wo(t) = W} and Wi (t) = I for t € [0,], and Wy(t) = I and Wy(t) = W] for
t € [1 —4,1]. Thus, by consider (WoW1)*u(WoWi), we may assume that u(t) is
diagonal for ¢ € [0,0] U [1 — 4, 1].

Denote by K the constant of Theorem 3.3 of [14] corresponding to X = [§, 1—4]
and ¢, and consider the restriction of u to the interval [4,1 — §]. It follows from
Theorem 3.3 of [14] that there exist self-adjoint functions hy, ha, hs : [6,1 — ] —
M,,(C) such that

lu(t) — exp(ihi(t)) exp(iha(t)) exp(ihs(t))|| < e, Vte[o,1—14],
and ||h;]| < 27, ¢ = 1,2,3. (The restriction ||h;]| < 27, ¢ = 1,2,3 is not in the

statement of Theorem 3.3 of [14]. However, it follows from the construction of
hi, ha, and hs in the proof. For more details, see the proof of Lemma 3.4 of [15].)
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In order to proof the lemma, one has to show that for each h;, the matrices h;(0)
and h;(1 — ) has the right diagonal form to fit into the splitting points of S.

By checking the proof of Theorem 3.3 of |14], one has that the matrices hi(0)
and hi(1l — ¢) are diagonal (since the unitary u is diagonal at the points § and
1 — 9, the unitary uy in the step 3 of the proof can be chose to be diagonal at
these two points, and hence in the step 4 of the proof, hy(z) = ¢g®) (us(x)) is
diagonal if x =0 or z =1 — ).

By checking the step 5 and the step 6 of proof of Theorem 3.3 of |14], one
has that the unitary vs and vg can be chose in such a way that their restrictions
to d and 1 — 0 are inside one of the diagonal blocks (which has size at least K).
Hence there is a projection p in M, (C([§, 1 — 4])) such that p has rank at least
K, p(d) and p(1 — §) are inside the corresponding diagonal blocks, and vs and
vg are in the hereditary sub-C*-algebra generated by p.

Consider the unital hereditary sub-C*-algebra generated by p and the element
vg @ 1 inside this sub-C*-algebra, and applying step 7 of the proof of Theorem
3.3 of [14]. There are elements hy and hg such that

lve & (p — vive) — exp(ihy) exp(ih}y)|| < 2e/5.

Since h} and b} are in the hereditary sub-C*-algebra generated by p, the elements
he = h4 @& (1 —p) and hz = k5 @ (1 — p) has the right form of diagonal blocks at
6 and 1 — 9, and

|lug — exp(ihs) exp(ihs3)|| < 2e/5.

Therefore,
Ju(t) — exp(ia (£)) exp(iha(t) explihs ()| <=, Wt € 6,1 4],

and the matrices h;(d) and h;(1 — §) has the right diagonal form to fit into
the splitting points of S respectively. Extend h; to the whole interval [0,1]
constantly on [0,4] and [1 — 4, 1]. Then, each h; induces an element of S. Using
the assumption that u is constant on [0, §] and [d, 1], one has that

lu(t) — exp(ihi(t)) exp(iha(t)) exp(ihs(t))]| < e, Vte€][0,1],
as desired. O

If  : A — B is a unital *-homomorphism, it will induce a homomorphism
#* : U(A)/CU(A) — U(B)/CU(B). Moreover, for any finite subset & C U(A)
and any ¢ > 0, denote by F' the subgroup of U(A)/CU(A) generated by U. We
can choose a finite subset G C A and § > 0, such that for any L : A — B
which is a G — §-multiplicative completely positive linear contraction, there is a
homomorphism L* : F' — U(B)/CU(B) with ||L(u) — L*(@)|| < ¢ for any u € U.
We say L is induced by L.
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THEOREM 3.5 (See Theorem 6.5 of [11]). Let A be a simple TASI-algebra, and
let w € Ug(A). Then, for any € > 0, there are unitaries uy and ug such that uy
has exponential length no more than 27, uy is an exponential, and

[l — urus|| < e.

Moreover, cer(A) < 3 +e¢.

Proor. Using the fact that the exponential rank of splitting interval algebra
is 1 + ¢ (Corollary , one can repeat the proof of Theorem 6.5 of |L1]. O

LEMMA 3.6. Let A be a simple TASI-algebra, and let w € CU(A). Then, u €
Uo(A) and cel(u) < 8.

PROOF. The proof is a repeating of that of Lemma 6.9 of [11]. Instead appeal-
ing to 3.4 of |15], one uses Lemma in the proof. O

THEOREM 3.7 (See Theorem 6.10 of [11]). Let A be a simple TASI-algebra. Let
u,v € U(A) such that [u] = [v] in K1(A) and

u,vF € Ug(A) and cel((u*)Fu*) < L.

Then,
cel(u™v) < 8w + L/k.

Moreover, there is y € Ug(A) with celly) < L/k such that u*v = 7 in
U(A)/CU(A).

PROOF. The proof is similar to that of Theorem 6.10 of [11]. Write

u'v = Hexp(iai) and  (u*)*ok = Hexp(ibm),
j m

where a; and b, are self-adjoint. We may assume that ) ||b,,|| < L, since
cel((u*)ku*) < L. Write M = Y ||b,||. Since A is a TASI-algebra, for any § > 0
with §/(1 —6) < ¢/2(M + L + 1) and sufficiently small n > 0 and sufficiently
large finite subset G, there is a projection p € A and a sub-C*-algebra S C A
with 1g = p such that S is a direct sum of splitting interval algebras, and

1. pxp €, S for any x € G,

2. lu—up@ui]] < n and |[v—vy@wv1]] < n for some unitaries wug, vy in
(1-p)A(1 —p) and uq,v; in S C pAp,

. cel(ufvg) < M +1in (1 —p)A(1 — p) and cel((uf)*vF) < L in S,

7(1 —p) <4 for any 7 € T(A).

