ALL IRRATIONAL EXTENDED ROTATION ALGEBRAS ARE AF
ALGEBRAS

GEORGE A. ELLIOTT AND ZHUANG NIU

ABSTRACT. Let 6 € [0,1] be any irrational number. It is shown that the extended rotation
algebra By introduced in [§] is always an AF algebra.

1. INTRODUCTION

In [§], a natural embedding of the irrational rotation C*-algebra in a simple nuclear C*-algebra
with trivial Ki-group was constructed, which gives rise to an isomorphism of ordered Kg-groups.
For a dense Gy of irrational numbers, the C*-algebra constructed (by adjoining natural spectral
projections of the canonical unitary generators of the rotation algebra) was shown to be AF.

In the present paper, using the remarkable recent work of Matui and Sato ([I8], [14], [13]),
together with what might be called the Winter-Lin-Niu deformation technique ([20], [11], [12]),
the new C*-algebra is shown to be AF for every irrational number.

By Remark 2.8 of [§], the flip of the rotation algebra extends to the larger algebra, and it is
easily seen that the automorphism of order four known as the Fourier transform does also. It
is an interesting question whether the whole of the natural SL(2,Z)-action also extends. Also
of interest is whether the (unique) extendibility of, say, the flip automorphism, determines the
embedding up to an automorphism. (Note that, as pointed out in [9] and [6], all embeddings are
approximately unitarily equivalent, but the question of when two differ by an automorphism—in
particular, ours and the very concrete (if not absolutely unique) one of Pimsner and Voiculescu
constructed in [16]—is clearly an important question—analogous to the basic question in sub-
factor theory.)

2. IRRATIONAL EXTENDED ROTATION ALGEBRAS

Consider the C*-algebra C(T) as the canonical sub-C*-algebra of L°°(T), and denote by o the
automorphism of L>°(T) induced by translation by e2%:

f(2) = f(e702).

Note that C(T) is invariant under the action of o.
Consider the C*-algebra C(T) as the canonical sub-C*-algebra of L>(T), and denote by o the
automorphism of L>°(T) induced by translation by e2%:

f(2) = f(e¥02).

Note that C(T) is invariant under the action of o.
1
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Consider two collections of (closed, open, or half-open) subintervals {f;}ica, and {g;}ica, of
T, and still denote again by f; and g; the spectral projections of the canonical unitary f(z) = z
in L*(T) corresponding to the subintervals f; and g;.

Consider the following two commutative C*-algebras:

C(Qy) := CXC(T)U{o7"(f); i € A1,k € Z}) C L>=(T)
and

C(Q,) := CXC(T) U {c"(g)); j € Ao,k € Z}) C L(T),
where (2, and €2, denote the spectra of these algebras. Note that the rotation ¢ can be extended
to an automorphism of C(£2,) (or C(£2,)). Denote also by u and v the canonical generators of

C(T) inside C(£2,) and C(£2,).
Definition 2.1. For an irrational number 6, and two collections of subintervals {f;}ica, and
{gj}jen, of the unit circle T, let us (as in [§]) refer to the universal C*-algebra generated by
C(€2,) and C(2,) with respect to the relations

(1) uv = > yu,

(2) uo*(g;)u* = o**1(g,) for any j € Ay and k € Z, and

(3) vo K (fi)v* = o *L(f;)) for any i € Ay and k € Z
as the (irrational) extended rotation algebra, and denote it by By (= Bp({fi},{9;}))-

Remark 2.2. If {f;}iea, and {g;}ica, are arbitrary intervals, then by 5.14 of [8], there is a short
exact sequence

O e @ ’C BQ BIQ 0 9
where ) is an extended rotation algebra which can be generated by half-open intervals with the

same orientation, and K is the algebra of compact operators. In this paper, we will show that
the C*-algebra Bj is an AF algebra, and hence (by [3] and [5]) the C*-algebra By is AF as well.

If {fi}iea, and {g;}iea, are two collections of half-open subintervals of T with the same orien-
tation, then there is another set of generators and relations for By, as we shall now describe.

By Lemma 2.3 of [§], there is a #-independent set of real numbers {ax; k € A,} for some
countable index set A, (finite or infinite) such that the C*-algebra C(€2,) is generated by

{c"(pr),0™(ex); n € Z, k € A},

where pj, is the spectral projection corresponding to [ay, ar + 0) or (ax,ar + 6], and e, is the
minimal projection corresponding to {ax} or zero. Since the half-open intervals f;, ¢ € Ay, are
chosen to have the same orientation, the projection e, is always zero. Let us refer to the points
{ag; k € A,} as the cutting points of the canonical unitary u. A similar argument also works
for C(£2,); let {b;; | € A,} denote the corresponding cutting points of v, where A, is a countable
index set.

