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ABSTRACT. Let (X,T') be a free minimal dynamical system, where X is a compact separable
Hausdorff space and I is a discrete amenable group. It is shown that, if (X,I") has a version
of Rokhlin property (uniform Rokhlin property) and if C(X) x I" has a Cuntz comparison
on open sets, then the comparison radius of the crossed product C*-algebra C(X) x I is at
most half of the mean topological dimension of (X, T).

These two conditions are shown to be satisfied if I' = Z or if (X,T") is an extension of a
free Cantor system and I' has subexponential growth. The main tools being used are Cuntz
comparison of diagonal elements of a subhomogeneous C*-algebra and small subgroupoids.

CONTENTS
(I.__Introductionl 1
[2. Notation and preliminaries| 4
(3. Uniform Rokhlin property and structure of C(X) x I 8
[4.  Comparison of open sets, comparison radius, and mean topological dimension| 22
[5.  Recursive subhomogeneous C*-algebras with diagonal maps| 33
[6. Small subgroupoids and recursive subhomogeneous C*-algebras| 36
[7. Comparison of diagonal elements and comparison of open sets| 42
[8.  Lower semicontinuous set-valued functions and small subgroupoids| 58
[References] 64

1. INTRODUCTION

Consider a topological dynamical system (X, T"), where X is a compact Hausdorff space
and I' is a discrete amenable group. The mean (topological) dimension of (X,I"), denoted
by mdim(X,T'), was introduced by Gromov ([23]), and then was developed and studied
systematically by Lindenstrauss and Weiss ([34]). It is a numerical invariant, taking value
in [0, +00], to measure the complexity of (X,I') in terms of dimension growth with respect
to partial orbits.
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On the other hand, the concept of dimension growth also appears in the classification
theory of C*-algebras, and it is used to provide a condition for C*-algebras to be covered by
classification theorems. For example, consider a unital inductive system of C*-algebras

A1—>A2—>"'—>1i$z4¢,

where each A; = M,,,(C(Xj;)) is the algebra of M, (C)-valued continuous functions on some
compact separable Hausdorff space X;; its dimension growth is defined as
lim inf dlm—m,
1— 00 ni

where dim(X;) is the topological covering dimension of X;. If the dimension growth is 0,
then the isomorphism classes of the limit C*-algebras hﬂAi are classified by their Elliott
invariant ([20], [9], [45]). (See [21I, [22], [11] [14], and [10] for further developments of the
classification of C*-algebras in this direction.)

For a general abstract C*-algebra, it might not have an obvious inductive limit decompo-
sition in terms of homogeneous or subhomogeneous C*-algebras as the example above. In
such cases, comparison radius, introduced by Toms ([43]) and denoted by rc(A), plays a role
as the dimension growth of such a C*-algebra A.

Let us start with some comparison theory of C*-algebras. Let a, b be positive elements of
a matrix algebra over A. Then a is said to be Cuntz sub-equivalent to b if there are sequences
(), (yn) in a matrix algebra over A such that

Tpby, — a, as n — oo.

In the case that a, b are projections, the Cuntz sub-equivalence relation recovers the classical
Murray-von Neumann sub-equivalence relation; and moreover, if A = C(X), a is Cuntz
sub-equivalent to b if and only if the vector bundle over X induced by a is isomorphic to a
sub-bundle of the the vector bundle induced by b.

If a is Cuntz sub-equivalent to b, then the rank function induced by a is always dominated
by the rank function induced by b, just like the case above, the rank of the vector bundle
induced by a is at most the rank of the vector bundle induced by b. The converse is not true
in general, as there are many examples of a pair of vector bundles such that the bundle with
smaller rank is not isomorphic to a sub-bundle of the other one.

However, if the gap between the ranks of two (complex) vector bundles is sufficiently
large (larger than $dim(X)), then the converse is true; that is, the vector bundle with small
dimension is isomorphic to a sub-bundle of the vector bundle with larger dimension.

The comparison radius is the infimum of all the gaps of the ranks so that the converse does
hold (see Definition [2.14]), and a typical example is that the comparison radius of M, (C(X))
is at most %dimT(X), that is, half of the dimension ratio of M, (C(X)). Thus, in general, the
comparison radius is regarded as a version of dimension growth for an abstract C*-algebra.

For the given topological dynamical system (X, I'), the natural C*-algebra to be considered
is the crossed product C*-algebra C(X) x I'. It would be interesting to compare the mean
dimension of (X, I") (the dynamical dimension growth) with the comparison radius of C(X') x
[ (the C*-algebraic dimension growth), and this is the main motivation of this paper. Indeed,
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it was shown in [I7] that the comparison radius of C(X) x Z in general can be nonzero, and
Phillips and Toms also conjectured that the comparison radius of C(X) x I' should equal
half of the mean dimension of (X,T").

Many results in this direction have been obtained: For free minimal Z-actions, if X is
finite dimensional (hence the dynamical system has mean dimension zero), it was shown in
[46] that the algebra C(X) x Z has finite nuclear dimension; therefore the C*-algebra has
strict comparison of positive elements, and the radius of comparison is zero. Still with the
assumption that X is finite dimensional, this result was generalized to free minimal actions
by Z< in [42] or by a group with comparison property in [30].

Without assuming X to be finite dimensional, for a free minimal Z-action with zero mean
dimension, it was shown in [I5] that the crossed product C*-algebra absorbs the Jiang-Su
algebra (and therefore has finite nuclear dimension by [16]). In particular, this implies that
the comparison radius is 0. For free minimal Z-actions without zero mean dimension, Phillips
showed in [39] that the radius of comparison of C(X) x Z is at most 1 + 36mdim(X, o, Z).

The argument in [46], [15], or [39] relies on the Putnam’s orbit-cutting algebra (or the
large sub-algebra) A,; and in the case of zero mean dimension, the argument in [15] also
heavily depends on the small boundary property (which is equivalent to mean dimension
zero in the case of Z-actions).

However, beyond the Z-action case, it is not clear in general how to construct large sub-
algebras; moreover, once the dynamical system does not have mean dimension zero, the
small boundary property does not hold anymore.

To deal with these difficulties, in this paper we consider the following properties of the
dynamical systems and the crossed product C*-algebras:

e Uniform Rokhlin Property (URP). The topological dynamical system (X, I') is said to
have the Uniform Rokhlin Property (URP) if there exist disjoint towers with shapes
arbitrarily invariant and all level sets are open, such that the complement of the
towers has arbitrarily small orbit capacity (see Definition .

e Cuntz comparison of open sets (COS). Consider the C*-algebra C(X) xT". Note that
any open set F© C X represents a Cuntz equivalence class of C(X) and hence a Cuntz
equivalence class of C(X) x I'. Denote it by [E]. Then the dynamical system (X,T")
is said to have the Cuntz comparison of open sets (COS) if there are A € R* and
m € N such that for any open sets

E,FCX with u(E)<Au(F)
for all ergodic measures i, one has that
[E] < m[F]

in the Cuntz semigroup of C(X) x I'. (See Definition [4.1])

A consequence of the (URP) is that the crossed product C*-algebra C(X) x I' can be
(weakly) tracially approximated by homogeneous C*-algebras with dimension ratio at most
the mean dimension of (X,I") (see Theorem [3.9); roughly speaking, any element of C(X)x T
can be approximately decomposed as the (not necessary orthogonal) sum of an element in
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a homogeneous C*-algebra with dimension ratio at most mdim(X,I') and an element which
is uniformly small under all traces (i.e., under all ergodic measures).

This tracial approximation property, together with Cuntz comparison of open sets, implies
that the radius of comparison of the crossed product C*-algebra is at most half of the mean
dimension:

Theorem (Theorem . Let (X,T") be a free and minimal topological dynamical system
satisfying the (URP) and (COS). Then,

(1.1) re(C(X) % T) < %mdim(X, r).

All minimal Z-actions have the (URP) (see Lemma [3.6); and if (X,T") is an extension of
a free minimal system with small boundary property, it has the (URP) (see Corollary .

To investigate when C(X) x I has the (COS), small subgroupoids of X xI' are considered.
These are the open and relatively compact subgroupoids of X xI', and they can be regarded
as a local version of the orbit-cutting subalgebra A,. It is well known that the C*-algebra of a
small subgroupoid is subhomogeneous (i.e., the dimensions of its irreducible representations
are uniformly bounded).

It turns out that the C*-algebra of a small subgroupoid is rather special: it is a recursive
subhomogeneous C*-algebra with diagonal maps (see Theorem [6.15)); and with a revised
argument of [I5], the Cuntz class of diagonal elements of such a C*-algebra are shown
to be determined by their ranks (see Theorem , provided that the dimensions of the
irreducible representations are sufficiently large, but regardless of the topological dimension
of its spectrum.

This comparison property of diagonal elements leads to a Cuntz comparison of open sets
for (X,I'): if I is amenable and X x I' has small subgroupoids with each orbit arbitrarily
invariant, then the dynamical system (X,I") has the Cuntz-comparison property on open
sets (see Corollary . Such small subgroupoids always exist if

e ['=17, or
e (X,T') is an extension of a free Cantor system and I' has subexponential growth.

Therefore, in these cases, the dynamical system (X,I") has the (COS) (see Corollary
and Corollary ; in particular, the estimate (1.1)) holds (see Corollary and Corollary
8.12)).

Remark 1.1. In [36], using the adding-one-dimension and going-down argument of [25], the
(COS) and (URP) (and hence the estimate (L.1)) are obtained for arbitrary minimal and
free Z-actions. Hence holds for all minimal free Z?-actions.

In [37], still under the assumption of the (COS) and (URP), it is shown that mdim(X,I") =
0 implies that the C*-algebra C(X) x I is classified by its Elliott invariant.

2. NOTATION AND PRELIMINARIES

2.1. Topological Dynamical Systems.
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Definition 2.1. A topological dynamical system (X,I") consists of a separable compact
Hausdorff space X, a discrete group I', and a homomorphism I' — Homeo(X), where
Homeo(X) is the group of homeomorphisms of X, acting on X from the right. In this
paper, we frequently omit the word topological, and just refer it as a dynamical system.
The dynamical system (X,I") is said to be free if xy = x implies v = e, where 2 € X and
vel.
A closed set Y C X is said to be invariant if

Yy=Y, ~el,

and the dynamical system (X,I") is said to be minimal if @ and X are the only invariant
closed subsets.

If I' = Z, then o is induced by a single homeomorphism of X, which is still denoted by o.
In this case, the dynamical system is denoted by (X, o).

Remark 2.2. In the case I' = Z, it is well known that (X, ¢) is minimal if and only if one of
the following holds:

(1) if Y C X is closed and (V) C Y, then Y = X or Y = &;

(2) for any z € X, the forward orbit {z, o(z),0?%(x)...} is dense;

(3) for any x € X, the orbit {...,c7(z),z,0(x), ...} is dense;

(4) for any non-empty open set U C X, there is n € N such that

Uuoc ' (U)u---Uo ™U) =X.
Definition 2.3. A Borel measure p on X is invariant if for any Borel set £ C X, one has

w(E) = p(Ery), vel.

Denote by M;(X,T") the set of all invariant Borel probability measures on X. It is a Choquet
simplex under the weak* topology.

Definition 2.4. Let I" be a (countable) discrete group. Let K C IT" be a finite set and let
e > 0. Then a finite set I C I is said to be (K, ¢)-invariant if
[FKAF| _
— <e
||
The group I' is amenable if there is a sequence (I',,) of finite subsets of I' such that for any
(K,¢), the set T',, is (K, e)-invariant if n is sufficiently large. The sequence (I',,) is called a

Folner sequence.
The K-interior of a finite set F' C I' is defined as

intg(F)={ye F:vK C F}.
Note that
[P\ intye(F)| < |K|[FK\ F| < |[K||[FKAF],
and hence for any € > 0, if F'is (K, ﬁ)—invariant, then
|F\ intg (F)]
||
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Definition 2.5 (see [34]). Consider a topological dynamical system (X,I'), where I' is
amenable, and let £ C X. The orbit capacity of E is defined by

ocap(F) =

n—oo ’F | xGX

where (I',,) is a Fglner sequence, and yg is the characteristic function of E. The limit always
exists and is independent from the choice of the Fglner sequence (I',,).

Remark 2.6. Orbit capacity has the following properties:

(1) If E is a closed set, then ocap(E) < ¢ if and only if u(E) <e, p € My(X,TI).
(2) The orbit capacity is semicontinuous in the sense that for any closed set D C X and
any € > 0, there is an open neighbourhood U O D such that ocap(U) < ocap(D) +e¢.

Definition 2.7 (see [23] and [34]). Let &/ be an open cover of X. Define
D(U) = min{ord(V) : V is an open cover of X and V < U},

where
ord(V) = =1+ sup Z xv(x),
2eX yey
and V < U means that, for any V € V, there is U € Y with V C U.
Consider a topological dynamical system (X,I"), where I' is a discrete amenable group.
The mean topological dimension is defined by

D(\/ v '

vel'y

mdim(X,I") := sup lim
(X, 1) i= sup lim, yrn|

where U runs over all finite open covers of X, (I',) is a Fglner sequence (the limit is inde-
pendent from the choice of (I',)), and a V 8 denotes the open cover

(UNV:U€a, Vep}

for any open covers « and f3.
Note that in the case I' = Z, one has

1
mdim(X,o) =sup lim —DU Vo U)V---V o " U)).
u n—oo N
Remark 2.8. It is shown in [5] that, if I" is a countable infinite amenable group, then each
number in [0, +00] can be realized as the mean dimension of a minimal dynamical system

(X,T).

Remark 2.9. Motivated by the mean dimension of a topological dynamical system, a version
of mean dimension for simple AH algebras with diagonal maps was also introduced in [35].
In particular, it was used to show that simple unital AH algebras with diagonal map and
with unique trace are classifiable.
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2.2. Crossed product C*-algebras. Consider a topological dynamical system (X, I"). The
(full) crossed product C*-algebra A = C(X) x I is defined to be the universal C*-algebra

CHfouys uyful = f(y) = for, uyul, =u, 1, ue=1, f € C(X), y,m,72 €'}

The C*-algebra A is nuclear (Corollary 7.18 of [47]) if I" is amenable. If, moreover, (X, ")
is minimal and topologically free, the C*-algebra A is simple (Theorem 5.16 of [8] and
Théoreme 5.15 of [4§]), i.e., A has no non-trivial two-sided ideals.

2.3. Comparison for positive elements of a C*-algebra.

Definition 2.10. Let A be a C*-algebra, and let a,b € AT. We say that a is Cuntz sub-
equivalent to b, denoted by a = b, if there are z,, y,, n = 1,2, ..., such that
lim x,by, = a,

n—oo

and we say that a is Cuntz equivalent to b if @ 3 b and b 3 a.
Denote by M,,(A) the C*-algebra of n x n matrices over A. Regard M,,(A) as the upper-left
corner of M,,;1(A), denote by

Moo(4) = [ Ma(4),

the algebra of all finite matrices over A, and denote by Tr the standard (unbounded) trace
of My (C).
Let 7: A — C be a tracial state. Then define the rank function

d,(a) == lim (r @ Tr)(a") = pren(sp(a) N (0, +00)), @ € Mu(A)*,

where ji,gT is the Borel measure induced by 7 ® Tr on sp(a), the spectrum of a.
It is well known that for any a,b € M,,(A)T for some n € N, if a 2 b, then

d-(a) < d.(b).
Ezample 2.11. Consider f € C(X)* and let u be a Borel probability measure on X. Then

dr, = (£ 710, +00)),
where 7, is the trace of C(X) defined by

nlf) = [ fdn fec),
Let f,g € C(X) be positive functions, and define the open sets
E=f10,4+00) and F =g (0, 400).