= W

Without loss of generality, we may assume that the dimension of any non-zero
irreducible representation of S is greater that M := max(27?/e, K ), where K is
the constant of Lemma [3.41
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Let us assume that S is consisted of one direct summand and has generic
dimension n. Without loss of generality, we may assume that there exists 0 <
§ < 1/4 such that (u})kof is constant on [0,6] and on [1 — §,1]. Consider
the restriction of S to [§,1 — d]. By Lemma 3.3 (1) of [15], there exists a €
(M,,(C([6,1 = 6])))s.a. such that

det(exp(ia)(u})*v¥) =1 for any t € [5,1 — 4].

Using the connectivity of the unitary subgroup of a matrix algebras, one may
assume further that

CL((S) = dlag{rl, ceey ’I“mU,’I“m((]n, cery Tm‘()1)+m((]2), cery rn—mff")’ veey 7‘”}
1
Mo mg méﬂ
and
a(l —0) = diag{s1, ..., SmU’Smgl) yeens Smg1)+m§2) s eens Snim(lz"), vy Sn}
1
i mj mll1

with products of each group of r’s or s’s equal to one. Therefore, one can extend
a constantly to [0,1] to get an element in S. Since the restriction of (u})*v¥ is

constant on [0,4] and on [1 — 4, 1], one has that
det(exp(ia)(u})*vF) =1 for any t € Sp(S).
Therefore
det((exp(ia/k)ujv)*) =1 for any t € Sp(S),

and
det(exp(ia/k)uivi) = exp(i2ir/k) for any ¢t € (0,1),
for some [ € 0,1,....,k — 1. Define the function f in the following way: On
(4) .
[0,1 =], set f = —2ln/(nk)l,; on points 0 and 1, define a; = — ZT:OI rj/mg)

m{” ()
and b; = =) .1 r;/my

j=1
Set
f(0) = diag{a, ..., a1, a2, ..., a2, ...y A1y, .., Q1o }s
m}) mé mloo
and
f(l) = diag{bh ...,bl, bg, ceey bg, ceey bll, ceey bll},
m% m% mlll
and define
t t

Sl = (1= )50 +5£©). 1€ 0.3
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1-1¢ t—1

ft)= (T)f(a) +(1+ T)f(l)a tel-o,1].

We then have f € S with ||| < ||lal| /M + 27 < L/M + 27 and
det(exp(if) exp(ia/k)ujvi) =1 for any ¢t € Sp(S).

By Lemma [3.3] 21 := exp(if) exp(ia/k)ujvi € CU(S). Moreover, by Lemma
there are unitaries wq, wy, and ws with ||w;|| < 27 such that

|lexp(if) exp(ia/k)ujvr — exp(iwy) exp(iws) exp(iws)|| < e,
and hence
luivr — exp(if) exp(ia/k) exp(iw ) exp(iws) exp(iws)|| < e.
Therefore,
cel(ujvy) < L/M + L/k + 6.

Then, by Lemma 6.4 of [11], there is ¢’ € CU(A) and y” € Ugy(A) such that
(uo @ p)*(vo ® p) = y'y” and cel(y”) < /2. Note that ((1 —p) @ z1)y’ € CU(A).
Therefore

w*v = exp(if) exp(ia)w

for some wy € Ug(A) with cel(w) < /2 for sufficiently small . By Lemma
one has that

cel(u*v) <2r/M + L/k + 8w +¢/2 < 8r+ L/k +¢,

as desired. 0

THEOREM 3.8 (See Theorem 6.11 of [11]). Let A be a simple TASI-algebra.
Then the group Ug(A)/CU(A) is torsion free.

PROOF. The proof is the same as that of Theorem 6.11 of [11], and also essen-
tially the same as that of Theorem O

COROLLARY 3.9 (See Corollary 6.12 of [11]). Let B,, be a sequence of unital

simple TASI-algebras. Let Hl; Ki(B,) be the set of sequence z = {z,}, where
zn € Ki(By) and each z, can be represented by a unitary in a matriz algebra
over B,,. Then the kernel of the map

Ki(J[Bn) = [[K:(Bn) = 0

is a divisible and torsion free subgroup of Ki(I],, Bn)-

PrOOF. Using Theorem and Theorem instead of 6.5 and 6.10 of [11],
one can repeat the argument of 6.12 of [11]. O
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Let us consider concrete model algebras in the class SH, and consider homo-
geneous C*-algebras in the building blocks.

DEFINITION 3.10. Put ¢’ = PM,,(C(X))P, where X = S'v---v S VY for
some finite CW complex Y with torsion Ki-group and dimension no more than 3,
and P is a projection in M, (C(X)) with rank > 6. Then K; (PM,,(C(X))P) =
Tor(K1(C")) & G, for some torsion free group G; = Z°. Denote by D' =
@;_, M,(C(T)). Then, there is an obvious map II : PM,(C(X))P — D’ in-
duced by the restriction to each circle. We have that K;(D') & G; and the
map IT is not surjective if s > 2. Denote by II; : PM,(C(X))P — E; to be the
composition of IT with the projection from D’ to E;.