Theorem 2.3 (Corollary 2.10 of [§]). Assume that {f;}iea, and {g;}ier, are two collections of
half-open subintervals of T with the same orientation. The C*-algebra By is the universal C*-
algebra generated by positive elements {hy k. kea,} and {hyi. 1en,} and unitaries u and v with
respect to the relations
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— 27r7,9
1) uww=e U,

(1)

(2) gl = [[hoall = 1,
(3) u = e2mhurtar) - gnd
(4) v = 27rz(hvl+bl)

where {ay} and {b;} are as above.

For the extended rotation algebra By in the case considered in Theorem (which we shall
usually consider now, unless otherwise specified—see Proposition and Corollary , one has

Theorem 2.4 (Theorem 3.6 and 5.1 of [§]). Assume that {f;}icn, and{g;}ica, are two collections
of half-open subintervals of T with the same orientation. The C*-algebra By is simple and nuclear,
and has a unique tracial state T

Consider
B, :=C*{f,u; feC(,)} and B,:=C*f,v; feC(Q,)}
Then one has
B,=C(Q,) X, Z and B,=C(Q,) %, Z.
Both B, and B, contain the rotation algebra Ay, and one also has that By = B, x4, B,.

Proposition 2.5 (Proposition 3.4 and 5.3 of [§]). There exist conditional expectations E, : By —
C(Q,) and E, : By — C(Q,). Moreover, if {fi}ien, and {g;}icn, are half-open subintervals with
the same orientation, then E, and E, are faithful.

3. STRICT COMPARISON OF POSITIVE ELEMENTS

In this section, we shall show that any irrational extended rotation algebra has strict com-
parison for positive elements (Theorem [3.8). The technique we are going to use is that of the
(one-sided) large sub-C*-algebra due to N. C. Phillips (based on the method of Putnam in [I7];
see [I5]). Since (as shown in [§]) irrational extended rotation algebras are simple and nuclear,
and have a unique tracial state, by a result of Matui and Sato these C*-algebras are Z-stable,
i.e., Ba ® Z = Bg.

Lemma 3.1. Let q be a spectral projection of v, and let € > 0. Then there is 6 > 0 such that if
e is a spectral projection of u with support in an interval with length at most ¢, one has

lege — 7(q)e|| <&,
where T s the canonical tracial state.

Proof. The proof is almost the same as the proof of Lemma 5.7 of [8]. Let f, g € C*(v) be such
that f > ¢ > ¢ and

T(f —g) <e/2.
Choose polynomials F'(v) and G(v) such that

If—F||<e/2 and |g— G| <e/2.
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Denote by n the larger of the degrees of F' and G. Since 6 is irrational, there is 6 > 0 such that
if e is a spectral projection of u with support in an interval with length at most §, one has that
evie = 0 for all 1 < ¢ < n. In particular, this implies that eF'e = F(0)e and eGe = G(0)e, where
F(0) and G(0) are the constant terms of F' and G, respectively. Note that

[F(0) = 7(q)] <&/2 and [G(0) —7(g) <e/2,
and also note that
F(0)e = eFer.nefe>eqe > ege =,/ eGe = G(0)e.

Then
T(g)e +& > eqe > 7(q) — ¢,

which is the conclusion of the lemma. O

Lemma 3.2. Let a € By. For any € > 0, there is § such that if e is a spectral projection of u
with support in an interval with length at most §, then

|leae — Ey(a)e|| < e
(where B, is the canonical conditional expectation from By to C(§2,)).

Proof. Choose 2?21 ¢;pjq; such that

<e/3.

a - Z CiP;q;
j=1

Then, by Lemma [3.1] there is § > 0 such that if e is a spectral projection of u with support in
an interval with length at most J, then

e eipigi)e — () epiT(a))e|| < €/3.
i=1 j=1

Note that

B epigg) = > eipi(a)

j=1 Jj=1
and, therefore,
leac — Ey(a)ell < |le(d_ espiaz)e — (Y cipiazle| +2¢/3
j=1 j=1
< &

as desired. ]

Lemma 3.3. Assume that {f;}ica, and {g;}ien, are two collections of half-open subintervals of
T each with the same orientation. Let b be a non-zero positive element of By. Then there is a
non-zero element a € C(§,) such that a < b. In particular, the C*-algebra By has the property

(SP).
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Proof. By Proposition [2.5] the conditional expectation E, is faithful. Choose ¢ with
0 <e < |[Eu(b)]/2.