Then f = g if, and only if, £ C F. That is, the Cuntz equivalence classes of f and g are
determined by their open supports.
For each open set E C X, pick a continuous function ¢g : X — [0, +00) satisfying

(2.1) E = ;' (0, 400).
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For instance, one can pick ¢g(x) = d(z, X \ E), where d is a compatible metric on X. The
notation wg will be used throughout the paper. Note that the Cuntz equivalence class of pg
is independent of the choice of the individual function pg.

Definition 2.12. Let a € AT, where A is a C*-algebra, and let € > 0. Define
(a—2); = f(a) € 4,
where f(t) = max{t —¢,0}.
The following is a frequently used fact on Cuntz comparison.

Lemma 2.13 (Section 2 of [41]). Let a, b be positive elements of a C*-algebra A. Then a 3 b
if and only if (a —e)y 2 b for all e > 0.

Definition 2.14 (Definition 6.1 of [43]). The radius of comparison of a unital C*-algebra A,
denoted by rc(A), is the infimum of the set of real numbers > 0 such that if a,b € My (A)*
satisfy

d-(a) +7r < d.(b), Te€T(A),
then a 3 b, where T(A) is the simplex of tracial states. (In [43], the radius of comparison
is defined in terms of quasitraces instead of traces; but since all the algebras considered in
this paper are nuclear, by [26], any quasitrace actually is a trace.)

Ezxample 2.15. Let X be a compact Hausdorff space. Then

_ Ldim(X) —1

— 2 n

where dim(X) is the topological covering dimension of X (a lower bound of rc(C(X)) in
terms of cohomological dimension is given in [12]).

(2.2) re(M,(C(X)))

The main purpose of this paper is to investigate whether the dynamical version of ([2.2))
holds, that is, whether one has

1
re(C(X) xT') < deim(X, r).
3. UNIFORM ROKHLIN PROPERTY AND STRUCTURE OF C(X) x I’

Let us first consider a Rokhlin property for a dynamical system (X, T"). It turns out that
this Rokhlin property implies that the crossed-product C*-algebra C(X) x I' can be weakly
tracially approximated by (not necessary unital) homogeneous C*-algebras.

3.1. Uniform Rokhlin Property.

Definition 3.1. A topological dynamical system (X,T'), where I' is a discrete amenable
group, is said to have the Uniform Rokhlin Property (URP) if for any ¢ > 0 and any finite set
K CT, there exist closed sets By, Bs, ..., Bs C X and (K, ¢)-invariant sets I';, Ty, ..., Ts C T
such that

Byy, ~ely, s=1,....5,
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are mutually disjoint and
s
ocap(X \ |_| |_| Byy) < e.
s=1~€ely
In fact, in the definition of the (URP), the base sets By, ..., Bg can also be assumed to be

open:

Lemma 3.2. A topological dynamical system (X,T) has the (URP) if, and only if, it satisfies
Definition but with By, ..., Bg being open sets, instead.

Proof. Let (K, ¢) be given. Assume there exist closed sets By, By, ..., Bs € X and (K, ¢)-
invariant sets I'y,I'g,...,I's C I" such that

Byy, ~ely, s=1,...5,

are mutually disjoint and

ocap(X \ |_| |_| Byy) < e.

s=1~el;
Since each By, s = 1,...,.5, is compact, one can choose an open neighbourhood B, of B, such
that
Bly, ~veTl, s=1,..,8

are mutually disjoint. Then

ocap(X \ | | | ] Biy) <ocap(X \| || | B:v) <e,

s=1~€l's s=1~el;

and thus satisfies Definition [3.1] with open base sets.
For the converse, assume there exist open sets By, By, ..., Bs C X and (K, ¢)-invariant sets
I',I'g,...,I's € I'" such that
Byy, vely, s=1,...5,

are mutually disjoint and

ocap(X \ |_| |_| Bgy) < e.

s=1~el;

Consider the closed set X \ | |7, Ll er, Bsy- It has an open neighbourhood U such that
ocap(U) < e (see Remark [2.6), and there is a closed subset B, C By, s = 1,..., S, such that

X\ ||]Brcuw

s=1~el;
Indeed, B can be chosen as |J . (U°N (Byy))y™" (note that U is closed in X, U¢ C

|_|SS:1 Ller, Bsv, and each Byy is open; so each set U¢ N (Byy) is closed in X). Then the
closed sets B’ satisfy Definition (with base sets closed). 0

Theorem 3.3 (Theorem 5.5 of [30]). If (X,T") is free and has small boundary property, then
(X,T') has the (URP).
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Remark 3.4. In the case that I' = Z%, it follows from Theorem 1.10.1 of [24], that if (X, Z%)
is an extension of free dynamical system with the small boundary property, then it has the
Topological Rokhlin Property in the sense of 1.9 of [24] (actually, the proof of 1.10.1 of [24]
shows that the dynamical system (X, Z%) has the (URP)).

Remark 3.5. The level sets of the towers obtained in [30] actually have arbitrarily small
diameter, and this is referred by the authors as the property of almost finiteness in measure
(Definition 3.5 of [30]). This property is shown to be equivalent to the small boundary
property (Theorem 5.5 of [30]). In the case that X is a Cantor set, the result is also obtained
in [6].

It follows from Corollary 3.4 of [33] that any free minimal Z-action has the (URP):

Lemma 3.6. Let 0 : X — X be a homeomorphism, and assume that (X, o) is an extension
of a free minimal system. Then, for any € > 0 and any N € N, there is a closed set B C X
such that

o' (B), i=0,..,N—1

are disjoint and
N-1
ocap(X \ |_| d'(B)) < e.
i=0

In particular, (X,o0) has the (URP) (with S =1).

Proof. Let e > 0 and N € N be arbitrary. It follows from Corollary 3.4 of [33] that there is
a continuous function n : X — [0, +00) such that

ocap{z : n(o(z)) #n(x) +1or n(x) ¢ Z} < 5N

(N2N +1)+1)

Consider the level sets
E,.=n"'k), k=0,1,2,..
and the (open) set

F=oc Y EF)Uoc M F)uU---Ud"2(EF) ud" Y F),

where
Fy={x:n(o(x)) # n(zx) + 1}.
Note that
n(o®(x)) =n(z)+k x€X\F, —-N+1<EkE<N -1,
£

. < . <o0:= .
(3.1) ocap(F) < 2N -ocap(Fp) < 0 NON 1) 11
and

- €

2 X E;) < .
(3.2 ocap( \l—l VS aNveN DD O

Define

B :=| |Ejyy, 1=0..,N-1,
1=0
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and define
B=(E\F)Nno Y (B, \F)N---Nno " Ex_1 \ F).
For each [ = 0,1,..., N — 1, since Ejy_;, i = 0,1, ..., is eventually empty, the set £ is closed,
and hence the set B is closed as well. Since
B g EO) oB g E17 sy UN_l(B) g EN—la
and Ey, Ey, ..., Eny_1 are mutually disjoint, one has that
B, o(B),...,c" " Y(B)

are mutually disjoint. Thus, B, o(B), ..., oV "} B) form a tower.
Let us estimate ocap(X \ | |;,' o!(B)). Note that

Ex\B = E\(Eo\F)no Y (EL\F)No 2 (E,\F)N---no Y (Ey_ 1\ F))
EoNEYU(Eg\o " (EL\F)U---U(Ey\o "V (Ey_1\ F))
EyNF)Uo™ (o(Eo) \ (Ex \ F)) U U™ (0" (Ep) \ (Ex-1\ F))
EoNFYUo  (o((Eg\ F)U(EyNF))\ (B, \ F))U---U
T (BoUF) U (BEg N )\ (En-1\ F))
EsNFYUo (B Uo(EgNF)\ (B, \F)uU---U
_N+1(EN_1 U O'N_I(EO N F) \ (EN_1 \ F))
EcnNF)Ues ' ((BEyNF)Uo(EgNF)U---U
o N (Ey_iNF)ud¥ Y Eyn F)),
and hence by ,
ocap(Ey \ B) < ocap(EyN F) + (ocap(Ey N F) +ocap(Ey N F)) + -+ +
(ocap(En_1 N F) + ocap(Ey N F)) < 2No.

N I
~—~ q ~—~

Q

N

Therefore, for any [ =1,2,..., N — 1, one has
ocap(E; \ UZ(B)) = ocap(a_l(El) \ B)
ocap(o_l((El \F)U(E,NF))\B)

< ocap((EyUo (BN F))\ B)
< ocap((Ey\ B)Uo {(E,NF))
< (2N +1)5,
and thus, together with ,
ocap(X\ | | o'(B)) = ocap(X\ | | E)U(| ] B\ | | o'(B))
< ocap(X \ |_| E}) + - ocap(E; \ ¢'(B))
k=0 =0

< 0+ N(@2N +1)6 <e¢,
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as desired. O

Lemma 3.7. If a dynamical system (X,T') is an extension of a dynamical system (Y,T')
which is free and has the (URP), then (X,I") has the (URP).

Proof. Denote the quotient map from (X, T') to (Y, ') by 7. Note that for any set £ C Y, one
has ocap(m~'(E)) < ocap(E). Since (Y,T') has the (URP), for any € > 0 and any finite set
K CT, there exist closed sets By, Bs, ..., Bs C X and (K, ¢)-invariant sets I';, Ty, ..., Tg C T
such that

Bs’yv VGFSa S:].,...,S

are mutually disjoint and

ocap(X \ |_| |_| Bsy) <€

s=1~el;
Then the closed sets
= YBy), s=12,..,8

together with I'y, s = 1,2,...,.5, form disjoint Rokhlin towers of (X, I") with complement of
orbit capacity at most ¢. U

Since any free topological dynamical system with the small boundary property has the
(URP) (Theorem 5.5 of [30]; see Theorem [3.3| above), one has the following corollary.

Corollary 3.8. If a topological dynamical system (X,T") is an extension of a free dynamical
system with small boundary property, then (X,T') has the (URP). In particular, if (X,T) is
an extension of a free minimal Cantor system, (X,T") has the (URP).

3.2. A tracial approximation structure for C(X) x I'. Considering a topological dy-
namical system (X,I') with the (URP), let us show that the C*-algebra C(X) x I' can be
(weakly) tracially approximated by (not necessarily unital) homogeneous C*-algebras with
dimension ratio almost dominated by the mean dimension of (X, T).

Theorem 3.9. Let (X,I") be a dynamical system with the (URP). The C*-algebra A :=
C(X) x T has the following property: For any finite set {f1, fa, ...y fu} € My (A) (where
m € N), h € C(X)* with h(z) > 3, v € F for a closed set F C X, and any § > 0,
there exist a positive element p € C(X) C A with ||p|| < 1, a sub-C*-algebra C' C A with
C =@ Mk, (Co(Zy)) for some Ky, ..., Ks € N and some locally compact Hausdor(f spaces
24, ..., Zs together with compact subsets [Zs] C Zs, s = 1,...,8, {f1, f4, -, L} C M (A), and
h' € C(X)* such that if py, :=p® 1, € M,,,(A) =2 A® M,,(C), then

() |h="n1 <6, |Ifi = flll <0,i=1 2,...,n

(2) llpmfi = fipmll <0, =1,2,.

3)pelC, phpeC, andpmfpm E M m(C), 1=1,2,....,n;

(4) dlm“zs <mdim(X,T)+6, s =1,...,S;

( ) (X\p ())<57M€M1(X7F);

5
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(6) under the isomorphism C = @5:1 Mk, (Co(Zs)), one has
1
rank((ph'p — 1)1(2)) > K.(minp(F) ~ ), = € [Z],
n

where p runs through My(X,T);
7) under the isomorphism C = S: Mg, (Co(Zs)), the element p has the form
s=1 s

S
P = @dia‘g{ps,la -*wps,Ks})

s=1
where ps; : Zs — [0,1], and
1
i< K pa(2) =510 zelZ) s=1..8

S

In particular, one has
rank(p(z)) > Ks(1 —90), z€[Zy, s=1,..,5,
and
Tr(p(z)) > Ks(1=9), z€|Zs, s=1,..,5;

(8) still under the isomorphism C = @°_ Mg.(Co(Z,)), any diagonal element of C
actually is in C(X), and if f € C is an diagonal element satisfying f
s=1,...,5, then, as an element of C(X),

XN\ THD) <6, pe My(X,T).

1z = k.,

Before proving Theorem [3.9] we have the following two lemmas on partition of unity, which
are elementary and might be well known.

Lemma 3.10. Let Vi, ..., V, be open subsets of X, where X is a separable locally compact
Hausdorff space. Let D be a compact subset of | Ji_, Vi. Then there are continuous functions
¢;: X = [0,1], i =1,....,n, such that

(1) supp(¢s) C Vi, i =1,...,m,

(2) iy ¢i(x) =1, 2 € D.
Proof. Pick open sets V/ C V;, i = 1,...,n, such that V/ C V; and D C U, V/. Pick
continuous functions g; : X — [0, 1] such that

(3.3) gilvy =1 and gilye =0, i=1,..,n.
Define
¢1 = 01,

$2 = (1 — g1)go,

on=(1—=91)(1=g2) (1= gn-1)n
It is clear that supp(¢;) C Vi, i = 1,...,n. Note that

dr+- o =1-(1=g)(1—g2) (1~ gn),
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and hence by (3.3)),
d(x)+ -+ ou(x)=1, ze€ UWQD,
i=1
as desired. O

Lemma 3.11. Let X be a separable compact Hausdorff space, and let YV and VW be two finite
collections of open subsets such that VUW forms a cover of X. Assume there are continuous
functions ¢y : X — [0,1], V €V such that

(1) supp(¢v) CV, V €V,

(2) Dyepoviz) <1, ze X, and

(3) int((ZVev ov)~H(1)) U UWEW W=X.
Then, there are continuous functions ¢y, W € W, such that

{¢V7¢W7 V S V7 w € W}
form a partition of unity subordinate to V U W.

9=y év,

Vey
and list W = {Wy, Wy, ..., W, }. Since int(¢g~'(1)) UUyey W = X, there are open sets W7,
W3, ..., W' such that W/ C Wy, W5 C Wy, ..., W5 C W, and

Proof. Consider the function

(3.4) int(¢g M (D)) U W] UWsU---UW)) = X.
Pick continuous functions g1, ga, ..., g such that g;|ws =1, gilwe =0, i =1,2,...,n.
Define
hl = (1 - g)gb

hy = (1 —g)(1 - g1)ge,

hoy=(1—=9)1=g1)(1—g2)-- (1 = gn1)gn-
It is clear that supp(h;) C W;. Moreover,

hi+hy+ -+ h,=1-9)1=1=g)(1—g2) - (1—gn))

Then

hy(z) + ho(x) + -+ hplz) =1 —g(x), €W U---UW],
and hence

g(x) + hy(x) + ho(x) + -4 hp(z) =1, z€W/ U---UW,
Note that

hi(z) +ho(z) + -+ ho(z) = (1= g)(1 = (1= g1)(1 —g2) -+ (1 =g4)) =0, € int(g'(1)),
and then by ,
g(x) + hi(z) + ho(x) + -+ hp(x) =1, z e X.

Then
{¢V . VGV}U{hl’L: 1,2,...,’)’1,}



COMPARISON RADIUS AND MEAN DIMENSION 15
form a partition of unity subordinate to V U W, as desired. O

The following lemma particularly asserts that each Rokhlin tower corresponds to a matrix
algebra over the C*-algebra of the base set.

Lemma 3.12. Let A be a C*-algebra. Let uy,us, ...,u, € A be unitaries with u; = 1, and
let G C A be a finite set. Assume that

(3.5) (au;)(ujb) =0, i#j, a,beg.
Then there is an isomorphism
CH{ula:i=1,2,..,n, a € G} =M, (C*(G))

under which

ujaiuy + - -+ wnapu, — diagi{as, ..., a,}, ai,...,a, €G.
Proof. Denote by C = C*{ufa:i=1,2,...n, a € G} C A, and consider
D = {ujau; + usaus + - - - + uyau, : a € C*(G)}.