Denote by C a finite direct sum of the C*-algebras of the form C’ above,
matrix algebras, splitting interval algebras, and pM,,(C(Y))p with ¥ a finite
CW-complex with dimension at most 3, p a projection with rank at least 6 and
K(Y) finite. Write D by the direct sum of D’ corresponding to the C*-algebras
in the form C’. Then, one has that

U(C)/CU(C) = Uy(C)/CU(C) & K, (D) & Tor(K;(C)).

We will set mg, 71, m2 to be the projection maps from U(C)/CU(C) to each
component according to the decomposition above.

As in [11], we have the following lemmas to control the exponential length in
the approximate intertwining argument. The proofs are the repeatings of the
corresponding arguments in [11].

LEMMA 3.11 (See Lemma 7.2 of |11]). Let C = @iilf C; be as above, let
U C U(C) be a finite subset, and let F be the group generated by U. Suppose
that G is a subgroup of U(C)/CU(C) which contains F, 7 (U(C)/CU(C)), and
72(U(C)/CU(C)). Suppose that the composition map v : F — U(D)/CU(D) —
U(D)/Uq(D) is injective and v(F) is free. Let B be a unital C*-algebra and
A : G — U(B)/CU(B) be a homomorphism such that A(G N Uy(C))/CU(C) C
Uo(B)/CU(B). Then there are homomorphism 3:U(D)/CU(D)—U(B)/CU(B)
with B(Uy(D)/CU(D)) CU(B)/CU(B) and 6:m2(U(C)/CU(C)) —U(B)/CU(B)
such that
B 0Tl o my(@) = A(@)(0 0 1 (162))

for any w € F and such that 0(g) = Alr,uc)cuc)ylg™) for any
g € m(U(C)/CU(C)). Moreover, 3(Ug(D)/CU(D)) C Ug(B)/CU(B).
If furthermore B is a simple TASI-algebra and

A(U(C)/CU(C)) C Uo(B)/CU(B),
then ﬁoHi o(m)|p =Alp.

PROOF. The first part of the statement is exactly the same as that of Lemma
7.2 of [11]. Noting that Uy(B)/CU(B) is torsion free by Theorem then the
second part of the statement follows. O
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LEMMA 3.12 (See Lemma 7.3 of [11]). Let B be a separable simple TASI-algebra,
and let C be as above. Let U C U(B) be a finite subset, and let F be the
subgroup generated by U such that ri(F) is free, where k1 : U(B)/CU(B) —
Ki(B) is the quotient map. Suppose that o : K1 (C) — Ki(B) is a one-to-one
homomorphism and L : F — U(C)/CU(C) is a ono-to-one homomorphism with
L(F N Uy(C)/CU(C)) C Uy(B)/CU(B) such that m o L is one-to-one and

aoryoL(g)=ri(g) forall geF,

where k] : U(C)/CU(C) — Ki(C) is the quotient map. Then there exists a
homomorphism B : U(C)/CU(C) — U(B)/CU(B) with B(Uy(C)/CU(C)) C
Uo(B)/CU(B) such that

BoL(f)=r
forall f € F.
PRrROOF. The proof is exactly a repeating the that of Lemma 7.3 of [11]. O

LEMMA 3.13 (See Lemma 7.4 of [11]). Let B be a simple separable TASI-
algebra, and let C' be as above. Let F be a group generated by a finite sub-
set U C U(C) such that (m1)|7 is one-to-one. Let G be a subgroup containing
F, 7 (U(C)/CUC)) and mo(U(C)/CU(C)). Suppose that o : U(C)/CU(C) —
U(B)/CU(B) is a homomorphism (a(Uy(C)/CU(C)) C Uy(B)/CU(B)). Then
for any € > 0, there is § > 0 satisfying the following: if ¢ = ¢pg D ¢1 : C — B is
a G — n-multiplicative completely positive linear contraction such that

e both ¢g and ¢1 are G — n-multiplicative,

o G is sufficiently large and n s sufficiently small depending only on F' and C
(such that ¢* is well defined on a subgroup of U(C)/CU(C) containing all of F,
mo(F), m(U(C)/CU(C)), and m(U(C)/CU(C))),

e ¢g is homotopically trivial (homotopic to a point evaluation), (¢o)«o s well-
defined and [¢]|k, () = Qx,

e 7(¢o(1c)) < 6 for all T € T(B) (assume eg = ¢o(1¢)),

then there is a homomorphism ® : C — eyBegy such that

e & is homotopically trivial and (®).o = (P)«0 and
o a(w) HP D ¢1)H (W) = gu where g, € Up(B) and cel(gy,) < € for any w € U.

PROOF. By Theorem the group U(B)/CU(B) is torsion free. One then
can repeat the argument of Lemma 7.4 of |11]. O

LEMMA 3.14 (See Lemma 7.5 of [11]). Let B be a separable simple TASI-algebra
and C as above. Let U C U(B) be a finite subset and F be the subgroup gen-
erated by U such that ri(F) is free, where x : U(B)/CUB) — Ky(B) is the
quotient map. Let ¢ : C — B be a homomorphism such that (¢). is one-to-one.
Suppose that j,L : F — U(C)/CU(C) are two one-to-one homomorphisms with
J(FNUy(B)),L(FNUy(B)) C Uy(C)/CU(C) such that kyop*oL = kjogto) =
ki|p, and they are one-to-one.

Then for any € > 0, there exists § > 0 such that if ¢ = ¢pg D 1 : C — B,

where ¢g and ¢1 are homomorphisms satisfying the following:
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e 7(po(1¢)) < 6 for all T € T(B) and
* ¢ is homotopically trivial,

then there is a homomorphism v : C — egBeqg (e = ¢o(1c)) such that

o [¢] = [¢o] in Homy (K(C),K(B)) and
o (¢t o j(w) My @ ¢1)H(L(w)) = gu where gy, € Uy(B) and cel(gn) < & for
any w € U.