By Lemma there is e € C(2,) such that
lebe — E,(b)e]| < e.

Moreover, again since E,(b) # 0, the spectral projection e can be chosen so that

IE.®)ell - ELB)I < 5.

Put
a :=E,(b)e € C(,)

and set a = (@’ — €)4. Then
a = ebe < b.

Note that
e 3e

o'l = B )e]l > [1E.O) = 5 > =
and hence a # 0, as desired. 0
Lemma 3.4. Let A be a C*-algebra and let ay,as, ...,a, € A. Then
(a1 +---+ay) (a1 + - +a,) <najay + -+ naya,.

In particular,
(a1 4+ +an) (a1 + -+ a,) 2 aja @ - @ ayay,.

Proof. For any a,b € A, since (a — b)*(a — b) > 0, one has
(3.1) a'b+b'a < a*a+bb.
Then

(a4 Fa) (@ +-+a,) = > ala;+ Y (afa;+aja;)
i=1 1<j

n n

* * *
E ara; + g (aja; + ajay)
i=1 i<j

n

*

= ng ata;,

i=1

as desired. O

IN

Lemma 3.5. Assume that {f;}ica, and {g;}ien, are two collections of half-open subintervals of
T with the same orientation. For any a € By, any € > 0, and any b € By \ {0}, there are c € Ap
and g € By such that

(1) [la=(c+9)ll <&,

(2) g*g < b in By.



ALL IRRATIONAL EXTENDED ROTATION ALGEBRAS ARE AF ALGEBRAS 6

Proof. By Lemma [3.3] one may assume that b € C(€,), and hence one may assume that b is a
projection in Ay.
By Theorem 1 of [9], one may choose Y ., ¢;p;q; such that

a— Z CiPiq;
i=1

where p; and ¢; are spectral projections in C(£2,) and C(£2,), respectively. Then choose a pro-
jection e € Ay with e < b and 4n[e] < [b].

Since (by [17]) the C*-algebra C(£2,) X Z is an AT algebra, it has strict comparison of positive
elements. Then, for each spectral projection p;, we may choose f;, f; and f;" such that

pi = fi_ + fi+ fi+7

<eg/2,

with f; € C*(u) and
[ i =2e, i=1,..,n.
Similarly, one also chooses g; , g; and g;” such that
4 =9; +9i+9;,
with g; € C*(v) and
g .95 Ze, i=1,..,n.

Then,
Yo = Y elfi + fit S e + 9+ 97)
i=1 i=1
= Z cifigi + Z ¢ifi @i+ Z cif ai + Z cifiqg; + Z cifiqg; -
i=1 i=1 i=1 i=1 -1
Put .
c= Z ¢ifigi
i=1
and

g= Z cifi ¢+ Z cifiai+ Z cifiqg; + Z cifiqg; .
i=1 i=1 i=1

i=1
By Lemma [3.4] one has

(3.2) 79 = Prre@rre@a @y
i=1 i=1 i=1 i=1

4n
(3.3) = @Pe=o,
as desired. ]

We thank N. C. Phillips for communicating to us the following two lemmas (Lemma 1.9 and
Lemma 1.11 of [15]).
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Lemma 3.6 (1.9 of [15]). Let A be a C*-algebra, let a,b € A be positive, and let o, 3 > 0. Then

(a+b—(a+p)s 2(a—a)y +(—=5)s 2(a—a)y ®(b—F).

Lemma 3.7 (1.11 of [15]). Let A be a C*-algebra, and let a,b € A be such that 0 < a <b. Let
e>0. Then (a —¢e)y X (b—¢€);.

Theorem 3.8. Assume that {f;}ien, and {g;}ien, are two collections of half-open subintervals of
T with the same orientation. The irrational extended rotation algebra By has strict comparison
of positive elements.

Proof. Let a,b be positive elements of By (or of a matrix algebra over By) such that d.(a) <
d.(b) — ¢ for some § > 0, where 7 is the canonical trace.

Suppose that 0 is not an isolated point of sp(b).

Choose ¢; > 0 such that

(3.4) d ((b—1n)y) > d (b) — /4, forallye (0,8).

Fix ¢ > 0 with ¢ < 4;/9. Since 0 is not an isolated point of sp(b), we may also assume
that h.e/2)(b) # 0 and h(.j2.)(b) # 0 for continuous positive functions h(g./2) and h /2. with
supports in (0,e/2) and (¢/2,€), respectively.