Note that D is isomorphic to C*(G) by (3.5).

Embed A into the enveloping von Neumann algebra A”. Let a be a strictly positive element
of C*(G) with norm 1, and let p denote the w*-limit of an,n=1,2,.. in A”. Then p is an
(open) projection with pa = a, a € A.

Consider

vii=pu; € A", 1=1,2,...,n.
Then, it follows from that v;vj = 6;;p; that is, the elements {vi,v,...,v,} form a
system of matrix units, and thus the C*-algebra generated by {vy,vs,...,v,} is isomorphic
to M, (C).
For any a € C*(G), by (3.5), one has

* * * * * * * * * *
uip(ujauy + - - - + upau,) = u;pau; = u;a = ujap = (ujauy + - - + u,au, )u;p,

(uipus + - - - + wypuy,) (ujauy + usaus + - - - + w)auy,) = ujauy + - - - ) ay,,
and

(ujauy + usaug + - - - + wpauy,)(uipuy + - - - + wuppuy,) = ujauy + - - - W aly,.
That is, D and {vy, va, ..., v, } commute, and ujpu;+- - -4u’ pu,,, which equals vivy+- - -+v v,
acts on D as the unit. Therefore the C*-algebra generated by D and {vy,vs, ..., v, } is unital

and is isomorphic to the tensor product D ® M,,(C) = M, (D), where D is the unitization of
D.

Since
(pu))(ujauy + uyaus + -+ + ulau,) = au;, a€G, i =12, .. n,

the C*-algebra C' is a sub-C*-algebra of D ® M,,(C) generated by products of 15 ® M, (C)
and D ® 1w, (c), which is exactly the sub-C*-algebra D ® M,,(C) = M, (D). O
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Proof of Theorem[3.9. It is enough to show the theorem for m = 1, ie., fi,...,f, € A
For' the case m # 1, write f; = ( fj(z,z) where fj(f,z € A, and then apply the theorem with
{f;f,g 1<i<n,1<j,k<m}and % in place of { f1, f2, ..., fn} and d respectively, together
with the given function h and the given closed set F'.

Without loss of generality, one may assume

fi = Z fi,'yu'y

~yeEN
for some finite set N C T' with e € N'= N !, and some f;, € C(X). Denote by

M =max{1, | fis|| :i=1,...,n,y € N'}.
Since X is compact, there is an open cover O such that

) .
(36) |fz,’y<x) — fzq(y” < W’ T,y € U € O, 1= ]_, N,y < N,

and

5
(@) =hW)l < g myEUEO.

Pick a natural number

8M|N
(3.7) L > | |,
J
and pick a finite set K CI' and € > 0 so that if a finite set 'y C I' is (K, ¢)-invariant, then

1

mD( \/ Ov) < mdim(X,T") + 4.

~v€lo

For any x € X, denote by d, the Dirac measure concentrated at x; and for any finite set
FO Q F, set 5$,F0 = ﬁ Z’yero 55,;-\/.

One may then again assume K is sufficiently large and ¢ is sufficiently small so that if a
finite set I'y C I' is (K, ¢)-invariant, then

)
(3.8) bra(F) 2 min{u(F) : p € My(X, D)} =5, @€ X,
and
|F0 \ il’ltNL+1 (F0>| 0
3.9 < —.
(3.9 Lo 2

Since (X, I") has the (URP), there exist closed sets By, Bs, ..., Bs C X and (K, ¢)-invariant
sets I'1, Iy, ...,I's C I'" such that

Byy, ~vels, s=1,..,5,
are mutually disjoint and

s
(3.10) ocap(X \ |_| |_| Byy) < g

s=1~el
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For each T'y, s =1,2,..., S, pick Uy <'\/ O~ such that

~vels
ord(U,) = D(\/ O9).
vels

For each B, s = 1,2,...,5, choose open sets U5 2O U5 O Uy O B, such that U5 D Us,
Us 2 U}, and
Ujyv, vels s=1,2,...5,
are disjoint.
Consider
UsNUS ={UNU; : U € Us}.
It is an open cover of B, with order at most ord(U;). Also consider
UsN U \T7) ={UNU;\Tf) : U € Us}.
Then their union
N U5 UUNUE\TE) = {UNU3,UN (U3 \TF) : U €Uy}
forms an open cover of U3, and denote this open cover by V.

Pick an open cover W of the closed set X \ |_|SS:1 | |.cr. Uiy such that

vels

1)
(3.11) |fir(@) = fir(y)] < W, ryeWew,i=1,..,n,yEN,

|h(z) — h(y)| < ﬁ, r,ye W ew,
and
WnUsiy=9, WeW, yely, s=1,2,...,5.
Then
X=WU{Vy: VeV, yel, s=1,..,5}

forms an open cover of X. o
Pick an open set U’ C U such that U C Us and
5

YUUuvyuc wm=x.

s=1~els wew

By Lemma [3.10] there are functions ¢y : X — [0,1], V' € Vs, satistying

(1) supp(opy) CV, V € Vs,

(2) Xvey, dvl(z) =1,z € US".
Translate these functions to Vv, v € ', and by Lemma [3.11] there is a partition of unity
subordinate to X = WU{V~y:V €V, yeTly, s=1,...,5 } in the form of

{Yw W eWIU{y(py):V eV,,veT,, s=1,..,5}
Consider the sub-C*-algebra

(3.12) C:=C{ulov:VeV,yel,s=12,.,9 CCX)xT.
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A straightforward calculation shows that if vy # 79, then, for any Vi, V, € V.

<¢V1u’71)<u:2¢‘/2) = u’Yl((¢Vl © 7;1)<¢V2 © 751))ufyz = 0.
Hence, by Lemma C' is isomorphic to

P M (CHov : V e V)

and the set of diagonal elements of C' under this isomorphism consists of

S S
(3.13) YooY wevu,=d > ¢voyteC(X).

s=1 vel,, VeV, s=1 vel's,VeVs

For each s = 1,2, ...,.9, consider the set

Zy = (] ov)(X) cR™

Vevs
and
(3.14) 2] == (] ¢v)(B.) C Z..
VeVs
Note that

dim([Z,)) < ord,) = D(\/ O%),
Y€l
and by Lemma 4.3 of [15],
C{ov : V e Vi} = Cy(Zy).
In particular,
dim([Zy)) < 1
ITsl 7 T

and this verifies Property .
Now, let f € C* be a diagonal element satisfying f|z,) = 1k,, s = 1,...,.S, with respect
to the isomorphism above. Then, by (3.13)) and (3.14]), one has that, as an element of C(X),

fley =1, s=1,..,85 vyeTl,,

D( \/ 0v) < mdim(X,T) + 0,

vl

and by (3.10),

S
p(XN ) < x| || B <6, pe My(X.T).

s=1~el

This, together with (3.13)), verifies Property (8.
For each s = 1,2,...,.5, define

Xs= Y dreCX)nC.
VeUnUs
It is clear that 0 < ys(z) < 1, z € X

xs(z) =1, z € By;
(3.15) { (2) =0, z¢U;.
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For each I'y, s = 1,2, ..., S, define the subsets (see Definition for the notation int (F

( Fs,L+1 = intN'L+1(Fs),

FS,L = intyz (FS) \ int nrr+1 (Fs>,
FS7L,1 = intNL—1<Fs) \ int o (FS),

T.o = D,\inta(T).

\

Then, for any v € NV, one has

(3.16) Faiy Clsy Ul ULy, 1<1< L.
Indeed, pick an arbitrary 7' € I';;. By the construction, one has
(3.17) YN'CT, but AN T,

Therefore
YAN'TL C /N C T,

and hence 7'y € intya-1T (since e € N'71).
Thus, to show (3.16)), one only has to show that vy ¢ intya+2T,. Suppose YYN 2 C T
Since N is symmetric, one has v~ € N; hence N C A2 and

’}/,NlJrl g ,y/,leJrQ g Fs;

which contradicts ((3.17)).

Also note that for each v € NV,
(3.18) D1y Cls UL

For each v € Ty, define
f(’y) = l7 if v E Fs,l-
By (3.16]) and (3.18]), the function ¢ satisfies

(3.19) () =<1, Y eN, yel U~ UL 4.
Define
S
l(v)—1
S M-t
s=1 'YGFS\FS,O
- L XS fy

s=1 =1 ~el'y,

19

)

S-
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Then, by (3.15) (and (3.9)),

ocap(X \ p~'(1))

: s
I's \ int Iy
< ax{| \m|1ivL|+l( ) ts=1,...,5} +ocap(X \ |_| |_| Byy)
s s=1~els
b 9
< -+ -<4
S 550

and this proves Property ().
It follows from Lemma [3.12] that under the isomorphism C' = @°_, Mir,|(C*ov : V €
Vs}), one has

p= @ dlag{O Xs oy tiyeT,\ Lso}-

Denote the diagonal funct1ons by psi, s=1,...,5,i=1,..., K.
Note that p|p,, =1, v € I'; 141. Therefore, for any z =[], év(z) € [Z,], s =1,..., S,
where x € By, one has

1

— {1 <i< K :psi(z) =1} = Is: =1

MU Kespa) = 0] = o Hy € Tapley) = 1)
> 1- max{|rs \ lﬂrli\/L’H(Fs)‘ ts=1,..,5}
> 1-4.

This verifies Property (|7 .
Note that, by the construction of C' (see (3.12))),

X3y = ( Z v)iu, € C, ~eT,.

VeusnUs

Also note that, for each v/ € N and each v € Ty, I = 1,2,..., L + 1, one has that vy € Ts.
Hence

S L+1 S L+1 L L
vy = E E E ’YXSUWW § E E 82 XSQu’W’) € 07
s=1 I=1 ~vely, s=1 I=1 vely,

and therefore,
(3.20) pup€C, yeEN.
Also note that, for each v € N, by (3.19) and (3.7)),

S L+1 S L+1

. -1 -1
lspuy —pll = 3D > o) =300 Y —xen
s=1 I=1 vel'y, s=1 I=1 vyel'y,
= max{ KWVQ -1 6(7)[1_ 1‘ cy el \Tso, s=1,2,...,5}
1 )

_<—
L~ 8MIN|
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and hence

o
(3.21) lpfi — fipll < g = 1,2,...,n.

For each U € X, pick a point xy € U. For each f;, define
=0 fis(zv)ov)us,
yeN UeXx

and

h/ = Z h(xU)¢U

Uex

Then, by (3:6) and (311),

(322) 1= £l = || 2 (i = D fin(aw)u))u,
yeN UeX
) )
< |N|(m)—§<5,
and the same argument shows that
|h —R'|| <.

This verified Properties .
Moreover, note that for any U € X, either (in the case that U € W)
s

vnJU i =0

s=1~€els

or U is contained inside some U3~y. Since

s s
dw(x) =0, ifxEU U sz/VQU U Usy

s=1~€el; s=1~€el

for any W € W, and since

s
plz)=0, z¢|JJ Usv
s=1~el'
one has

pfip = p Y OO fivler)ov)uyp = > (O fir(xv)év)puyp

Y eN UeX YeEN UeX

- Z Z Z fin (zv)duptiyp

1 yels UCUSy,UeX

S
= ZZ Z fir(zv)PUupUyp

s
- Z Z Z fiy (xvy) (G 0y Hpuyp € C,

'eN s=1 vl UV,

=2
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since ¢y oy~ = ulpyuy € O,y €T, U € Vs and puyp € C, 5" € N (see (3.20)). The same
argument shows that ph'p € C'. This verifies Properties . By (3.21)) and (3.22]), Property

follows.
For Property (), pick an arbitrary z € B,. By (3.8),

3 1
(3.23) > min{p(F):pe My(X,T')} - g

Since ||h — || <6 < 3, and p|p,, =1, 7 € s 141, one has that

1 . 3
(ph,p)(fo) > Z? if h(fo) Z Z? v e Fs,LJrl;
and hence

1 ) 3
(ph'p — Z)Jr(w’Y) >0, if h(zy) > T v €l

Thus, regarding (ph'p— 1) as an element of C' = P°, Mir,|(Co(Zs)), one has (by (3.23))
that, for any z € [Z,] (with 2z =[], ¢v(x) for some z € B,),

1 , 1 B 1 ' r 1
Ak~ () = o [ €T 0 = e > 0}

1 3

> : > —

> et i 2 3
1 3 ’Fs\FsL+1|

> | 0er ey > B - Eape
) 1 T

> min{u(F):pe My(X,T)} -0,

as desired. 0

4. COMPARISON OF OPEN SETS, COMPARISON RADIUS, AND MEAN TOPOLOGICAL
DIMENSION

Definition 4.1. Consider a topological dynamical system (X,I'), where X is a compact
Hausdorff space and I' is a discrete amenable group. It is said to have (A, m)-Cuntz-
comparison on open sets, where A € (0,1] and m € N, if for any open sets E,F C X
with

W(E) < Mu(F), e My(X,T),
then
Y 3er®- - ®or nCX)xT,
—,_/

m

The dynamical system (X, T") is said to have Cuntz comparison on Open Sets (COS) if it
has (A, m)-Cuntz-comparison on open sets for some A and m.
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Let (X,I") be a minimal free dynamical system. Assume that (X,I") has the (URP) and
(COS). The main result of this section is that the comparison radius of C(X) x I' is at most
smdim(X,T) (see Theorem (4.8)).

First, one needs some preparations. Let a € A*, where A is a C*-algebra, and let ¢ > 0.
Recall that (Definition [2.12)

(a—€)+:f(a) EA,
where f(t) = max{t —¢,0}. Note
((a—e1)+ —e2)s = (a—e1 — &),
and also note that, by Proposition 2.2 of [41], if |ja — || < ¢, then (a —€); 3 b. These facts
are used throughout this section.

Let (X,I') be a free dynamical system, and assume that E : C(X) x I' — C(X) is a
conditional expectation, where C(X) x I' is a crossed-product C*-algebra. Then

(1) E(u,) =0, yeT\ {e).
Indeed, let v € I' \ {e} and consider E(u,) € C(X). Note that for all g € C(X), since
ulgu, € C(X), one has
9B () = Elgu,) = Bluyu gu,) = Blw,) (1 gu).
Assume E(u.,) # 0. Then there is zy € X such that E(u,)(zo) # 0. Since (X,I") is free, one
has xg # 29y~ !. Pick g € C(X) such that g(zg) = 1 and g(x¢y™') = 0. Then
9(x0)E(uy) (o) = E(us)(z0) # 0 = E(uy)(z0)g(woy ") = E(u,)(w0) (uigus) (o),

which is a contradiction.
Then, one has the following lemma, which is similar to Lemma 3.1 of [13].

Lemma 4.2. Let (X, T') be a free topological dynamical system, where I' is a discrete group.
Let C(X) x T be a crossed product C*-algebra with a faithful conditional expectation E :
C(X)xT — C(X) (the faithful conditional expectation exists if I is amenable, see, for
instance, Proposition 4.1.9 of [1]). Let a € C(X) x I' be a nonzero positive element. Then,
there is a positive nonzero element h € C(X) such that h 3 a.

Proof. Since E is faithful, one may assume that ||E(a)| = 1. One asserts that for arbitrary
e > 0, there is p € C(X) such that ||p|| =1 and

pap ~. pE(a)p ~. p*.