PROOF. The argument of Lemma 7.5 of [11] can be duplicated in the following
way: instead of using Lemma 7.4 of [11], one uses Lemma O

3.2. A classification of TASI-algebras With the preparation above, we shall
prove the classification theorem for TASI-algebras. Using an approximately in-
tertwining argument, the proof is exactly the same as that of Theorem 10.4 of
[11] of Lin for the classification theorem of TAl-algebras. First, we have the
existence of a model algebra for any given TASI-algebra.

THEOREM 3.15 (|3]). Let A be a simple separable TASI-algebra. Then there
exists a simple inductive limit B = lim(B,,, ¢,) with B, = C & S for some
homogeneous C*-algebra C as described in and S a direct sum of splitting
interval algebras such that

e Ell(A) = Ell(B),

* o, = qﬁ&o) & </>§3) o (;5%2), where (/)%0) factors through a point evaluation map,
and qﬁg) factors through a splitting interval algebra (in particular, gi),(lo) is homo-
topically trivial),

* T(¢"+1,ooo¢£10)(1Bn)) — 0 and T(¢n+1,ooo¢7(z2)(1Bn)) — 0 uniformly on T(B),
and
o [bn]1 is injective for any n.

REMARK 3.16. The model algebra B is automatically a TASI-algebra.

REMARK 3.17. The statement of Theorem is stronger than the state-
ment of Theorem A of [3], which only states the first property of Theorem
However, one can easily obtains the rest of properties in its proof in [3].

THEOREM 3.18. Let A and B be two simple separable nuclear TASI-algebra
which satisfies UCT. Then A = B if and only if

(Ko(A),Ko(A)", [1al0), K1 (A4), T(A),ra)
= ((KO(B)7 KU(B)+7 [13}0)7K1(B)7T(B)7TB)'

Moreover, the *-isomorphism between the C*-algebras can be chosen to induce
the given isomorphism between their invariants.
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Proor. By Theorem there is a inductive limit algebra B’ satisfying all
the properties of Theorem In particular, Ell(4) = Ell(B’) = Ell(B), and
B’ is a simple TASI-algebra. Fix the algebra B’, and let us prove the theorem for
the TASI-algebras A and B’, and TASI-algebras B and B’ respectively. Once it
is done, one has that A = B’ and B = B’, and hence A = B’, as desired. Thus,
one may assume that the C*-algebra B is one of the concrete algebra described
in Theorem [3.15
Denote by x the isomorphism

K (Ko(A), Ko(A)T, [La]o; K1 (A)) — (Ko(B), Ko(B)", [1s]o; K1(B)),

and let 6 be the isomorphism from T'(B) to T(A) compatible with x. Since
A and B satisfy the UCT, there is a € Homa (K(A),K(B))* which induces .
Moreover, o can be chosen to be invertible.

Define the function L : U(B) — R* as follows:

2cel(u) + 8w + 7/16, if uw € Up(B),
L(u) = ¢ 167+ /16, if u ¢ Ug(B) and [u]; is torsion-free,
(2cel(u*))/k + 167 + /16, if u ¢ Ug(B) and [u]; has order k.

Fix € > 0 and finite subset F C B. Let ¢’ > 0, the natural number n, finite
subset P C P(B), finite subsets S C B be as required in Theorem Then
there exist mutually orthogonal projections ¢, p1, ..., pn With ¢ < p; and p1, ..., pn
mutually unitary equivalent, a sub-C*-algebra S7, which is a splitting interval
algebra with 1g, = p1 and unital S-¢]/2-multiplicative completely positive con-
tractions hg : B — ¢Bq with ho(z) = qzq, and hy : B — S; such that

[z — ho(x) & (hi(x) & - @ hi(x))|| < 67/16

n copies

for all z € S. Put S = M,(S1) C (1 —¢)B(1 — q). Let Py, Go, H,d and o1 be
required by Theorem Set 6 = min{dp, d'}. We may assume that Py contains
the minimal projections of S which present a generating set of the positive cone
of KO (S)

Without loss of generality, we may assume that for each v € U(B) N Py
has the form quq @& (1 — ¢)u(l — ¢), where qug € U(¢Bq) and (1 — q)u(l —
q) € U(C). Since B is the inductive limit of B;, we also assume ¢ € B; and
quq € U(gB1q). Let U’ = {quq,u € U(B) N P} and let F be the subgroup
of U(gBq) generated by U’. Let F be the image of F in U(¢Bq)/CU(qBq)
where CU(¢gByq) is the commutator subgroup of U(¢Bgq). By 6.6(3) of [11], we
have F = (F N Uy(qBq)/CU(¢Bq)) ® Fy @ F,, where F is torsion and F is
torsion free. Furthermore, we can assume U’ = Uy UU; with Uy generating
(F N Uy(qBq)/CU(¢Bq)) ® Fy and U generating Fy. We also assume ¢ € By
and Uy, Uy C ¢B1q. Note that K (B;,) — Ki1(Bnm+1) — Ki(B) is one-to-one for
all m.
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Let G; be a finite subset of B containing S, Go, H, U’, {¢,p1,....,pn} and a
finite set of generators of S. We assume G; C By. By Theorem 2.34 of |13], there
exists a G1-0/4 multiplicative completely positive linear contraction Ly : B — A
such that

[L1]lpup, = @ tpup,

and
071(7)(a) — 7(L1(a))| < 0/2 foralla € H,7 € T(A).