By Lemma there are by € Ay and b; € By such that ||(b — )2 — (by + bl)H is sufficiently
small that

(3.5) [(b—¢€)s — (bo+b1)"(bo + b1)|| < e
and also
(3.6) b;bl = h(o,g/g)(b).

Moreover, we may assume that
(3.7) 1(6 = 82)4 — ((bo + b1)"(bo + 1) = Te) 1| <e.
Then, by Lemma (3.4}
(3.8) bobo = (bo + by — b1)*(bg + by — b1) < 2(bg + b1)* (b + by) + 2071,

and then by Lemma [3.7] and Lemma |3.6|

(39) (bgbo — 3€)+ = (2(b0 + bl)*(bo + bl) + 2bTb1 — 3€)+
(310) j (2(b0 + bl)*(bo + bl) — 26)+ + (2[);[)1 — 8>+
(3.11) = (b=e)+ + hes(d)  (by (3.9) and (B.6)).

In particular,

dr((bobo — 3¢)+) < dr (D).
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On the other hand,

(3.12) (b—9e)y = ((b—8e)y —e)s

(3.13) =< ((bo +b1)*(bo+b1) — Te)x  (by (3:7))
(3.14) < 205y + 2b%by — Te)

(3.15) = (2b5by — 62) 4 + (2010 — €)4

(3.16) =< (bybo — 3¢) 4 D biby.

In particular,
A (b= 92)4) < do ((bibo — 32)+) + s (bibn),
and hence
(3.17) d-((bgbo — 3e)4) > d-((b—9¢)4) — d-(biby) > d-(b) — /4 — /4 = d,(b) — /2.
Applying Lemma to a'/?, we define ay € Ay and a; € By such that

(3.18) la = (ap + a1)*(ao + a1)|| < &,

(3.19) ajar < hiejas (b),

and

(3.20) (@ —7e)y — ((ag + a1)*(ap + a1) — 7e)4 || < e.
Then, the same argument as for shows that

(3.21) (a —8¢)y =< (agag — 3¢)4+ + ajay,

and since

agao < 2(ap + a1)*(ap + a1) + 2ajay,
the same argument as for shows that
(3.22) (asa0—3)s = ((a0+ar) (a0 +ar) —2) + (alay —2/2),
(3.23) =< a®aja.
Therefore, by ,
d.((agao — 3¢)4) < d.(a) + d,(ajay) < d.(a) + /2 < d.(b) — /2 < d-((bgbo — 3¢)+).

Note that (afag—3e); € Ag and (biby—3¢e)+ € Ay. Since (by [7] or [2]) Ap has strict comparison
on positive elements, one has

(agao — 3g)+ = (bgho — 3¢)+,

and hence
(3.24) (a—8). = (agap—3¢)s +ajay (by (B21))
3.25 b[) — 3€)+ + ay 101

(ag
(b
(b—€)s + he/2) (D) + hicjoe(b)  (by )
b.

A TA TATA
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Since ¢ is arbitrary, and the left side converges to a as € converges to zero, by inspection of the
definition of Cuntz comparison, one has
a =< b.

Suppose now that 0 is an isolated point of sp(b). Then the range projection of b in the bidual
of By belongs to By, and is Cuntz equivalent to b, and so we may assume that b is a projection.
Since By has property (SP), if b # 0 (as we may suppose), there is a non-zero projection p < b
such that 7(p) < 7(b) — d.(a). Pick a positive element ¢ € pByp with sp(c) = [0, 1], and consider
the positive element

V= (b-p)+ec
Then
d.(b') > 7(b—p) > d.(a),
sp(t') = [0,1], and ' < b. By the first part of the proof, one has that
a=V0.
Since b’ < b, we again have a < b. O

Corollary 3.9. Assume that {fi}ica, and {g;}ica, are two collections of half-open subintervals
of T with the same orientation. Then the irrational extended rotation algebra By is Z-stable.

Proof. By Theorem 5.1 and Theorem 3.6 of [§], By is simple and has a unique tracial state. By
Corollary 7.5 of [§], By is nuclear. Hence, by Theorem 1.1 of [I3], By is Z-stable. O

4. QUASIDIAGONALITY AND THE UCT

In this section, let us show that any By is quasidiagonal and satisfies the UCT. Then, by
a result of Matui and Sato in [I4] and a recent classification theorem, it will follow that the
C*-algebra By is an AF algebra.