Then h := (p? — 2¢), = pap 3 a satisfies the statement of the lemma.
Let us prove the assertion. Without loss of generality, one may assume

CL:ngiugi, fgi GC(X), gi €.
=1

Since (X, I') is free, by (4.1)), one has that f, = E(a). Since || f|| = 1, there is a point z € X
such that f.(z) = 1; since the action is free, there is p € C(X)T such that ||p|| = 1, pfe =~ p,
and

pugp = (p(pooy))ug, =0, i=1,2,...n
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Then p is the desired function. O

Lemma 4.3. Let (X,I') be a dynamical system with the (URP), and assume that |I'| = oc.
Then, for any r € (0,+00) and any € > 0, there is a positive element h € Mo (C(X)) such
that
|d.(h) —r| <e, Te€T(C(X)xT).
Moreover, h can be chosen to have the form h = diag{ho,1,...,1} for some hy € C(X)

]
together with a closed set F' C X such that ho(x) =1, x € F, and

minp(F) = {r} —¢,

where (v runs through My(X,T), |r] is the integer part of v, and {r} is the decimal part of
T

Proof. First note that since |I'| = oo, it has the property that |I',| — oo for any Fglner
sequence I'y, n = 1,2,... . Otherwise, if there is a Fglner sequence (I',)) and M > 0 such
that |I',| < M, n = 1,2,..., then, for any finite KX C I" with |K| > M and e € K, since
I, is (K, 537)-invariant for sufficiently large n and |T',| < M, one has that I', K = T',, for
sufficiently large n. But |K| < |I',K| = |I';,| < M, which contradicts to the choice of K.

Also note that one only has to prove the lemma for a rational number r = = with m,n € N
and + < ¢ (one does not require that (m,n) = 1).

Assume r < 1. Since (X, I') has the (URP), there exist closed sets By, By, ..., Bs C X and
(K, e)-invariant sets I'1, ', ..., I's C I" such that

(1) Bsy, v €T, s =1,2,...,S are disjoint, and
(2) ocap(X \ |_|5=1 I_l'yEFS Byy) <e.
Note that I'q, ..., I'g can be chosen so that

(4.2) T >n? s=1,2,..,8.
Pick open sets U, O By, s =1,2,...,.5, so that
Usry, ~ely, s=1,2,..,5
are disjoint. By , there are I', C T'y, s =1,2,..., 5, such that

m T
4.3 ——e< =2
(43) n °= 1T

(VAN
SE

Put

[ =

U —

|_| Ugy.
yel’

s=1

w=

Then, by (4.3), for any p € My (X,T),
S

u(U) = YOI () < = 37 |0 u(UL) <

s=1 s=1

m
n
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and
S S
W) = YD) > (5= =) 3 ID| u(U) 2 (5 = &)1 =) > = — 22,

Then the function h := @y satisfies the lemma (with d =1 and F; = |_|f:1 L er Bsv)-
For general r, pick hy to satisfy the lemma for {r}; and the element

diag{ho, 1, ..., 1}
——

7]
satisfies the lemma. O

Definition 4.4. A positive element a of a C*-algebra A is said to be compact if sp(a) N
(0,9) = @ for some 6 > 0.

Note that if a is a compact element, then a is Cuntz equivalent to the spectral projection
X(3 4o0)(@) Where § satisfies sp(a) N (0,6) = @.
2

Lemma 4.5. Let A be a C*-algebra, and let a,b be nonzero positive elements of A with
a® 1y 301y for some N € N, and assume that b is not compact. Then, for any e > 0,
there are nonzero positive elements by, by such that

(1) by L bo,

(2) bi,by € %, and

(3) (a—e)r @1y Th® 1y.

Proof. Since b is not compact, one has that sp(b) N (0,9) # @ for all 6 > 0. Note that, for
the given ¢, there is § > 0 such that (¢« —¢); @ Iy41 3 (b—0); ® 1y. Then, by := f5(b) and
by := (b — )4, where f5(t) = max{0,¢(d —t)}, are desired elements. O

Lemma 4.6. For any € € (0,1) and any nonzero x = (z;;) € M(A) (for some L € N),
where A is a C*-algebra, there is d(e,||z||, L) > 0, such that for any a,b,p € A" with
lall, loll [lpll < 1 satisfying

(1) [[a® 1y —2*(b® 1n)z|| < €, for some M, N € N,

(2) llpri; — wipll <9, and

(3) p, pap, pbp, px; ;p are in a sub-C*-algebra C' C A,
there is ¢ € C such that

(1) (pap —102e), @ 1y 2 e®@ 1y in C, and

(2) ¢ 3000~ gy <P i A

Proof. Set
€ - el=——
0 — 6 1 — R
2max{1, [z} All«|
For each ty € (0,400), define the positive function
L, t > lo;
h’to (t) = 0, t< %07

linear, % <t <tp.
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Choose d € (0, 575) sufficiently small such that
1 1
(4.4) |(n2 ) @ 1002 — 2(ha () @ 1)|| < 2

for any y € AT with ||z; jy — yz; ;|| < ¢ and ||y|| < 1. Note that the choice of § only depends
on ¢, ||z||, and L. Indeed, pick a polynomial P(t) = c¢it + - - - + ¢,t" such that

1 €
|lPw -raw)| <3 i<t
Set
5= g
2nL?max{|c;| : i =1,..,n} =]
Then

I(P(y) @ 1)z — 2(P(y) @ 1) < g

if ||z, jy — yzi || < 0, and hence

|(n2 @) @ 100 = 2 ) @ 11)|| < 1(PW) @ 10)o = 2(Py) @ 1) + 5 <=

One asserts that this § satisfies the conclusion of the lemma.
Let a,b,p € AT satisfy the conditions of the lemma. Then, by (4.4), with

e () = RA (D))t and 2= ((p— 1)+ he, (p) © 1)(hE (p) © 1)

(he, is a well-defined continuous function on R), one has
(p®1)(@*(b® 1y)z)(p® 1)
Rorzs (p@ 1) (0@ 1n)(p@ 1)

" ((p—e1)+ ®@1L)((b —€0)+ @ IN)((p— €1)4 ® 1)
= 2"(he,(p)(p—€1)+ @ 1L)((b — €0)4+ @ In)((p — €1)+he, (p) ©® 1)
(Ha0) @ 1) (B () = <2): @ 10)((6 = 20)1 @ 1)
((p = 20) b () © 1)k, () @ 12)
(12 0) @ 102" (s 0)(p — )4 © L) (p(0 = 20)47) © 1)
(p = 20)+he, () © 1) (0, () © 1)

=  2'(p(b—¢0)+p® 1y)z.
Hence, together with the assumption of the lemma,
(45)  (pap® 1a) e (p@ 1) (2" (b @ 1n)x)(p ® 1) A5 2" (p(b — €0)4+p @ 1n)z.

Since p € C' and pz; jp € C, 4,7 = 1,..., L, one has that

- 1
he, (p)z; jhé (p) € C
(the functions h., and h2, take value 0 at 0), and hence z € M (C), and
Z*(pbp ® 1y)z € M (C).
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Since 1
H(p - €1>+B€1(p>“ < 5_’
1
one has
- 1
21 < |0 = 20+ hes D] el 22,0 | < Hein
and hence

2
]

|2 (p(b = £0) 10 © 1x)z = 2" (pbp ® 1) 2| < e [l2I|" < 075 < 32e.

1

By (4.5), one has
lpap @ 1ar — 2" (pbp ® 1n)z|| < 32e 4 6 = 38¢,

and hence
| (pap — 16)4 @ 1ar — 2" ((pbp) — €0)+ ® 1n)2||
< |lpap ® 1y — 2" (pbp @ 1y)2|| + 16 + &0 || 2
< 38e + 16¢ + 32¢ = K6¢.
Therefore,

((pap — 16e) 4+ — 86¢)+ @ 1y
2*((pbp — €0)+ ® 1n)z
(pbp — €0)+ ® 1w,

(pap — 102e) L ® 1y,

I NRTIRIN

in the algebra M. (C). Since

& & &
[(pbp — 1)y — p(b— =) 1p < 50

4 4
one has
& E £
(pbp — €0)+ 3 ((pbp — ZO)Jr - §O)+ Jpb— ZO)HU

in the algebra A. Then ¢ := (pbp — ¢)+ € C has the desired property.

The following lemma is well known. A proof is included for reader’s convenience.
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Lemma 4.7. Let A be a simple non-elementary C*-algebra, and let n € N be arbitrary.

Then there are nonzero positive elements ey, ...,e, € A which are mutually orthogonal and

mutually Cuntz equivalent.

Proof. Since A is non-elementary, it contains a positive element with spectrum containing

infinitely many points, and hence there are nonzero positive elements ey, e, ..., e, € A which

are mutually orthogonal.

Consider e; and ey. Since A is simple, for any € > 0, there are x4, ..., z,, y1, ..., ¥, for some

n € N such that xiejy; + - - - + 61y, = 2. In particular, with € sufficiently small, there is

x € A such that z; := ejxey # 0. Note that

2121 € egAe;  and 221 € exAes.



28 ZHUANG NIU

With the polar decomposition of z; and a continuous functional calculus, one may assume
that there is a positive element ¢} with norm one such that

/ ®\ 1
ei(z12]) = €j.
Replacing ey, es by 2127 and 2]z respectively, one obtains nonzero positive elements
€1,€2,...,€n

which are mutually orthogonal and e; = 2127, ea = 2{2z. Moreover, there is a positive
element €} with norm one such that

(4.6) ere] = el.

Using the simplicity again, the same argument as above shows that there is 2z, € A\ {0}
such that

(4.7) 2925 € €1 A€y and  z23z9 € e3Aes,
and, moreover, there is a positive element €] with norm one such that
" *\ N
el (z923) = €.

Note that

21)*((222’;)%21) € esAey

N

((2223)
and by (4.6) and (4.7),

(48)  ((2225)720)((2223)221)" = (2223) 2 212} (2223

*

= (21225)%61(222;)% = 2973.

N

: 1 1 1
Therefore, replacing ey, €], es, 3, and z; by 2025, €/, ((2225)221)*((2225)221), 2529, and (2223)2 21
respectively, one obtains positive elements

€1,€2,...,€p

which are mutually orthogonal and e; = 2127, e = 2721, and e; = 2225, e3 = 2529. Moreover,
there is a positive element €] with norm one such that e;e}] = €.
Repeating this argument finitely many times, one obtains nonzero positive elements

€1,€2,...,6n
which are mutually orthogonal and elements 2y, ..., 2,1 such that

and e =22, i=1..,n—1

*
€1 = Zi%;

(Note that one needs the element e} in each step to satisfy so that the argument of
can proceed; the element e; of the previous step is replaced by an element of m,
and e} is then replaced by €/ which is dominated by the new e; so that still holds for
the argument of the next step to proceed.) Then the elements ey, ey, ..., e, clearly satisfy the
lemma. 0
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Theorem 4.8. Let (X,T") be a free and minimal topological dynamical system satisfying the
(URP) and (COS).
Let a,b be non-zero positive elements of Moo (C(X) x I') such that
d-(a) +r <d.(b), TeT(C(X)xTI),

for some r > tmdim(X,T). Then a 3 b. In other words,
1
re(C(X) x I < émdim(X, I).

Proof. One only has to prove the statement for |I'| = oo. In the case that I' is a finite
group, since the action is minimal, one has that the system (X,I') is conjugate to the
action of I' on itself by translation. Hence (X,I") has mean topological dimension zero and
C(X) x I' =2 M (C), which has zero radius of comparison. In particular, the statement of
the theorem holds.

Let us assume that |I'| = co. Moreover, without loss of generality, one may assume that
|la|| = ||b]] = 1, and b is not a compact element (since C(X) xI" is simple and non-elementary,
there is a non-compact positive element b’ € b(C(X) x I')b such that

1
d.(b) —d, (b)) <r— Emdim(X, I)
for all 7, and then
d.(a) +7" < d ()

for all 7 € T(C(X) x I), where ' :=r — sup,{d,(b) — d,(t))} > imdim(X,T)).
Pick 7' € (mdim(X,T'),7) and some ¢’ > 0 such that

d.(a) +7" +30 <d.(b), 7€ T(C(X)xTI).
Since |I'| = oo, by Lemma (with 7 = 3mdim (X, T') 426" and € = ¢’), there is a positive
element h € M} (C(X)) such that
1
d.(h) — (§mdim(X, [)+25)| <d, 7e€T(C(X)xD),

and

(49)  d.(h) > Jmdm(X.T) 25 — 5’ = mdim(X,T) +8', € T(C(X) % 1),
Note that

(4.10) d,(a) +d,(h) < d.(a) + %mdim(X, )+ 20 + ¢ <d.(a) +r" + 30 < d.(b),
for any 7 € T(C(X) x I'). Moreover, by Lemma [4.3| h can be chosen such that

h = diag{ho, 1, ..., 1}
d
for a positive function hy € C(X), some integer d, and ho(z) = 1 on a closed set F' with
1 1
(4.11) min u(F) +d > (Emdim(X, ) +20)—¢ = §mdim(X, I+,
n

where p runs through M, (X, T).
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Pick m € N such that a,b,h € M,,,(C(X) x I).

Since C(X) x I' is nuclear, all quasitraces are traces. By Theorem 4.3 of [41], any lower
semicontinuous dimension function of C(X) xI" has the form d,(-) for some 7 € T(C(X) % I).

Since (X,I") is minimal, the C*-algebra C(X) x I' is simple. Hence the Cuntz class of b
is a strong order unit of the Cuntz semigroup of C(X) x I' (see Proposition 4.2 of [3]). By
and the proof of Proposition 3.2 of [41], there is N € N such that

(a®h) @1y 0@ 1y.

Let ¢ € (0, ﬁ) be arbitrary, since b is not compact, by Lemma , there are nonzero

positive elements b; and by such that

(1) by L by,

(2) b1,by € bAD, and

B) ((a—e)s ®(h—€)4) @1y Th® 1y,
By , there is 6 > 0 such that

(4.12) ((a—2e)+ ®(h—2e)4) ®1nta T (b2 —0)+ @ L.

Since (X,I') has the (COS), the C*-algebra C(X) x I' has (A, m’)-Cuntz-comparison of
open sets for some A € RT and m’ € N. Fix A and m/'.

Consider the nonzero positive element b;. Since C(X) x I' is simple and non-elementary,
the hereditary C*-algebra generated by b; is also simple and non-elementary. By Lemma
, there are mutually orthogonal nonzero positive elements bgl), e bg’”’) in the hereditary
C*-algebra generated by by such that bgl), o bgm/) are mutually Cuntz equivalent. By Lemma
, there exists a nonzero positive element b; € C(X) such that b, =< bgl), and hence there

~

are nonzero positive elements by 1,b; 5 € C(X) such that
bii L by,

and
(4.13) b1y @ Ly 4 b1o ® Loy = (bry + b1a) @ Ly 2 by @ Ly 200 4o 400 <y,

By (4.12), there is = (x;;) € My (M,,(A)) (for some L € N) such that
£
16

Let 0" = d(e, ||z||, L) be the constant of Lemma [4.6] with respect to x and €. Moreover,
0" can be chosen so that

(4.14) [((@ = 2¢)4 & (h = 22)4) © Inpy — 27((b2 = 6)4 ® 1)z <

€ g3

16" Smad( L 2]}
and if ||pc — epl| < " for some positive elements p, ¢ in some C*-algebra with ||¢||, ||p]| < 1,
then

(4.15) [pep — (1= p?)ie1 = p?)

Applying Theorem with {(a — 2¢)4, (be — )4, z;; : 1 < 4,5 < L} in place of
{f1, fo, -, fn}, (ho — 2¢)4 in place of h (note that the value of (hg — 2¢), at any point of

6" < min{

NI

<E.
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F is at least 2), and mm{4(dJrl 8", EX{inf, {v(b; ;(0,+00)) : v € My (X,T)} : s = 1,2} in
place of §, there are
a, h' = diag{hg,\(l —2e)14,...,(1— 25)1,41}, v, o' = (z;;), ¥, and p=p' ®1,,

-~

d

for some p/, hfy € C(X)* with ||p/|| < 1, and a sub-C*-algebra C' C Aand A = @ My, (Co(Z,))
for locally compact metrizable spaces Zs together with a compact set [Z] C Z, such that

_ _ / _ _ / _ _ / 1/ e

(4.16) (@ —2¢), — d| < 16 I(h —2¢)s — H|| < 16 o —al| < 8" <
(4.17) (by — 8)4 — V|| < = <=

| o smax{L, ||} 16
(4.18) |pa; — 2 pl| < 6", 1<i,j<L,
(4.19) |lpa’” — a'p|| < &”
(4.20) P €C, p'hop’ € C, pa; ;p, pa'p, ph'p, pbi'p € My, (C),

_ 1. .. _

(4.21) PN ()71 (1) < —Mint{w(br,(0, +00))}, e Mi(X,T),
and
(4.22) dim([Z,]) _ mdim(X,T) + &, s=1,2,...,5,

K
and, under the isomorphism C' = @5521 Mg, (Co(Zy)),

(4.23) rank (/! — 1)+(2) > Ko(min(F) = %), = €12,
and

5/
(4.24) rank(p(z)) > Kq(1 — m), z € [Zy].