We assume that L} is well defined on F. Define L; : U(A) — R* in the same
manner as the L. Let F; be a finite subset of A. Let 6] > 0, the natural number
ny, finite subset P; C P(A), finite subsets S; C A as required in Theorem
(for A, Ly, F; and €/4). Then there exist mutually orthogonal projections
q,py, ..., pl, with ¢ < p} and pi,...,p), mutually unitary equivalent, a sub-C*-
algebra Sj which is a splitting interval algebra with 15, = p} and unital S;-67/4-
multiplicative completely positive contractions hy : A — ¢'Aq’ with hy(z) =
q'zq', and hy : A — S| such that

[z — ho(z) © (hy(z) © - -- @ hy(x))]| < 87/16

ny1 copies

for all x € S. We assume Ly(S) C S1. Set So = M,,(S5) € (1 —¢)A(1 —¢'),
and let Po1, Go1, Hi, do1 and o¢; also be as required by Theorem Let
d1 = min{d}, do1}. We may assume that §; < §/2, o1 < o/4 and Py; contains
the minimal projections of Ss which present the generating set of the positive
cone of Kg(S1). We also assume that ¢’ commutes with each elements of H; and
81, and [Ll](PUPQ) Q [Pl]

Again, we assume for each u € U(A)NP; has the form ¢'ug’ ® (1—¢")u(l—¢’),
where ¢'uq’ € U(¢'Aq’) and (1 — ¢')u(l — ¢') € U(S1). Let V' = {d'u¢’,u €
U(A)NP;} and let F’ be the subgroup of U(q’Aq’) generated by V'. Let F’ be
the image of F’ in U(q’Aq¢’)/CU(¢’Aq’). By (3) of Lemma 6.6 of [11], one has
that F’ = (F' N Uy(¢'Aq¢")/CU(¢' Aq")) @ F}) @ F|, where [} is torsion and F] is
torsion free. Furthermore, we may assume that V' = Vy UV, with V) generates
(F'NUy(¢'A¢")/CU(q'Aq")) @ F}) and V; generates FJ.

Let G4 be a finite subset of A which contains S1, Go1, L1(G}), Hi, V',
{¢,p},...,p,,} and a finite generating set of S2. By Theorem 2.34 of [13], there
exists a G5-01 /4 multiplicative completely positive linear contraction &} : A — B
such that

[(I)l] |7’1U7701 = O‘|7’1U7301

and
|0(7)(a) — 7(L1(a))| < o/2 for all a € L1tH U Hy, 7 € T(B).

We also assume (®})* is well defined on F', (®} o L;)* is well defined on F and
the image of ®} is contained in B,.
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Let B], = ¢B,q. Since B is simple, we may assume the rank of ¢ is sufficiently
large (> 6). By the construction, we have that [®] o L;](¢) is equivalent to gq.
Therefore we may assume

|®} o Li(q) —ql| < d/4

by adjoining a unitary.

Write B,, = @;”:1 B, (j), where each B, (j) is a splitting interval algebra or
the homogeneous algebra with dimension less than 3. Therefore, we can write
(= D@® - ®q with0 <1 <m and g; # 0. Choose an integer N; > 0 such
that Ni[g;] > 3[1p,(;)]. Note that we assume ¢; has rank at least 6. By applying
an inner automorphism, we may assume that @;:1 B, (j) is a hereditary C*-sub-
algebra of My, (B]). Since F; is finite generated, with sufficiently large n, we
obtain a homomorphism j : Fi — U(qBl,q)/CU(¢Bl,q) such that ¢}, o j = idp,.
Then

K10 ¢, 0 (B o L) g =ri0¢h o) =rlp,
where k1 : U(¢Bq)/CU(¢Bq) — Ki(¢Bgq) is the quotient map. Note that
K1(¢Bq) = Ki(B). Let Ay and § be as in Lemma [3.14, We may assume that

Ay < 01/4. To simplify notation, we assume that ¢,,(¢) = ¢. By the assumption
on B, we may write that ¢,|p; = (¢n)o © (¢n)1, where

o 7((¢n)o(1p;) < 61/2(Ny +1)? for all 7 € T(B) and
¢ (¢n)o is homotopically trivial (but non-zero).

It follows from Lemma that there is a homomorphism h : B, — ey Beg such
that

* [h] = [(¢n)o] in Homx (K(By,), _K(B)
(0} 04 (W) 1A (gn)1)} (A (w)) = g where g, € Uo(qBq) and cel(gy) <
e/4 (in U(gByq)) for all w € U;.

Define (we assume that B,, C My, (B),))

—_——

W = (h@ (dn)1 ®idny, )|€9§.:1 Bn(j)
and define ' = 1/ @ (¢>n)|@m L Ba(y)- et @1 = ®’ o ), we have
[®1]]p, 0P, = [®1]]Pyupe, and |70 ®1(a) — 70 @) (a)| < 01/2
for all a € A, ,. and 7 € T(B). For all w € Uy, we have
cel(w*(®1 0 Ly (w))) < 87 +¢/4 in U(¢Bg).
For any w € Uy, we also have

cel(w*(® o Ly(w))) < 2cel(w) + /64 or < 87 4 2cel(w®)/k + /16
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in U(¢Bq), depending in [w] = 0 or [w] has order k in K;(B). Therefore
cel(idg (ho(u)) (@1 o Li(ho(u))) < L(u) in U(gBq)
for all w € U(B) N Py. Since we also have

[id}|pup, = [®1 0 L]lpup, and sup [7(a) = 7(®10 Li(a))| <4
TeT (B

for all @ € H, by Theorem there is a unitary W € U(B) such that
[|[W(®10Li(z))W* —z|| <e/2 for any z € F.