Theorem 4.1. Assume that {fi}ica, and {g;}icr, are two collections of half-open subintervals
of T with the same orientation. Then, for any irrational 0, the extended rotation algebra By is
quasidiagonal.

Proof. Since By is nuclear (7.5 of [§]), it is enough to show that By can be (unitally) embedded

into %ﬁ for suitable natural numbers n,. |
Let my, n) be natural numbers such that my/n, — 6 as A — co. Set wy = e2mima/nx
o1 o0 0 --- 0
o o 1 0 --- 0
Uy = GMn/\(C),

0 0 0 0 1
1 0 0 O 0

and
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For each k € A, pick
h kX — —— lo U)\eiiak
u,R, 277-7/ g( )

with 0 < A, < 1, and for each [ € A, pick

1 i
hyay = o log(vye ™)

with 0 S hv,l,A S 1.
Consider the elements

—_— e~ —_—— —_——

u = (U,\), v = (U)\), h%k = (hu,k‘,)\)a and h%l = (h%l,)\)

in %. We shall show that that the C*-algebra generated by these elements is isomorphic
= DN

to By; the theorem follows.
By Theorem , it is enough to show that u, v, h,, h,,; satisfy the relations
(1) uv = >y,
(2) huell = lhoall =1,

(3) u= 627ri(hu,k+ak), and
(4) v = eQﬂi(hv,l'f'bl).

One only has to verify Condition since the other conditions are satisfied straightforwardly.
A calculation shows that

u ULV = eZTIA/ T
and hence
lim uyvpujvi = lim 2™m/m — 2mif,
A—00 A—00

which implies

w = 2™y
. TI321 Mn, (€) - TI3Z: Ma,y, (€)
in m. Therefore, the elements u, v, hyk, h,; generate a copy of By in m, as
desired. 0

Let us now show that the C*-algebra By satisfies the UCT. It will be convenient to show at
the same time, for use in the final classification, that K;(By) = {0}, and that Ky(By) is torsion
free.

Note that By = B, %4, B,. (In the case that there is only one cutting point for each of u and
v, it follows directly from the Cuntz-Germain-Thomsen exact sequence that Ko(Bg) = Z + 07
and K;(By) = {0}.) Denote by i, and i, the embeddings of Ay into B, and B,, respectively, and
denote by j, and j, the embeddings of B, and B, into By, respectively.

Before looking at K. (Bp), let us consider the C*-algebras B, and B,, and rewrite them as
certain amalgamated free products.

Recall that B, = C(Q,) X, Z, and suppose that there are only finitely many cutting points
{bi; 1 € Ay} on the unitary v. Put 0 =0y < by <--- <D, < 1.
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For each | € A,, denote by I; the closed interval [b;, b+1] (assume bja, |41 = 1), and consider
the C*-algebra @,c, C(I;). For each [ € A,, define a function &, : [0, 1] — [0, 1] by

Byt t— by, 1ft€uszllsv
t+ (1—1b), otherwise.

Then {1, hy; I € A} is a set of generators for the C*-algebra €P,., C(I;). Regard the unitary v
as the function _
2mit
t—e", te Ulfl,
in @,cn, C(1i). Then a direct verification shows that

v = e2ﬂ'i(hl+bl)’ l c Av.

On the other hand, in the concrete C*-algebra B,,, the commutative C*-algebra C(£2,) contains
a copy of @,c,, C(I1). Let by denote the generator in C(£,) corresponding to the element ;.
Then, there is a homomorphism ¢ from the amalgamated free product Ag *c(y (B,c,, C(11)) to
B, induced by

(4.1) o(u) =u, ¢(hy) =h;, 1€A,.

Since the image contains {u"hu™; n € Z,l € A,}, it contains all the elements of C(£,), and
therefore ¢ is surjective. In the following, let us show that the map ¢ is also injective.