Moreover, still under the isomorphism C' = @°_ Mg, (Co(Z,)), if f € C* is an diagonal
z. =1k, s=1,..,5, then f € C(X), and

1. . _
(4.25) P\ S7HD) < —MinH{rO730,+00))}, 1€ Mi(X.T).
Note that, by (:23), @24) and (@EI1), for any = € [Z],

rank((ph'p — 2)4(2)) = rank((Whp — 2)4(2)) + d - ramk(p(2))

4 4
5/ J
> i _Z -7
_ 5
> Kyminp(F)+d————)
1 4 4

> K, (2md1m(X D) +4§ — %)
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Then, since (ph'p — 102¢)4 2 (ph/p — 1)+ (¢ is assumed to be at most 1<), by (4.22)), one
has that for any z € [Z],

(4.26) rank(ph'p — 102¢),(z) > rank((ph'p — 1)Jr(z))

4
1 5’
> Ks(émdim(X, [)+d — E)

= %(mdim(X, ) +4)

1 1
> §dim([Zs]) > i(dim([ZS]) —1).
Since C(X) x I' has (A, m’)-comparison on open sets, it follows from (4.21]) that
(4.27) 1—p" 2 bip® Ly

Note that, without loss of generality, one may assume that ||z|| = ||2'||. By (4.14]), (4.16)),

and (4.17),
(@' ®h) @ Lns1 — (2)(V @ 1y)2|| <e;

together with (4.18)) and (4.20)), it follows from Lemma [4.6] that there is ¢ € M,,(C)
(4.28) ((pa'p —102¢), & (ph'p — 102e) 1) @ Iy S c® 1y
in M,,(C) and

3
’ £

4.29 c < n(b —
(4:29) Sl

in M,,(A). By ([#.29),
d,((pa'p —102¢)4) + d.((ph'p — 102¢)4) < d,(c), 7€ T(C);

)+p

and hence
rank((pa'p — 102¢) 4 (z)) + rank((ph'p — 102¢) 1 (2)) < rank(c(z)), z € Zs,s=1,...,S.
Therefore, by (4.26)),

dim(|Z,]) — 1
rank((pa'p — 102¢) 4 (2)) + % <rank(c(z)), z€[Zs),s=1,..,8.
and by Theorem 4.6 of [44],
(pa'p —102¢)+ ]z, S cliz)  in My (Mg (C([Z])))-

There is then a positive central element g € M,,,(C) with g = ¢ ® 1,, for some ¢ € C(X)*
(and ¢' € C) such that ||¢'|| = 1, ¢'|;z,) = 1k,, and

(4.30) (9((pa’p — 102e)1)g — )4 Z ¢
in M,,(C). Since ¢'|jz) = 1k,, s = 1,...,5, by (4.25) and (A, m’)-comparison, one has
(4.31) 1—6¢* 2011 ®@ 1.




COMPARISON RADIUS AND MEAN DIMENSION 33
Note that
1
(pa'p —102e); = g((pa'p —102¢),)g + (1 — g°)> (pa'p — 102¢) (1 — ¢?)
~. (g((pa'p —102¢)4)g —€)y +
(1— %)% (pa'p — 102¢) (1 — g*)%.
Therefore, together with (4.18) and (4.15)),

=

a = (a—2)
~ pap+ (1—p?)zd (1 - pP)
~i02e  (pa'p —102e) 4 + ( p2>% ,(1_]92)
. (g((pap—1028) )g—e)s +(1—9¢%)
+(1—p?)2d/(1—p?)2,

N

(pa'p — 102¢) 4 (1 — g*)=

N

and hence

(a—107e). 2 (9((pa'p —102¢);)g — &)1 + (1 — ¢°)

+(1 - p?)2d (1 - p?)2

ol
=

(pa'p — 102¢) (1 — ¢°)

Zca(l-g)el-p) (by (£.30))
3

€

3 o - )@ (1—g)®(l-p")  (by (29)
8 max{1, [|z(|"}
N —0)+ @ @51,1 d @51,2 (by (#.17), (4.27), and (4.31))
J o bh®b Zb (by (4.13)).
Since ¢ is arbitrarily small, one has that a = b, as desired. O

5. RECURSIVE SUBHOMOGENEOUS C*-ALGEBRAS WITH DIAGONAL MAPS

In the rest of paper, let us investigate Cuntz-comparison of Open Sets (COS) for a given
dynamical system (X, T"). Let us start with a special class of concrete C*-algebras which will
appear naturally as the C*-algebras of small subgroupoids of a transformation groupoid (see
Section @ Any C*-algebra in this class enjoys a comparison property of diagonal elements
(see Theorem [7.8]), and this eventually leads to the (COS) for (X,I") if small subgroupoids
with arbitrarily large orbits exist (see Corollary .

Recall that

Definition 5.1 ([38]). The class of recursive subhomogeneous C*-algebras (RSH algebras)
is the smallest class R of C*-algebras which is closed under isomorphism and such that:

(1) if X is a compact Hausdorff space and n > 1, then M, (C(X)) € R,

(2) R is closed under the following pull back construction: if A € R, X is a compact
Hausdorff space, X(© C X is closed, p : A — M, (C(X©)) is any unital homomor-
phism, and p : M,,(C(X)) — M, (C(X®)) is the restriction homomorphism, then the



34 ZHUANG NIU

pullback
A @y, ox ) Ma(C(X)) = {(a, f) € A® M, (C(X)) : p(a) = p(f)}
isin R.

From the definition, it is clear that any recursive subhomogeneous C*-algebra can be
written in the form

A [ - HCO Do 01} Do 02} } oo Ciy

with C = My (C(X})) for compact Hausdorff spaces X, and positive integers n(k), with
C’go) = M, ) (C(X ,go))) for compact subsets X ’go) C X}, (possible empty), and where the maps
Cr — C’,go) are always the restriction maps. An expression of this type will be referred to as a
decomposition of A, and the notation used here will be referred to as the standard notation
for a decomposition.

The RSH algebras considered in this paper will have the gluing maps ¢ being of diagonal

type:
Definition 5.2. Let
A= [[ovec 6 ecp & -] ocp o

be an RSH algebra. A homomorphism ¢ : A — M,,(C(Y")), where Y is a compact metrizable
space, is said to be of diagonal type if there is a partition

Y=YUuYol---UY,

such that for each Y;, there are continuous maps )\gi) Y, = Xy, )\gi) Y = Xy, .
)\g) 1 Y; = X, for some s; € N such that

?

ft, 0 )\gi) A
(o e Fi e = G ,
| fi 0 A
where (fo, f1,..., fx) € A.

Consider the crossed product C*-algebra C(X) x Z, and consider a closed set Y C X with
nonempty interior. The Putnam sub-C*-algebra Ay C C(X) x Z is an RSH with diagonal
maps in a natural way. The construction was introduced in [27] for X being the Cantor set
and then was generalized in [31] for a general X. (More examples will be constructed in the
next section using groupoids.)

Definition 5.3. Let Y be a closed subset of X with non-empty interior. The C*-algebra
Ay is defined by

Ay = C{f,ug; f,g € C(X), gly =0} € C(X) x Z.
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Let us collect some basic properties of this sub-C*-algebra:
Consider the first return times

{j eNU{0}; o/(z) €Y, o' () ¢Y,1<i<j—1forsomexcY}

Since ¢ is minimal, X is compact, and Y has a non-empty interior, this set of numbers is
finite; let us write it as

J1<J2<"'<JK

for some K € N. Since X is an infinite set and ¢ is minimal, the first return time J; is
arbitrarily large if Y is sufficiently small.
For each 1 < k < K, consider the (locally compact—see below) subset of X

Z,={x€Y; o™ (x) €Y but o'(z) ¢ Y for any 1 <i < J, — 1}.
Then the sets
(Z0.0(22). a0 (2} o A T 0 ). 0 ()

—which are naturally listed as shown—form a partition of X. This is often called a Rokhlin
partition.

Lemma 5.4 ([31]; see also [32] or Lemma 2.15 of [39]). In terms of the notation introduced
above, one has that, for each 1 < k < K,

(1) the set Zy U ---U Zy is closed (and so Zy is locally compact),

(2) the set Z, N (Z, U ---U Zy,_4) is the disjoint union of the subsets

where Jy, + Jp, + -+ Jp, = Ji for some 1 < tq,ty, ..., 15 < k.

A quite explicit description of the subalgebra Ay of the crossed product, a C*-algebra of
type I, was obtained by Q. Lin ([3I]). It is a subhomogeneous algebra of order at most Jk.
In fact, it is an RSH algebra with all gluing maps being diagonal.

Theorem 5.5 ([31]; see also [32] or Theorem 2.22 of [39]). In terms of the notation in-
troduced above, one has that the C*-algebra Ay is isomorphic to the sub-C*-algebra of
B My, (C(Zy)) consisting of the elements (F), ..., Fi) with

,,,,,

whenever

.....

where Jy, + Jy, + -+ i, = Ji.
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Moreover, for any f,g € C(X) with gly = 0, the images of f,ug € Ay in this identification
are

K feolz K
foo’lz —
(5.1) =P t e M, (C(Z)
k=1 : k=1
foolkl,
and
0
K K
goaolz 0 _
(5.2) ug = P S . e PM,(C(7Z)),
k=1 ' : k=1
goolt 0
respectively.

6. SMALL SUBGROUPOIDS AND RECURSIVE SUBHOMOGENEOUS C*-ALGEBRAS

In this section, let us consider a class of small subgroupoid of the transformation groupoid
X x I'. It turns out that the C*-algebra of a such subgroupoid is an RSH algebra with
diagonal maps.

Consider a topological dynamical system (X,I"). Recall that (see Example 1.2.a of [40])
the transformation groupoid X x I' is defined by taking X x I' with

(1) r<x>7) = (27,6), S(%’,’)/) = (23’}/,6), (.%’,")/) € X xI,

(2) (x,m)(y,72) = (£, M72) if 291 =y, and

(3) (z,7)™ = (27,77, (z,7) € X x T
The topology on X x I' is the product topology on X x I'. Note that X, regarded as
{(z,e) : x € X}, is the unit space of X x I', and X x I is principle if (X,T) is free.

Definition 6.1. A small subgroupoid G C X x I' is a subgroupoid which is open, relatively
compact, and {(z,e):x € X} CG.

It is well known that the C*-algebra C*(G) C C*(X x I') is subhomogeneous if G is
small subgroupoid. Using the orbit structure of G, let us show that C*(G) actually is an
RSH-algebra with diagonal maps.

Consider

Suppp(9) =={yeT:Jr e X, (z,7) € G}
Since G is relatively compact, one has that
N := |Suppp(G)| < +oo.
Since the unit space of the subgroupoid G is X, it induces an equivalence relation on X by
x~gy <= 3(r,7) €G, zy=y.

For each z € X, define
Orbitg(x) = [z] ={y € X 1y ~¢g z}.
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It is clear that
|Orbitg(x)| < N, z € X.

Definition 6.2. Let G C X x I' be any subgroupoid, and let z € X. Define the shape of x
to be

S()={y €T (1,9) €G} CT.
Remark 6.3. Note that since (z,¢e) € G, © € X, one has

eeSx), zeX
The function S has the following properties.
Lemma 6.4. Let (X,T') be a free dynamical system, and let G be a relatively compact sub-
groupoid of X x I'. Then
(1) [Orbitg ()| = |S(x)], © € X,
(2) Orbitg(z) = zS(x), =z € X,
(3) if (2,7) € G, then
S(zy) =~""'S(x),
i.e., if y ~g x, then S(y) = v~ 1S(x), where y = 7.
Proof. Note that y € Orbitg(x), if and only if, there is v € I" such that (z,7v) € G (hence
v € S(x)) and y = x; and the latter condition is equivalent to y € xS(z). This proves (2),
and (1) follows from (2) by the freeness of the action.
Let o/ € S(zy), then (z7,7") € G. Since (z,7) € G, one has that (z,77") = (z,7)(xv,7) €
G, and hence vy € S(z) and 7' € v~ 'S(x). Therefore S(zvy) C v 'S(z);
Now, if v/ € y7!S(z), then 79/ € S(z), and hence (z,7v') € G. Since (x,7) € G, one has
(@7,7) = (2,7 (z,7) €G,
and hence 7' € S(z7), as desired. O

Definition 6.5. Let F C I" be a finite set containing e. Define
Z]::{ZL‘GXS(ZE):f}

Lemma 6.6. Let G C X X T be open and relatively compact subgroupoid. Then, the function
x — S(z) is lower semicontinuous in the following sense: for any x, there is an open set
U > x such that

S(x) CS(z), 2 eU.
Hence, for any finite subset F C T, if v, € Zr and x, = T € X, then
S(zs) C F.
Proof. Write S(z) = {r1,72,...,7s}. Since G is open, there is U 5 z such that
(@,v)eg, el i=12,..n.

In particular this implies 7; € S(2'), ¢ = 1,2, ..., n, as desired. O
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Definition 6.7. Let x € X. Define
G"'={9€G:1(g) =z}

Remark 6.8. Note that if z € Zr where F C T is a finite set, then the map (z,v) — ~
induces a one-to-one correspondence between G* and S(z) = F.

For a small subgroupoid G, there is a one-to-one correspondence between the orbits and
the equivalence classes of the irreducible representations of C*(G).

Lemma 6.9 (Proposition 3.8 of [2]). Let (X,I") be a free dynamical system, and let G C X xT’
be a relatively compact subgroupoid. Let x € X. The map

T CoG) 3 f o Y flgh™)Egn,
g,hege

where {E, p}g= are the standard matriz units of G*, induces an irreducible representation of
C*(Go) on CI9°1 (if G* # @), still denoted by .. Moreover, any irreducible representation
of C*(Go) arises in this way, and x ~g y if and only if m, is unitarily equivalent to .

Lemma 6.10. Let G C X xI' be a relatively compact subgroupoid. For each finite set F C T,
there is a homeomorphism

QZF::{gegzr(g)eZ;}%Z;x]:.
Proof. Define the map
G2 G% 3 (x,7) = (x,7) € Zr X F,

and it is the desired homeomorphism. 0

Lemma 6.11. Let (X,T') be a free dynamical system, and let G C X x T' be a relatively
compact subgroupoid. Let F C T' be a finite set. Then there is a homomorphism

Tz C(G) = Mz (C(ZF))

by
(ﬂ—Z}"(f))('r> = Z f(x'727'72_171)E71,“/27 LS Z_J-'a

Y1,72€F

where {E,, 5, © 71,72 € F} are the standard matriz units over F and f € Co(G) being
regarded as a function on X x T,

Proof. By Lemma [6.10, one has that GZ* is homeomorphic to Z7 x F. Then, for each
g € G#7, there is a unique 7, € F such that

g=(2,7%), z=r(g) € Zr.
By Lemma[6.9] for any = € X, the map

Ty o f e Z Flgh™)Eqyn

g,heg®
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induces an irreducible representation of C*(G). Then, if € Zx, one has

D FhYES = D F@m i ) B eom)

g,heg® Yg:YhEF
= ) f@% ) Eem) -
Y1,72€F

Regarding x +— E(; 1)) () s the constant function E, one has the homomorphism

1,72
w2yt f @ Y f@72,9% 1) Eyne) € Mz (C(Z5)).
Y1,72€F

Note the function 7z, (f) can be continuously extended to 0Zr, and the evaluation at each
x € 0ZF is still a (but non-irreducible) representation of C*(G). O

Lemma 6.12. Let (X,T') be a free dynamical system, and let G C X x T' be a relatively
compact subgroupoid with unit space X. Since the unit space of G is X, one has the decom-
position

X = |_| ZW*J-H) L ( |_| valfz) - |_| ZV*UEL)’

yeF1 yEF2 yeFrL,
where Fi, ..., Fr are finite subsets of I'. Then the map

¢ = EB”Z& :C'(G) = P Mz (ZR))

i=1
18 an injection.