Let 7o C B be a finite subset. We may assume Fy C B, (mj > n).
Let 65 > 0, the natural number ny, finite subsets P C P(B), So C B as
required in Theorem [2.12 Then there exist mutually orthogonal projections
q",pY,....,pl with ¢’ < p{ and p{,...,p!! mutually unitary equivalent, a sub-
C*-algebra S3 which is a splitting interval algebra with 1g, = p{ and unital
§-05 /4-multiplicative completely positive contractions hy : B — ¢"Bq" with
hg(x) = ¢"zq", and hY : B — S% such that

| — hij(z) @ (h{(x) & - & hY(x))|| < 6/16

n copies

for all z € So. Put So = M,,,(S5) C (1 —¢")B(1 —¢"). Let Poa2, Goz, Ho,
dp2 and oo > 0 be required by Theorem Set do = min{d}, do2}. We may
assume that oo < 01/4, d3 < §1/4, [®(P1 UPy1) C [Pe] and Po2 contains the
minimal projections of Sy which present a generating set of the positive cone of
Ko(S2). Furthermore, we may assume that each w € U(B) N Py has the form
q"ug"®(1—q¢")u(1—q"), where ¢"uq” € U(¢"Bq") and (1—¢")u(l—¢") € U(Ss).
Put W = {¢"uq” : uw € U(B) NPy}. Let F” be the subgroup generated by W.
Write F” = (F" NUq(q¢"Bq")/CU(¢"Bq")) ® Fy & F{', where F}/ is torsion and
FY' is torsion free. We may also assume that ®1(F’) € F”. Furthermore, we also
assume that W = WyUW),; where W, generates F"'NUq(¢"" Bq")/CU(¢" Bg")® FY
and Wy generates FY'.

Let G} be a finite subset which contains Sz, Goa, ¢”, pY, ..., plr, Ha, ®1(G2), a
generating set of Sy and W. Without lose of generality, we can assume ®;(A) C
B,,, for some m > m’, and there is a completely positive linear map J : B — B,
such that

17(@) — id(a)|| < 52/5.

Then we can find a projection p’ € B,, such that

ll¢(a) = @'l < 62/2.

We may write B,, = @;:1 B,.(j). By choosing large m, we may also assume
that ¢’ has at least rank 6. We write ¢ = ¢{ @ --- ® ¢ according to the direct
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sum decomposition (¢; # 0 for each ). Let Ny > 0 be an integer such that
Na[q)] > 3[1,, ()] for any j. Set B}, = ¢ B;,q'. Note @t is one-to-one on FJ. We
may further assume that G4 contains ¢i,...,q] and a generating set of Bj, and
B,,.
Now, let L, : B — A be a G} — §2/16(N2 + 1)2-multiplicative completely
positive linear contraction such that

[L/2]|732 = a_llpupoz and
sup {|7(L5(a)) — 9_1(7)(a)|} < d02/4 for any a € Hy U 1 (H,).
T7€TA

We may assume (L4)* is well defined on F”. Let e € A is a projection such that
1Ly 0 @1(¢) — el < ba/4.

Since ¢' € P1, [e] = [¢'] in Ko(A). Therefore, we can assume e = ¢’ = Lj 0 ®1(q’)
by adjoining some unitary in A. Note that F} is free and (¢, ar)«1 is one-to-one.
We get that

a0 (dmn)ar 0K o (R1)H(g) = Ki(g)

for all g€ FY{, where ) : U(B.,)/CU(BL,) =K1 (B.,) and x;:U(¢'Bg')/CU(¢' BG)
— K;1(¢'B¢’) are the quotient maps. Note that we have Ky(¢'B¢’) = K;(B). By
Lemma there exists a homomorphism

p:U(B,,)/CU(B,,) = U(q'A¢")/CU(q A¢')
with 3(Uqy(B,)/CU(B.,)) C Us(¢’Aq")/CU(¢'Aq’) such that
Bo (d})(w) = w
for all w € F|. Let &, = 6(c/16). By the assumption on B, there is M > m
such that ¢, v = d)gg?M @ qu?M : B, = Bjs such that ¢527)M is homotopically

trivial and T((ﬁMqugj?M(lB;n)) < AL/4(Na+1)2 for all 7 € T(B). To simplify the

notation, we assume that e, = L’QquMogbgg?M(lB;n) and e = L§°¢MO¢$?M(1BLL)

are mutually orthogonal projections. It follows from Lemma that there is a
homomorphism ¥’ : B, — e Ae(, such that

e @’ is homotopically trivial, ®,, = [L5] o (das © ¢$2,)M)*0|K0(B£n) and

. (5(@%(@)*1)(®’®(L’2 oom o¢g?M))i(<I>§(ﬁ))) = gy where g,, € Ug(q’Aq’) and
cel(gy) < e/4 (in U(¢’Aq")) for all w € V.

As in the construction of the map from A to B, we have a homomorphism
@' : B, — ¢'A¢’ such that @' is homotopically trivial, @, = [L5] o [¢ar © dm, a0
and ®'|p, = @'. Define Ly = (&' @ Ly o s 0 ¢7(11)M) oJ. One can verify that

[L2H7’2U7’02 = [L/2]|732U7902 = a_1|7:'2U7’02 and
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|70 La(a) — 0 Lh(a)] < ou/4

for all a € A, , with norm 1 and 7 € T(A). In particular

sup {|7oLyo®i(a)—7(a)|} < 01/2
TET(A)

for all a € Hy. Since o ®¥(w) = @ for all w € Vy, we have
cel(id 4 (hg(w*)) Lo (@1 (hgy(w)))) < 87 + cel(gy) + /4 < 8T +¢/2
in U(q’Aq") for all w € V;. We also have
cel(id 4 (hg(w*)) Lo (@1 (hg(w))) < 2cel((w) + m/16

or

cel(ida (hy(w*)) La(®1 (hy(w))) < 87 4 2cel(w®)/k 4 /16

in U(¢’Aq¢’) for all w € Vy (depends on [w] = 0 or has torsion k in K;(A)).
Therefore, we have

cel(id(T(u*)) La(®1 (1)) < L(u)

for all u € U(A)NP2 in U(¢'A¢’). By Theorem we have a unitary Z € U(A)
such that

|Z(Lao ®(a))Z* —al| <e/16 for all =€ Fi.

Therefore, by replacing Lo by ad o Lo, we obtain the approximate intertwin-
ing diagram. By applying Elliott’s intertwining argument, one has that A is
isomorphic to B, and the isomorphism induces the given isomorphism between
the invariants. O

4. Two remarks on the range of the invariant It is known that there
exists simple inductive limit A of splitting interval algebras such that Kg(A)
does not satisfy the Riesz decomposition theorem (see Section 6 of (8], where
the authors constructed such a C*-algebra A with S,(Ko(A)) a square rather
than a simplex). Then it is natural to ask the following two questions: Do the
invariants of inductive limits of splitting interval algebras exhaust all countable
simple torsion free unperforated ordered groups. And is A automatically an AH-
algebra if Ko(A) is a Riesz group; in other words, does the pairing map preserves
extrema point automatically once the Kyp-group is Riesz. In the following, we
shall give negative answers to both questions.
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4.1. A remark on ordered Kg-groups The ordered Kg-group of any simple
TASI-algebra is always simple and weakly unperforated (see Proposition 4.3 of
[12]), but it cannot exhaust all such ordered group. Let us consider the convex
set consisting of the states of the Kg-group. The following remark shows that
although this convex might not be a simplex, the defect is actually very small in
certain sense, and it cannot be an arbitrary convex.

DEFINITION 4.1. A compact convex set A is called a pseudo-simplex of order
n if there is a simplex E and a continuous surjective affine map r : E — A such
that for any z € A, the pre-image r~!(z) is a simplex with dimension at most
n.

LEMMA 4.2. Let S be a splitting tree algebra with n edges. Then the convex
S(Ko(S)) is a pseudo-simplex of order n.

PROOF. Denote by m the number of vertices of S. Then, there is a positive
embedding Ko(S) — Z™. The dual map r sends E,, := S(Z™), which is a
simplex, onto S(K(S)), as desired. O

LEMMA 4.3. Let Sy and Sy be two splitting tree algebras with number of vertices
my and meo respectively. Denote by 11 : Ko(S1) = Z™ and 19 : Ko(S2) — Z™2
the canonical embeddings respectively. Then, any homomorphism k : Ko(S1) —
Ko(S2) can be extended to a positive homomorphism Z™ — Z™2.

PrROOF. Let ev: Ko(S2) — Z be the evaluation map on a splitting point of Ss.
It is clear that ev can be naturally extended to Z™2. Thus, in order to prove the
lemma, it is enough to show that ev o k can be extended to a positive map from
7™ to Z.

By Lemma 2.16 of [12], the map ev o k is a sum of point evaluations, and
hence it can be extended to a positive map on Z™* naturally. O

LEMMA 4.4. Let A;,i = 1,2,... be pseudo-simplexes of order n with simplezxes
E; and affine maps r; : E; — A; such that r;l(ac) is a simplex with dimension
at most n for any x € A;. Let ¢; 1 Ajy1 — A; and @; : E; 1 — E; be affine
maps such that the diagram

Pi
E, ~— Eiy

T4 J/ \L Ti+1
i’y

A =— Ai+1
commutes. Then the inverse limit of the system (A;, ;) is a pseudo-simplex of
order n.

PrROOF. Denoteby E=1limE;, A = EiLnAi’ and r : E — A the canonical affine

map. Since each E; is a compact simplex, F is a compact simplex. Consider
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x = (z;) € gnAi. Tt follows that gZJi(r;rll(le)) C r; Y (x), and 7~ 1(x) is the

inverse limit of (r; '(x;), ;). Since each r;'(z;) is a simplex of dimension at
most n, their inverse limit 7~1(x) is a simplex with dimension at most n, as
desired. O

Applying this lemma to Ko-groups of splitting tree algebras, one has that

THEOREM 4.5. Let G be an inductive limit of order-unit Ko-groups of splitting
interval algebras. Then, the convex set S(G) is a pseudo-simplex of order 1.

Proor. Write G = lim(G}, ¢;) where each G; is the Kg-group of a splitting
H

interval algebra. Then each convex set S(G;) is a pseudo-simplex of order 1. By
Lemma [£.3] the maps ; lift to a map @; : Z™ — Z™i+* such that

Pi
Zmi > Zmi+1

Li T T Li41

Pi
G; Git1

commutes, where ¢; and ¢;41 are canonical embeddings. Consider the dual, one
has the commutative diagram of Lemma and hence the S(G) is the pseudo-
simplex of order 1. O

Since the Kg-group of any simple TASI-algebra is an inductive limit of direct
sums of Ky-group of splitting interval algebras and Z ¢ (Z/nZ), one has the
following corollary.