Proof. Note that any irreducible representation of C*(G) factors though ®, and hence ® must
be injective. 0

Lemma 6.13. Let (X,T') be a free dynamical system, and let G C X x T' be a small sub-
groupoid. Let F C T be a finite set with Zr # @, and let x € Zr. Then there are finite sets
Fi1, Foy ey Fs and y1,7%2, ..., Vs € F such that e € F;, i =1,2,...,s,

f:71fluv2f2u"'|—|r>/sfsa

and
S(zy;)) =F;, i=1,2,...,5.

The decomposition of F is unique (for the given x).

Proof. Since the unit space of G is X, there is a partition
xF =5 USU---US;

such that y ~g z if and only if y, z € S; for some ;.

One claims that S; = [y], i = 1,2, ..., s, whenever y € S;. Then the lemma follows.

For each S; and y € §;, let 2z € X be z ~g y. Since z ~g y, there is v € I" such that
z = (y,7) € G. Since G is open, one has that (y',v) € G if ¢/ is sufficiently close to y. Since
y € oF, there is v/ € F such that y = 2y'. Note that € Zr, there is a sequence (x,) C Zr
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with x,, — x as n — oo, and hence x,7 — x7 =y, as n — oo. In particular, (z,7,v) € G

for sufficiently large n. Noting that (x,,’) € G (since z,, € Zx and ' € F), one has
('r’rnfyl’y) = (xn7’y/)(xn’7/77) € g

Hence 'y € F, and z = yy = xvy'y € oF, as desired. O

Corollary 6.14. Let (X,I') be a free dynamical system, and let G C X x T be a small
groupoid. With the notation as above, one has that for any f € CHG),

72 ([)(@) = diag{mz,, (f)(@n), .., 725, (f)(27)},  © € ZF.
Proof. Note that if v, € v, F; and 75, € 4, F; with i # j, then (24,7, 'v,) ¢ G. Otherwise,
Yy ~g x4, which contradicts the fact that S(xv;) = F; and S(xv;) = F;. In particular, for
any f € Co(G), one has
(@7, ")) =0, if vy € %:F; and 7, € v, F; with i # j.
It then follows from Lemma that for any f € Cy(G),
(mze(D)@) = > F@m 2 ) By

YgsThEF

— Z Z f(JWh,V}?lVg)E'ygﬁh

=1 v, €V:Fi

- Z Z f<m%7h77h_17g)E7mh

1=1 vg,n€F;

S

= Pz, () am),

=1

as desired. O

Theorem 6.15. Let (X,T") be a free dynamical system, let G C X XTI be a small subgroupoid,
and let E C X be an open set. Then there is an isomorphism

C*(G) = [ - HCO S 01} Do Cz} } Do Ck,

where C; = M,,,(C(Z;)) for a set Z; which is a disjoint union of finitely many closed subsets
of X, and C’i(o) = Mm(C(ZZ»(O))) with Zi(o) a closed subset of Z;, such that

(1) np<my < -+ <ng,

(2) all the maps n; : A; — C’i(ﬁ)l are of diagonal type, where

A; = [ . HCO Do 01} Do Cz} } S Ci,

(3) under this isomorphism and the RSH-decomposition, the element pp € C*(G) is a
diagonal matriz on each Z; and

rank((¢p)(z)) = [Orbitg(z) N E|, z € Z\ 22,
where g is defined in ([2.1)).



COMPARISON RADIUS AND MEAN DIMENSION 41

Proof. Decompose X into

( |_| Z7*1-7:1) U ( |_| 2771-7'—2) -t ( |_| Z“Fl]'—L)v

yeF1 yeF2 yeFL
where Fi, ..., Fp, are finite subsets of I'. By Lemma[6.12] there is an embedding

i=1
Reindex F; into

{‘/—"171, fljg, ceny ./—"1’11}, {fz,l, J_"272, ceny ./—"Qle}, ceey {]:K,l; f}gg, ceey JEKJK}

so that
|‘E7j1|:|‘/—_.@j2|7 1§Z§Ka 1§j1aj2§li7
and
| Fial <[ Figra], 1<i<K-—1
Put .
nl:|]:i’1|7 |—| 27 and Z(O) |_|Z]:lj\ Fije
Note that the sets Zr, ., j = ll, considered as subsets of X, might have non-empty

intersections; but one takes the abstract disjoint union in the construction of Z;. Also note
that
ng <ng <---<ng,
and ZZ-(O) is a closed subset of Z; (follows from Lemma.
By Lemma , each Zr,, \ Zz,, has a partition

Zr, \Zr, = (Z 0 (2D 00 (2D

2Y) 2y 0,7

such that for each (Zi(g))d, there is a decomposition
Fij = 7155(, U 725” DU %df(sd
with v1,...,7s, € Fi; such that
S(a) = Fj

Z?] ’

s=1,2,...,84, T € (Z(O))d,

17]
and the decomposition of F; ; is different for each d.
For each (Z.(Q))d, d=1,...,d;;, consider the map

EB M
and With all of these maps, one has the RSH algebra
A= |[Coogn @ o €] | ocp O

with C; = M, (C(Z))), ¥ = M,,(C(Z")), and all the maps A; — O+1 are of diagonal
type.

Z:0)) 3 (1 o) w@fs 7)) € My, (C((2)a)),
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By Corollary [6.14] one has ®(C*(G)) € A. One the other hand, the embedding map
® induces a one-to-one correspondence between the irreducible representations of C*(G)
and the irreducible representations of A. Thus C*(G) is a rich subalgebra of A, and hence
O(C*(G)) = A (see Theorem 11.1.6 of [4]).

Consider the open set  and the function ¢r € C(X). Then, for each v € Zf, |,

rank((wz,, (0p))(2)) = rank( Y @u(@m 7 Vo) Eryn)

Yo VnE€Fi 5

= rank( Z (T, €)Eyy )
Yo€Fi

= Hv € Fij:ay, € £}

= H(z,%) € G:avy, € B}

= |Orbitg(z) N E|,

as desired. 0

7. COMPARISON OF DIAGONAL ELEMENTS AND COMPARISON OF OPEN SETS

In this section, let us show that the Cuntz comparison of the diagonal elements in an
RSH-algebra with diagonal maps is roughly determined by their ranks (see Theorem [7.8)),
regardless of the dimensions of the base spaces. As a consequence, the Cuntz comparison
of open subsets of X is then determined by the partial orbit or by the measures if there
exist small subgroupoids with arbitrarily large orbit (see Corollary and Corollary .
The proof of the main result of this section (Theorem follows closely the argument of
Theorem 4.5 of [15].

First, recall the following comparison theorem for general RSH algebras, .

Theorem 7.1 (Theorem 4.6 of [44]). Let A be a recursive subhomogeneous C*-algebras with
a decomposition
[- . HCO @qo) Cl] @Céo) 02] . ] @Cl(o) C,
where
Ci =M, (C(X)) and Y =M, (C(X;")
with Xi(o) a closed subset of X;. Let a,b € AT be positive elements satisfying

rank(a(x)) + 5

<rank(b(x)), z=€ X;\ X@'(O)a
for any i =0,1,....1. Then a 3.
Using this theorem, one has the following comparison result.
Proposition 7.2. Let A be a separable RSH algebra with a fized decomposition
[' o HCO Do 01] Do CQ] o ] @Cl(m Cr,
and let a,b be positive elements of A. Write
Ci =M, (C(Xy)) and C =M, (C(X))

)
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with Xl-(o) a closed subset of X;.
For each v =0,1,...,1, list

{rank(b)(x) : v € X3} = {rip <rig < <7}

and set
W;; ={x € X; : rank(b(z)) <r;;}
and
Z;j =4z € X, :rank(b(x)) = r;,},
73=0,1,...;s;.
Assume that for each i =1,2,...,1 and each j = 0,1, ..., s;,

rank(a(x)) + 5

<rank(b(z)) =15, € Z;;.
Then a =3 b in A.
Proof. Let us construct a new RSH decomposition of A:
[P0 2] 03 0] ] 50
with D; = M,,,, (C(Y;)) and DZ-(O) = Mmi(C(Y;(O))) with Y;(O) a closed subset of Y; such that
(7.1) rank(a(z)) + %

in this new RSH decomposition. Then, it follows from Theorem that a 3 b.
To building the new RSH decomposition, let us start with

Co = M,,, (C(Xy)).

< rank(b(z)), ze¥;\Y"

Since the rank function is lower semicontinuous, one has that
Woo € Wo1 C--- C W,

are closed. (Note that Wy ; = ZooU---U Zp;.)
Set
Doo =My (C(Woo)): Do = My (C(Woa)), Dy} = My (C(Wo))

with the map Dy o — D(()?l) being the identity map. Then it is clear that
Do,o ® o) Doy = Mg (C(Wo,1))-
Putting
Doz = Muo(C(Wh2)) and Dy = My (C(Won)),
and repeating this construction, one obtains the new RSH decomposition of Cy = M,,,(C(X)))

by
[. .. HDO’O @D(()?; D0,1} @D(()?% DOQ] ] ©po Dos, = M, (C(Wo.s0)) = M, (C(X0)),

0,s0

where

Doj = M,,(C(Woy)) and D) = M, (C(Wo 1))
It clearly satisfies ([7.1)).
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Now, assume that one has a desired decomposition of
A; = [ x HCO @c§°) Cl} @050) 02} } @Ci(m Ci;

let us construct the decomposition for A; @ Ci1 which satisfies (7.1).
i+1
Write

b= (b;,biy1) € Ai® Cit1,

o
and denote by p: A; — C'ﬁ)l the homomorphism associated with the (original) RSH decom-
position of A.
Set
0 0
Di+1,0 = Mni+1 (C(VVHLO)% D§+)1,0 = an‘ﬂ (C(Xi(—i-)l N M/HLO))a
and
. (0)

mo:Ai > [ 'O(f)|X§i)1ﬂW¢+1,o € Dz'-l—l,()‘

For the next stage, consider
0 0
Diyi1 = My, (C(Wiy11)), D§+)1,1 = Moy, (CUX N Wig11) UWitr)),
and
0
m:A; @Dzﬁ)l,o Dit103 (f,9) (p<f)|Xf?r)1ﬂWi+1,1’g) € D§+)1,1a

where (p(f)|y© .. 9) is regarded as the (well defined) function on
i+1 i+1,1

(X»(i)l N Wig11) U Wit o,

which is p(f) on Xz(-(l]—)l N Wi—i—l,l and is g on WH—LO'
At j-th stage, set

Dit15 =My, (C(Wit1;)), Dz(?r)m =M (C((Xfﬁ)l N Wis1,;) UWiti1)),

N4l
and
0
n;: (f, 905 gj—1) ('O(f”Xﬁ?mWiﬂ,j’gU’"-’gj—l) € D§+)17j,
where
o € [y, e 8y, D
and

(p(f>|XZ‘(70L)1mWi+l,j’gO’ [EXX} gj—l)

is regarded as the function on

(X@l N Wig1,;) U Wit -1

)

which is p(f) on Xi(JOr)l N Wiy and is gj_1 on Wiy 1. It is well defined.
In this new RSH-decomposition, note that the base spaces are W;; ; together with the
closed subset (XZ»(O) N Wit1;) UWiiq,;-1. Note that

Wi\ (xn Wig1;) UWisij-1) € Wigrj \ Wigrj-1 = Zigay,
and hence

rank(b(x)) = rit1g, @ € Wipry \ (X N Wigr,) UWiir,o1),
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and it satisfies the condition ([7.1). O

Definition 7.3. Let A be a separable RSH algebra with a fixed decomposition

oo A acp o [ o O
Write
Cp = M, (C(Xy)) and O = M, (C(X))
with X Igo) a closed subset of X;. Let F C A be a finite set such that if

f= o fr, s fx), fEF,
then
fr €M, (Cr(Xz), k=0,1,.., K.
Then, for each k = 0,1, ..., K, define the map ®rj, : X, — R%7| by

(I)]:Jg X DT @ @(fk)m(x) S @ @ R = R”i|-7‘—|

feF i,j=1 feF i,j=1

The following lemma shows that in an RSH algebra A with diagonal maps, there always
exist finitely many elements of A such that these elements span the whole M,,(C) under any
irreducible representation of A but the topological dimension of the values of their entries is
controlled by the dimension of the irreducible representations of A. These elements play the
same role as that of the element uH in the proof of Theorem 4.5 of [15].

Lemma 7.4. Let A be a separable RSH algebra with a fixed decomposition

[ ] e ] -] 2
Write

Ci = My, (C(X)) and C =M, (C(X"))
with Xl-(o) a closed subset of X;. Assume

(1) np <ny <--- <ng, and
(2) all the maps

miiA—=CO =01, K—1,
are of diagonal type, where
= [ [[ooes 0] a0 ] agn
Then there are finite sets
S C A, k=01,.. K,
such that

(1)
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(2) there are continuous functions
xi:X;—[0,1], i=0,1,.. K,
such that x;1(0) = XZ-(O) and
(7.2) {xiest 1 1 <s,t <n;} CEklx,,
where {es; : 1 < s,t < n;} are the standard matriz units of M,,,(C) C M,,,(C(X;));
(3) and there are polyhedrons

Vi CRUE 0 <k <K,

such that
(7.3) dim(V;,) <

nE —No

No
and
(7.4) Pg, 1 (Xk) C Vi
forany 0 <k < K.
Proof. Let us construct &, k= 0,1, ..., K, recursively. Consider
Co = My, (C(Xo)),

and put
0 ..
& = {O,e;j) 1 <i,j <ng},
where egg-) are matrix units of M,,,(C) C M,,,(C(Xy)). Since & consists of constant functions,
D¢, 0 is constant. Then it is clear that
& CCy and Vp:={pt},

where pt is the constant value of ®g, o, satisfy (7.2)), (7.3)), and (7.4) (with o the constant

function 1).

Assume
& C Ay, E1C AL ., &1 C A and V, V1, L, Vi

are constructed to satisfy , , and . Consider
Ap = Apy Do Ch.
If X,io) = @, then A, := A,_1 ® C}. Define
g =1V 1<ij<m}CC

where ¢/") are matrix units of M, (C) € M,, (C(Xy)) = Ck. Then

(2]
gk = gk,1 U 5]::,
where &1 and &, are regarded as subsets of A;_; @ Cj naturally, and
Vi .= {pt},

where pt is the constant value of ®¢, , on Xy, satisfy (7.2), (7.3)), and (7.4) (with x the
constant function 1).
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Assume that X Igo) # @. Since the map n is of diagonal type, there exist | € N and a
partition
X’go) =Y, U---UY

such that for each Y}, there are continuous maps

/\gl) Y, — ti )\gL) Y — Xt27 ) )‘(l) Y — thi

Si

for some s; € N such that
ft1 O )\gl) .
ftz © )‘g)

Y, = . )

n((fos frs s fo-1))

fts. o )\g?
where (fo, f1, .-, fe—1) € Ag_1. Then it is clear that
ng
(7.5) D B cvie-ov, =V, zeY.
e€€p_1 %,J=1

Let us estimate the dimension of V} ;. Let (mq,my, ..., mg_1) be the multiplicities of the map
nly;. Note that

NE = MoNg +ming + -+ +Mmp_1Ng_1
and
dim(V,) = dim(V,)+- -+ dim(V,)
= modim(Vp) + mydim(Vy) + - - - + my_ydim(Vj_q).
Since ng > ny_1, one has that
mo+my 4+ -+ my_q > 2.
Hence, for each 1 = 1,2, ..., k, one has

dim(V,;i) = mpdim(Vp) + mydim(V}) + - - - + mg_1dim(Vy_1)

1
< (mo(no —ng) + mi(ny —ng) + -+ + my_1(ni—1 — no)) - -
0
= ((mono +ming + -+ + mp_1np_1) —
1
(mo +m1 + - +mk71)n0) s —
o
1
) N

Put
V=V, UVi,u---uVy,.