COROLLARY 4.6. Let A be a simple TASI-algebras. Then S(Ko(S5)) is a pseudo-
simplex of order 1.

REMARK 4.7. It is then clear that the Kg-group of TASI-algebras cannot ex-
haust all simple weakly unperforated ordered groups. For instance, let G be
an order-unit group with S(G) a pentagon. Then G cannot be realized as the
Ko-group of a TASI-algebra, since pentagon is not a pseudo-simplex of order 1
(in fact, it is a pseudo-simplex of order 2).

REMARK 4.8. Note that in |2], the author showed that the class of simple
inductive limits of point-line algebras is able to exhaust all simple unperforated
ordered group. Thus, in order to have a classification for a class of simple
C*-algebras with the most general unperforated Kg-groups, it is reasonable to
consider the class of C*-algebras which can be tracially approximated by certain
point-line algebras. This will be the topic of forthcoming paper(s).
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4.2. A remark on pairing maps It is known that the range of the ordered K-
groups of TASI-algebras is strictly bigger than that of AH-algebras. In this
section, we shall show further that even if the Ky-group of a given TASI-algebra
is a dimension group, it still might not be an AH-algebra. We shall consider
the pairing map from tracial simplex to the convex set consisting of the states
of Ko-group (it is in fact a simplex in this case), and show that it does not
necessarily preserve extreme points (note that for AH-algebras, the pairing map
always preserves extreme points).

THEOREM 4.9. There exists a TASI-algebra such that the ordered Kg-group
has the Riesz decomposition property, but the canonical pairing map from trace
simplex to the convex set of the states on the Kg-group does not preserve extreme
points.

PrROOF. Let (k,) be a sequence of natural numbers such that

=1
;kn+1<oo7

and
k1 ko k

ki +2 kot 2 Kk, 42
for some strictly positive number c.
Set my,, = (k1 +2)(k2 +2)--- (kn—1 + 2) (assume m; = 1). Consider the
algebra

> ¢ for any n

A, = {f S M2mn([0ﬂ 1])7f(0) € an ©® an}'

(In fact, Apy1 = A, @ My, 12.)
A simple calculation shows that Ko(A,) = Z & Z with

K¢ (Ay) = {(a,b); a,b e ZT U{0}}.

It is a Riesz group, so does any inductive limit.

However, the pairing map does not preserve extreme points. For example,
T1/2}, the Dirac measure on {1/2}, is an extreme trace. But the induced state
is

[7{1/2}] : (a, b) — (a + b)/2,

which is not extremal.
Consider the following inductive limit of A,,: Let {x,} be a dense sequence
in [0,1]. Define ¢, : A, = Ap41 by

fr= f(@n)po ® (f @ Iay, )P1 @ f(@0)p2 € Ansa,

where
po = diag{1,...,1,0,...,0},
——

Mn



TRACIALLY APPROXIMATE SPLITTING INTERVAL ALGEBRAS 73

pe = diag{0,...,0,1,...,1},
——

and p; =1 — pg — p2. Note that
[@n] : (a,b) = (kna + (a +b),k,b+ (a+b)).
Then [¢,] is injective as a map between abelian groups. Indeed, if
kna+ (a+b)=0 and k,b+(a+b)=0
for some a,b € Z, one then has
(kn+1)2a=a and (k, +1)*b=0.

Since k, > 1, one has that a = b = 0.
Then, A = H_I)nAn is simple, and Ko(A) is a Riesz group. Note that

o 1 E,+1 -1
(6] _(kn+1)21( -1 kn+1)'

Since

=1
T;kn+1<007

then Ko(A) has two extreme states, denoted by po and p;.
Denote by p, and ¢, two orthogonal projections in A,, with

[pn] = (Mmp,0) and [gn] = (0,my).

Denote by p(()n) and pgn) the standard extreme states on Ko(A,,), one has

O 1 1
‘po (Pn) — po(pn)| < o1t A +
and 1 )
(.
[P @) =] < g b

(Note that p(()n)(Qn) =0.)
Since

ky ks kn
ki +2 ko+2 kn +2
for some prescribed ¢ > 0, then an asymptotical argument shows that for any
xo € [0,1] (as spectrum of A,), there is a trace 7 on A such that 7({zo}) > c.

In particular, for any A,, there is a trace 7 on A such that the restriction of 7
to A,, has mass at least ¢ on {1/2}.

> ¢ for any n
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Let us show that the pairing map of A does not preserve extreme points. Let
7 be any tracial state on A with restriction to projections an extreme state, say
[T] = po. We assert that for any € > 0, there is N such that for any n > N, one
has that 7({z}) < ¢ for any = € (0,1) (in the spectrum of A4,). In fact, for any
n sufficiently large such that

1 + 1
kn‘i’l kn+1+1

- <,

one has

T(qn) = pO(Qn) =e ,Oén)(qn) =0.

If 7({x}) > ¢ for some z € (0,1), one has that 7(g,) > ¢, and this is a contradic-
tion. The same argument shows that if [7] = py, then for any € > 0, there is N
such that 7({z}) < e for any n > N. Thus, for any trace 7 with [r] an extreme
state, for any € > 0, there is N such that for any n > N, one has

7({z}) <e for any z € (0,1).

Assume that the pairing map of A preserves extreme points, and applying the
statement above to extreme traces, one then has that for any tracial state 7 on
A and for any € > 0, there is N such that

7({z}) <e for any z € (0,1).

But this contradicts to the construction of A which guarantees the existence of
a tracial state with mass at least ¢ on {1/2} on any A,,. Thus A is the desired
TASI-algebra. O
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