By ([7.5)), one has
ng
P Pule)is) Vi, zex.

e€€y_1 1,5=1
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Also note that

(7.6) dim(V) < & o,

)

For each element e € &,_; C Aj_4, consider n(e) € C’,(CO). Since V} is a polyhedron, it is a
neighborhood retraction; hence there is an open set U 2 X such that there is an extension
of n(e) to U, denoted by €', such that

ng
(7.7) P PV, zeU
e€&p_1 1,j=1

Pick a continuous function xj : Xy — [0, 1] such that

X*I(l) = X,go) and Xfl(O) =X\ U.

Define
_ x(x)e'(zx), =eU;
e.XkaH{O’ v ¢ U
Set
En={e@éc Ay:ec &1},
and

& ={0@(1-x)e € A 1<ij <m},
where eg;) are matrix units of M,,, (C) € M,, (C(X})). Then

gk = gkU(‘:;c

satisfies (7.2)), (7.3)), and (7.4)) (for Ay).
Indeed, since &, C &, (7.2)) is satisfied. Define

Vi ={(tv, (1 —t)v) : t € [0,1], v e V/}.

Then, by (7.7),
e, k(&) C Vi

and by (7).

dim(V;) = dim(V)) +1< & = "0
T N
So, (7.3) and (7.4)) are satisfied (for A;). By the induction, the desired finite sets £ C A
exist. O

Remark 7.5. The estimation which is needed later in Theorem on the dimension of V; is
actually

dim(V;) < .

no

But the stronger version ([7.3)) is needed for the induction argument.
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Lemma 7.6. Consider n X n matrices

(ag}j))’;j:l, . (aZ(Z-L))Zj:l, aesy, 1<s,t<n,
and
(bz('}j));‘szla s (bz(?))zrfj:b 565,t7 1 S Sat S n,

where o, § € R\ {0} and es; is the matriz with (s,t)-entry 1 and all other entries 0.
If there is a unitary U € M,,(C) satisfying

U*(a(k))U = (b(k-)) and U (aes)U = Pesy, 1<k<m, 1<s,t<n,

1,3 Y]
then
ai’ft):bglfg and «a=f, 1<k<m, 1<s,t<n.

Proof. Note that
al, =Ual,)U =U"Y ae,;U=>Y Uae)U =Y Be; =Bl
=1 =1 =1

and hence o = 5. Consider a pair of matrices (agﬁ.)), (bg?) Then, for any 1 < s,t < n,

(O‘ag?ﬁ)es,t
= ozagft)(U*oze&tU) = U*(onangt)esﬁt)U = U*(aesﬁs(a(k))ﬂ e )U

1,5 /1,j=
k)\n k
= 5€s,s(bz(‘,j)>i,j=1ﬁet,t = (ﬁ2b§,t))es,t-
Since o = 8 # 0, one has that ag’ft) = bgft), as desired. O

Lemma 7.7 (Lemma 4.3 of [I5]). Let X be a second countable locally compact Hausdorff
space, and let S be a sub-C*-algebra of M,,(Co(X)).

Suppose that there exist a topological space A and a surjective continuous map & : X — A
such that

(1) for any x1,x52 € X,
§(x1) = &(x2)
if and only if
Tey|s is unitarily equivalent to m,,|s,
where m, is the standard irreducible representation of M, (Co(X)) at v € X,
(2) for any sequence x;,i =1,2,...,in X, any x in X, and any g € S, if
E(x;) = &(x) asi— oo,
then
g(xl) — g(SC) as @ — o0,

and
(3) m:(S) = M,,(C), for any z € X.



50 ZHUANG NIU

Then there is an isomorphism ¢ : M,,(Co(A)) — S. Moreover, under this isomorphism, if
X©) s a closed subset of X and Ty is the restriction map, there is a commutative diagram

M, (Co(X)) 0§ L M, (Co(A))

lﬂx(o) T x(0) lﬂ-A(O)

M, (C(X ) =7 x0 () =— M, (C(AD))

where A©) = (X ) and T is the restriction map.
Proof. For each f € S, define a function f : A — M, (C) by
f(z) = fx), if&(z) ==z

By Condition (2), f is well defined, and f is continuous. Moreover, f vanishes at infinity.
To see this, note that, if z; € A with z; — oo, then, since £ is surjective, there are z; € X
with &(x;) = 2;. Then z; — co. Otherwise, there is a subsequence, say (x;, ), converging to
a point x € X. Since £ is continuous, one has that

which contradicts the assumption z; — co. Hence

f(zi) = f(x:) — 0,

and f € M, (Co(A)).

Moreover, it is clear that the map f +— f is an injective homomorphism, and thus one can
regard S as a sub-C*-algebra of M,,(Co(A)). It follows from Conditions (1) and (3) that S
is a rich sub-C*-algebra of M,,(Co(A)) in the sense of Dixmier (11.1.1 of [4]), and therefore
S = M, (Cy(A)) by Proposition 11.1.6 of [4] (or by Theorem 7.2 of [2§]).

Note that the above construction also induces an isomorphism

mxo(S) = M, (C(AY))

by f +— f with f(f(w)) = f(x). Also note that for any f € M,(C(A)), and any z € X©,
one has

Txo () (@) = o(f)(x) = [(£(x)) = Tao (/)(E(2)).

Thus, the diagram commutes. 0

The following is the main result of this section. Its proof is in the same line as that of
Theorem 4.5 of [15]: One considers the sub-C*-algebra generated by the given elements a, b,
and the finite set £x obtained from Lemma [7.4} then the resulting sub-C*-algebra actually

has the dimension gap property of Proposition [7.2] and the comparison between a and b
follows.

Theorem 7.8. Let A be a separable RSH algebra with a fized decomposition

[. .. HCO GBCfO) Cl} @050) CQ} } @cﬁ? Ck,
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and let a,b be positive elements of A. Write
C; = M,,(C(X3)) and C =M, (C(X))

with Xl-(o) a closed subset of X;. Assume

(1) np<n <---<ng,
(2) a and b are diagonal matrices on each X;,
(3) all the maps n; = A; — C’Z-(fi)l, 1=0,..., K — 1, are of diagonal type, where

A; = [ . HC’O Do 01} Do 02} ] @Cfo) Ci,

(4) for eachi=0,1,...K, and each x € X; \ Xi(O)?

rank(a(z)) < irank(b(w)) and L < M.

Un 4’]’Ll
Then a =2 b.

Proof. Write
a = (ap,ai,...,ax) and b= (by,by,...,bx)

with ai,bi S Ci, 1= O, 1, ceey K.
Let us construct sub-C*-algebras

together with closed subsets AEO) C A; (A = @) satisfying

(7.8) i ( [ > HDO S po Dl] S po Dz] - } Spo) D;_1) C WAEO)(Di)u
where D\” = M,, (C(A?)), such that

(79) ai,bi GDi, i:O,l.,...,K,

and if
{rank(b(z)) :z € A} ={rip <ri1 <--- <ris}
and define
W;; =4z € A; :rank(b(z)) <r;;} and Z;; ={xr € A, :rank(b(x)) =1;;},
where j = 0,1, ..., s;, then
(7.10) rank(a(z)) + %

Then, by (7:8) and (7-9),

Si= ||| Do ®pp Di] @0 D2 -] @0 D

<rank(b(x)) =r;, x€ Z;;.

51

is a sub-C*-algebra of A with a,b € S; by ([7.10) and Proposition one has a 3 b, and

this proves the theorem.
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Let us construct the desired sub-C*-algebras D; recursively. By Lemma [7.4] there exist
finite sets & C Ay, where

A = [ - HCO @CEO) Cl} EBCZEO) 02i| } @C;EO) Cp, k=01,.. K,

such that
(7.11) T]k(gkfl) gﬂ'XIgo)(gk), k= 1,2,...,K;
(7.12) CH(mp (&) = My (C), z€ X;\ X, i=0,1,.... k:
and there is a polyhedron V; C C R7Exl such that
(7.13) dim(V;) < 210
no

and
(7.14) O, 1(Xk) C Vi

Define

= C*({CLQ, bo} U 50) g Mno(C(X0>)
It clearly satisfies ([7.9) (with ¢ = 0). (7.8) is also satisfied with Aéo) =@. Set

gO = {a, b} U 50
and consider the map
no no
(7.15) Do Xo >z = (ED(ao)ii(x)) ® (D (bo)ss()) @ (D @ ij(z)) € R2no+long,
1=1 i=1 ec&y i,j=1

Set

Ay = g, 0(Xo).
Then, for any x € Xy, the restriction of 7, to Dy is still irreducible, and by Lemma [7.6] one
has that for any xq, x5 € X,

Ty | Dy 1S unitarily equivalent to m,,|p, <= Pg,.0(z1) = Pgy0(x2).

By Lemma[7.7]
Dy = M, (C(Ay)).

Write
Wi, = {x € Xo :rank(bo(x)) <ro;} and  Zj,; = {x € Xo : rank(bo(x)) = 7o},
where 7 = 0,1, ..., 59, and
= {x € Ag:rank(by(x)) <rp,;} and Zy,; ={x € Ay :rank(by(x)) =ro,},
where j = 0,1, ..., 59. Then
Wo, = Prapyueo(Wy,) and  Zo; = ranpueno(Zy;), 7=0,1,...,50.

Since ag and by are diagonal and

rank(a(z)) < irank(b(l’))’
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by the construction of ®¢, 5300 ((7.15))), one has

Wo,;, < {(v1,---sYn,) : at most ry; many of coordinates are not 0}

o ;
X{ (Y1, -+, Yng) : at most % many of coordinates are not 0} x Vj.

Hence
1
(716) dim(WO,j) < 1o+ ZTOJ +0
and for any x € Z j,
dim(Wy ;) — 1 1 roi 4 rrg s —1
rank(a(g))_{_M < “ro, 0,5 170,5
2 4 2
7 1
R < g = rank(b(x)).

Thus, the C*-algebra Dy satisfies (7.10|) (with ¢ = 0).
Let us assume that Dy, Dy, ..., D1 are constructed to satisfy (7.8]) (with ¢ = k£ —1), (7.9)
(with ¢ = k — 1), and ([7.10)) (with ¢ = k — 1), and also assume that

(7.17) [ - [DO @Dgo) Dl} - } @D;co) D4

—1

= C*{(ag, ., ar-1), (bo, ..oy bp—1)} U &1} C Ag_1.
Let us construct D;. Define
Dy, = C*({ar, be} U (Eklx,) Udese 1 1 < st < mi}) © My, (C(Xy)) = Cy,
where eg4,1 < s,t < ny, are (constant) matrix units of M, (C) C M,,, (C(X%)). Set
Gr = {{ar, bi} U (Exlx,) U{ese 1 1 < st <my}}
and consider

(I)Qk,k X, O «x

(7.18) = (Paii@) e (@@bu) e @B Ple@)
i=1 i=1 e€&k|x, U{es,t} 1:5=1

c Ran—’—‘gklka{eS‘tHn%,
and set
Ay = Bg, 5(X d AV = ag . (x
k= Pg, x(Xi) an P Gk (X )

Then, for any x € X}, the restriction of 7, to Dy, is still irreducible, and by Lemma for
any ri, o € Xy,

T4 | D, 1S unitarily equivalent to m,,|p, <= @g, k(21) = Pg, x(22).
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By Lemma one has that D, = M,, (C(A) and

M, (C(X5)) Dy < M, (C(A))

|0 % s

M, (C(X")) =7 00 (Dyy) = M, (C(AL))

(0)
Xy

By (7-11)),

Then, by (7.17)) and & € Dy, one has
77k<[ - HDO ©po DJ ©po Dz} } Spo Dy1) C WAEO)(Dk)a

and hence ([7.8]) is satisfied (with i = k).
Write

Wy = {r € X :rank(b(z)) < ;) and  Z;; = {x € X}, : rank(b () = 71},
where 7 = 0,1, ..., s, and

Wi = {x € Ay :rank(bg(x)) < r;} and Zy; = {x € Ay : rank(bp(x)) = i},
where j = 0,1, ..., s;. Then

Wij = ®g x(Wi;) and Zp; =g r(Z;;), j=0,1,.., 5
Since ay and b are diagonal and
rank(a(z)) < irank(b(z)),
by the construction of ® ¢, pyue,0fe, 34 ((7-18), one has
Wii < {(y1,..-,Yn,) : at most ry; many of coordinates are not 0}

T s
X{ (Y1, -, Yn,,) : &t most % many of coordinates are not 0}

X Vi X {ve}

Hence

. 1 . ) ng —n
(7.19) dim(Wy;) < 7+ 1T dim(Vy) < 1 T %,

0
and for any x € Z ;,
dim(Wy,;) — 1 1 2yt e =2
rank(a(z)) + M < ot S R
2 4 " 2
7 1
< gk gk 1

< 1y = rank(b(x)).

Thus, the C*-algebra Dy satisfies ((7.10)) (with i = k).
Put
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and consider
H . [Do o D1] } Bpo, Dk—l] D po Dy, C Ay

For the induction, we also need to show
|:[ . [Do @Dgo) Dl] . ] @Di(go_)l Dk,1:| ®D§€0> Dk = C*({(ao, ey CLk), (bo, ceey bk)} U Sk)

(Note that
& C H o [Do Sp© DJ } Sp©, Di-1| Sp© Dr,

since &l (xo,... x5 1) = Ek-1)-
Indeed, set

B = C*({(ag, ., ar), (bo, ..., i) Y U &),

and let us show that actually
B = H .. [Do @Dgo) D1] ] @D}(Ql Dk—1] @DI(CO) Dy.
Pick any point
re X\ X", 0<i<k

Since & C B and (7.12)), the restriction of 7, to B is still irreducible (with the same
dimension), and hence any irreducible representation of B or

[+ [Pvei 5]+, D] 2 5

actually is a restriction of some m,. In particular, the restriction of any irreducible represen-
tation of

[ [eup 2] ] 2, 5] i 2
to B is still irreducible.

Let 7., and 7,, be irreducible representations of B which are not equivalent. If x; and x5
are in different components, say, in X; \ Xi(O) and X;\ X ;0), 1 # j, respectively, then the the
restrictions of m,, and 7., to B are not equivalent since they have different dimensions.

Assume that z1,29 € X; \ XZ-(O) with ¢+ < k. In particular, 7, and m,, are irreducible
representations of

[. . [Do ® po Dl] . } 0 Dict = CH{(0, - ax1), (o, s 1)} Ukt
Since 7, and 7,, are not equivalent, one has that
Do v, 1,i(@1) # Prappue, 1.i(T2).
Since the restriction of &, to X; is the same as the restriction of £,_; to Xj, one has
(I){a,b}ugk,i(xl) # q){a,b}ugk,i(x2)'

Hence, by Lemma [7.6] the restrictions of m,, and m,, to B are not equivalent.
Assume z1, 19 € X \ X lgo). If the restriction of m,, and 7, to B are equivalent, then, by

Lemma [7.6]

Do ppugnlx, k(1) = Pappugylx, k(T2)-
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Since matrix units {es;} are constant functions, one then has

D apjuerlx, Ulew sk (T1) = Plapyuesix, Ufes ih & (T2)-

So, 7., and m,, are equivalent as representations of Dj and hence are equivalent, which
contradicts the assumption. Therefore, the restrictions of 7, and m,, to B are not equivalent.
Hence B is a rich sub-C*-algebra, and therefore,

B = H [Do B p© DJ ] Spo Di- 1} Spo D

by Proposition 11.1.6 of [4].
Therefore, by induction, there are C*-algebras Dy, Dy, ..., D satisfying (7.8)), (7.9 and
(7.10), and hence a = b, as desired.

The following are several corollaries of Theorem

Corollary 7.9. Let X be compact metrizable, and let o : X — X be a minimal free homeo-
morphism. Suppose E, F' C X are open sets satisfying

1
(7.20) w(E) < gu(F), 5e Mi(X.0).
Then
v 3 OF
in C(X) %, Z.

Proof. Since ¢ is minimal, there is § > 0 such that
p(F) >0, peMi(X, o).

Let € > 0 be arbitrary. One asserts that there is Ny > such that for any x € X and any
N > Ny, one has

{0<n<N-—-1:(pp—e)(0"(z)) >0} <~ |{0<n<N—1 pr(0"(x)) > 0}

and

g<_|{0<n<N—1 pr(o™(x)) > 0}

Indeed, if the assertion were not true, there are (k,,) C N and (z,) € X such that &k, — oo
as n — 0o, and for all n, one has

(7.21) k—ln {0 <i < hy—1: (0 — )4 (0 (2n,)) > O}

1 .
> {0<i<k,—1:9p(c"(z1,)) > 0}]

or
5 1
4‘41@

Consider the discrete probability measures

(7.22) {0 <@ < ky—1:9p(c'(zs,)) > 0}].

kn—1

:_Zdo’wk n=12 ..,
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where ¢, is the Dirac measure concentrated at x. Pick an accumulation point p. in the
weak*-topology. Note that p, € M;(X,0). Passing to a subsequence, one assumes that
M, = Hoo-

Assume that ([7.21]) holds for infinitely many n, pick a closed set E’ such that

{reE:pp(x)>c} CECE

and then
foo(F) < liminf p,(F) (F is open)
n—oo
< . . /
< dliminf i, (E') (by (7.21))
< 4limsup p,(E")
n—oo
< A (B < 4dps(B), (E' is closed)

which contradicts to ([7.20]).
Assume that ([7.22)) holds for infinitely many n. Since F' is open, then

too(F) < liminf p, (F) <6,
k—o0

which contradicts the choice of . This proves the assertion.

Consider the C*-algebra Ay C C(X) X, Z, where Y is a closed subset with nonempty
interior. By Theorem [5.5] Ay is an RSH algebra with diagonal maps, and the canonical
RSH decomposition of Ay satisfies Conditions (1), (2), and (3) of Theorem [7.8 With YV’
sufficiently small, one can assume that the heights of the Rokhlin towers in the decomposition
of Ay are at least Ny (so that Nio < 2), and therefore, by the assertion, Conditions (4) of
Theorem is also satisfied. Thus, it follows from Theorem that (pg—¢€)+ 2 @r. Since
¢ is arbitrary, one has pp = pp. O

Corollary 7.10. Let X be a separable compact Hausdorff space, and let o : X — X be a
mainimal free homeomorphism. Then

1
re(C(X) x 2Z) < §mdim(X, g).
Proof. By Lemma , (X,0) has the (URP). By Corollary 7.9, C(X) x Z has (3,1)-Cuntz-
comparison on open sets. The statement then follows from Theorem 0
Remark 7.11. Corollary is generalized in [36] to Z?-actions.

Corollary 7.12. Let (X,I') be a free dynamical system, and let G C X x T be a small
subgroupoid. Let E, F' C X be open sets such that

1
|Orbitg(x) N E| < 1 |Orbitg(x) N F|, =€ X,

and
1 |Orbitg(z) N F)|
|Orbitg(zo)| 4|Orbitg(z)|
Then, pr 3 wr in CHG).

g, x € X.
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Proof. This follows directly from Theorem [6.15 and Theorem [7.8] O

Corollary 7.13. Let (X,I') is a minimal free dynamical system, where T' is amenable.
Assume that (X,T) has the property that for any finite set K C T and any e > 0, there is a
small subgroupoid G C X x T' such that Orbitg(x) is (K, €)-invariant for any x € X. Then,
for any open sets E, ' C X with

(7.23) p(E) < u(F). 1€ My(X.T),
one has that
vrSpr in C(X)xTD
In other words, C(X) x I has (3, 1)-Cuntz-comparison of open sets.
Proof. Without loss of generality, one may assume that |I'| = co. Otherwise, the C*-algebra

C(X) x I is isomorphic to Mp|(C), and the statement holds.
Since ¢ is minimal, there is 6 > 0 such that

u(F) >3, p€M(X.T).

Let ¢ > 0 be arbitrary. With the same argument as that of Corollary it follows from
(7.23]) that there exists (K, ¢) such that if Iy C I' is (K, ¢)-invariant, then for any z € X,
one has

‘Hvem (p — &)a(a) > 0}] < 1,H76D)wﬂm0>@!

ITo 4|1
and
e Lo or(ay) > 0.
IT] 4]1“]'{76 0 Pr(Ty
If G C X %I isasmall subgroupmd with all orbits (K, ¢)-invariant, it then follows from
Corollary that (pr —€')1 3 pr. Since € is arbitrary, one has v = pr. O

8. LOWER SEMICONTINUOUS SET-VALUED FUNCTIONS AND SMALL SUBGROUPOIDS

In this section, let us show that if there is an equivariant lower semicontinuous set-valued
function on X (in particular, if lower semicontinuous dynamical tiling exists), then there
always exists a small subgroupoid associated to this function (Theorem [8.3)).

Definition 8.1. Consider a topological dynamical system (X,I"). A shape function with
domain €2, where €2 is an open subset of X, is a set-valued function

S:Q—2b

such that

(1) e € S(x), x € Q,
(2) S(x) is uniformly bounded in the sense that there is a finite set M C I' such that

S(x)C M, ze€Q,
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(3) the function S is lower semicontinuous in the sense that for any = € Q, there is an
open neighbourhood U > x such that
S(x) €SW), yel,

and
(4) the function S is equivariant in the sense that

S(zy) = S(x)y™!, veS).

Ezample 8.2. Consider the dynamical system (X, o), where ¢ : X — X is a minimal home-
omorphism. Let Y C X be a closed set with non-empty interior. For each x € X, define the
positive first return time and negative first return time of x to be

Ji(@)=n, ox),..,0" () ¢Y but o"(z) €Y
and
J(x)=n, x, o' (x),...07"z2)¢Y but o "(2) €Y.
Then
S(x) ={-J_(x),—J_(z)+1, .., Jo(z) — 1}
is a shape function (with domain X).
Actually, let

{Zy,0(2)),...,0" N2}, ... Z, 0(Z), ..., a7 H(Zy,)}
be the Rokhlin partition associated to Y (see Section . Then
S(x) ={0,1,....Jy — 1} —i, ifx€o'(Z), 0<i< J—1.
Theorem 8.3. Let (X,I') be a topological dynamical system, and let S be a shape function

with domain ). Then there is an open and relatively compact subgroupoid G C X x I' such
that the unit space is {(x,e) : x € Q} and

Orbitg(z) = xS(x), =z €.
Proof. For each finite subset F C I', define
Zr:={reQ:S(x)=F}.
Since z — S(x) is equivariant, there are finite subsets F, I, ..., F,, C I' and a partition of {2
Q= |_| Zry) U ( |_| Zryy) U U ( |_| Zr,7)-
yeF? o yeF;!

For each v € I", define
,=(C || Zewu( || Zewu--u( || Zewco

MEFTI\F v €F; "\Fy ty mEFT \Fy ly
Note that
oY= || ZewuC || Zewu--uC || Zew
nEFTINF Yy Y €F INFy Yy Y EF INF Yy

Let us verify that Q \ Y, is open.
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Assume that x € 2\ Y,, then
re( || Zemu( || Zewu--uC | Zew),
yieFTINFT Y Yo €F; NFy y meEFT INF 1y
and let us assume that
T € Zpi
for some v; € F;”' N F; 'y. That is
S(x) = Fiy.
Since x — S(z) is lower semicontinuous, there is an open set U 3 x such that
S(@) S SWy), yel
Let us show that U C 2\ Y,, and hence Q \ Y, is open.
For each y € U, there is F; and ¢ € I" such that
Fryi = S(x) € S(y) = Fye.
Since e € Fjc, one has ¢ € Fj_l. Also note that
Fryiy™ C Fjey™
and e € Fyyy™" (since v; € F} '5); one has e € Fjey™ and hence ¢ € F; 'y, That is
ce Fy'NF .
In particular,
ve || Zeucx\Y,
v EF;INF y
This shows that Q \ Y, is open.
Define
G:={(z,y) e QxT:2yeQ\Y,}.
Since Q\ Y, is open, G is an open (and relatively compact) subset containing (z,e), x € €.
Let us show that G is actually a subgroupoid.
Let (z,7) € G. Then there are F; and v; € F;"' N F, '7 such that
ry € Zpyi C L,
and hence # € Zp vy, Since v; € F;' N F, 'y, one has
wy te KN FTIy T
and therefore,
(z,7) ' = (@y,7) eg
(note that zy € Q).
Let x € X, 71,72 € I with

(z, 1), (z71,72) €G.

Then, there are

Fip Fiza Vi € F;Il N E:lfyla and Vi € F;gl N F’iglﬁh
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such that
T € Zp, i, © ZFilF'_l and  zv1Y2 € Zp,, Yi-

i1
Since v;, € F;;l’}/g, one has
T2 € ZFinglvz
and hence
vy € Zp, F L

27 12
Noting that
Zp F71N ZFZ.QFZ-;l =g it F,, # F,

iy

and

a1 € Zp, F' N Zp, F}'
one has that F;, = Fj,. So, let us denote both F;, and Fj, by F;.

Since

Y2 € Z,(FT N F ),
one has

1 € Zr(F i A FY),
Since

o € Zr(F N F i),
one has

vy € Zp,(FT PN F 'y N Folygh,
and hence
Y2 € Zr,(FT N E N F ') © Zp (F 0 F '),

Therefore,

e € Q\ Yo, and (2, m)(2m,7%2) € G-
Thus G is a subgroupoid of X x T.
It is clear that the unit space of G is {(z,¢e) : x € Q}. Let z € Q, and let us calculate the
G-orbit of x. Assume that v € Zp, for some F;. Then

Shape(z) = F;.
If (z,7) € G for some v € I, then
xy € Q\Y, = ( |_| Zr 1) U ( |_| Zpyy2) U U ( |_| ZFYn)-

yeFTINFT Yy Yo €F; nFy 1y n€F INFT 1y
Assume that 2y € Zp,; for some v; € Fj_1 N Fj_lv. Then, z € Zp,v;7~". Note
L= ij—l,_yfl A ij—l c Fj—l7
one has that z € Zp, Fj_l, and therefore
Fy=F, and ~y=nv;€F.
On the other hand, for any v € F}, it is clear that (x,v) € G. Therefore
G={(z,7) € xT:y€ 5},
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and hence

Orbitg(z) = zS(x).

Remark 8.4. By considering

G=GU{(r,e): 7€ X},
one extends G to a (open and relatively compact) subgroupoid with unit space {(z,e) : x €
X} without changing orbit of each = € .

Definition 8.5. A free dynamical system (X,T") is said to have lower semicontinuous dy-
namical tiling property (LscT) if for any finite set K C I' and any € > 0, there is a partition
valued function 7 : X — P(I') such that

(1) there are finite sets Fi, Fy, ..., F,, C T" such that for each x € X, the partition 7 (z) is
a tiling of I' with tiles Fy, Fy, ..., Fy,, and Fy, Fy, ..., F,, C T are (K, ¢) invariant,
(2) the map T is equivariant, i.e.,

T(zy)=T(x)y", ~eT,

(3) the function T is lower semicontinuous, i.e., for any finite set ' C I" and any = € X,
there is a neighbourhood U > x such that

P(x)|r refines P(y)|r, vy € U.
The system (X,T') is said to have continuous dynamical tiling property (CT) if Condition
(3) is strengthen to
(3’) the function T is continuous, i.e., for any finite set F' C I" and any = € X, there is a
neighbourhood U 3 x such that
P(@)lr =PWlr yeU,
where P(z)|r and P(y)|r denote partitions of F' induced by P(z) and P(y), respec-
tively.
The following lemma is straightforward.

Lemma 8.6. If a free dynamical system (Y,I') has (LscT) (or (CT)), and if (X,T) is an
extension of (Y,I'), then (X,I') has (LscT) (or (CT)).

Once the dynamical system (X, I") has the (LscT), then arbitrarily invariant shape func-
tions (hence small subgroupoids) exist:

Corollary 8.7. Let (X,TI') be a free dynamical system with (LscT). Then, for any finite set
K CT and any € > 0, there is a small subgroupoid G C X x I' such that for any x € X, the
G-orbit Orbitg(z) is (K, €)-invariant.
Proof. For each x € X, define

S(x) = (T(z))e,
where (7(x)). is the tile of T(z) containing e. Then x — S(x) is a shape function with

domain X in the sense of Definition 8.1}, and the statement follows directly from Theorem

B3l O
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Together with Corollary [7.13] one has

Corollary 8.8. Let (X,I') be a free dynamical system with (LscT). Then for any open sets
E F C X with

p(E) < u(F), pe My(X,T),

one has
v Zprp in C(X)xT.

The topological-dynamical version of subequivalence and comparison have a long history,
see, for example, [I§] and [19]. The following definitions can be found in [29] and [7].

Definition 8.9. Let G be a countable amenable group.

(1) Let G act on a zero-dimensional compact metric space X. For two clopen sets
A, B C X, we say that A is subequivalent to B (and write A X B), if there exists a
finite partition A = |_|f:1 A; of A into clopen sets and there are elements ¢y, go, ..., gk
of G such that g1(A41), g2(As), ..., gk(Ax) are disjoint subsets of B. We say that the
action admits comparison if for any pair of clopen subsets A, B of X, the condition
that for each invariant measure p on X we have pu(A) < pu(B), implies A 2 B.

(2) If every action of G on any zero-dimensional compact metric space admits comparison
then we will say that G has the comparison property.

Also recall

Theorem 8.10 (Theorem 5.11 and Theorem 6.2 of [7]). Any amenable group with subex-
ponential growth has the comparison property. Any free Cantor system (2,T') with T' an
amenable group with the comparison property has (CT).

Then, for extensions of a Cantor system, one has the following Cuntz comparison of open
sets.

Corollary 8.11. If I' has comparison property in sense of Definition (in particular, if
[' has subexponential growth) and (X,T") has a free Cantor factor, then, for any open sets
E. F C X with

p(E) < gu(F), e Mi(X.T),

one has that
v Spr in C(X)xT.
In other words, C(X) x T has (3, 1)-Cuntz-comparison of open sets.

Proof. Assume that (X, I") is an extension of a free Cantor system (€2, I"). By Theorem m,
the factor (2,I') has the (CT), and then, by Lemma [8.6] (X,T) has the (CT) (in particular,
the (LscT)). The statement follows from Corollary O

Corollary 8.12. Let (X,I") be a minimal free topological dynamical system which is an
extension of a free Cantor system. If I' has the comparison property in sense of Definition
(in particular, if I' has subezponential growth), then

re(C(X) % T) < %mdim(X, ).
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Proof. By Corollary B.8 (X, T) has the (URP). Since I is assumed to have the comparison
property (Definition , it follows from Corollary that C(X) x I has (3,1)-Cuntz-

comparison on open sets. Then the statement follows from Theorem 0]
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