Lemma 4.2. Under the assumption that |A,| < oo, the map ¢ defined in (4.1)) is injective. In
particular, the C*-algebra B, is isomorphic to Ag *cer) (Bep, C(11))-

Proof. The argument is similar to that of Theorem 2.9 of [§]. Set
B; = Ag *C(']I‘) (@ C(]l))

leA,
Choose a faithful representation 7 of B on some Hilbert space H, and let us still use the same
notation for the images of the elements of B!, as for the elements themselves.
Since v = e*™(M+b) one has

1 )
(4.2) hy = 5 log(e” 2™ + ¢,

where ¢, is a subprojection of the spectral projection E,({e*"®}).
Consider the positive elements g, := fi(h;) and g5 := fo(h;), where

0 if0<z<1/2,
fi(z) =< linear if1/2<z<1-46,
1 otherwise,
and
1 if0<z<6,
fo(z) = ¢ linear if 0 <z <1/2,

0 otherwise.
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Then |
9 = fil5los(v) + a1
92 = il log(v) + (B({e*™}) - ),
and hence
(13)  gilugn) = (fi( loa(v) + ) (ufal5 og(e))u* + u(B, (™)) — )
(1.4) = il Tom(v)) - ufals— Toa(o)u” +er-+ u(E,({e"™}) — eu
(4.5) = E,((by —0,b)) + e+ u(E,({e*™}) — e))u*.

Therefore, the element giugou* is a projection. Let us define

dip =u"""" (g1 (vgou®))u" .

Then the elements
{v,din; n€Z,kel,}
satisfy the relation R’ of [§], and by Lemma 2.6 of [§], the C*-algebra generated by {v,d;,; n €
Z,k € A} is isomorphic to C(£2,) under the map
vz, dip = 0T (X b)) -
Therefore, there is a homomorphism
¥:B, = C(Q)xZ— B,
with
Y(u) =u and V(o™ (Xpb+0)) = din-
In particular, by (4.2) and (4.3)), one has that
¢(hl) =h, L€ Av,
and hence 1) o ¢ = idpg;, which implies that the map ¢ is injective. 0

Lemma 4.3. Consider the C*-algebra B, (or B,). Let a € Ky(B,) with na € (i,)o(Ko(Ag)) for
some non-zero n € N. Then a € (i,)o(Ko(Ap)).

Proof. Assume that |A,| < co. By Lemma and Theorem 6.4 of [19], a straightforward
calculation shows that the sequence

0 — Ko(C(T)) ——= Ko(4g) & (D Ko(C(1))) L2 Ko(B,) —= 0

is exact, where
(1) =(0,1) & (1,...,1),
and 7 is the embedding of @@, C({;) into B,.
Let (a,b) @ (c1,...,ca,)-1) € Ko(Ag) ® (B Ko(C(11))) be a representative of a. One then has
that
((na,nb) ® (ncq, ..., nea,-1)) — ((a',0) @ (0, ...,0)) = (0,m) & (m, ..., m)
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for some a’, b, m € Z. In particular, this implies that m is divisible by n, and
c1="-""=Cp, -1 =m/n.
Then the element
(a,b) @ (c1, ..., ay 1) — (0,m/n) ® (m/n,...,m/n) = (a,b —m/n) @ (0,...,0)

is still a representative of a, and it is in the image of Kq(Ay), as desired.

If |A,| = [{b1,b2,....b;,...}| = oo, denote by Q,,, for each n = 1,2, ... the commutative C*-
algebra generated by the spectral projections { X, +r0,5,+(k+1)0); ¢ = 1,...,n, k € Z}, and consider
the C*-algebra crossed product

By = C(Qyp) Xy Z.

Then, as a sub-C*-algebra of B,, each B, , contains Ay, and B, = |J,—, Bun. The conclusion
follows from the preceding case, that there are only finitely many cutting points. 0J

Lemma 4.4. With the setting as above,

(1) K1(By) = {0}, and Ko(By) is torsion free,
(2) The map (iy, —i,) : Ag — By, ® B, induces an injective map on the K-groups.

Proof. Since B, = C(€,) x Z and the action of ¢ on 2, has no nontrivial clopen subset, a
direct calculation using the Pimsner-Voiculescu six-term exact sequence shows that K;(B,) is
isomorphic to Z, and is generated by the canonical unitary u. The same argument also works for
B,. In particular, this implies that (i,, —i,) (or (iy,1,)) induces an isomorphism between K;(Ay)
and Kl(Bu) D KI(BU)

For the injectivity on Ko-groups, by applying the standard trace on B, (or B,), one has that
the map ¢, (or ¢,) also induces an embedding of Kq(Ap) into Ko(B,,) (or K¢(B,)). In particular,
the map (i,, —i,) (or (iy,1,)) induces an injective map from K;(Ap) to Ki(B,) ® K;(By).

By Theorem 6.4 of [19], one has the exact sequence

(tu05iv0) Juo—Jvo

Ko(A@) —— K()(Bu) @ K()(Bv) —_— KQ(B@)

| |

Ki(Bp) ~— Ki(Bu) @ Ki(B,) =—— Ki(Ay).
Jui1—Jv1 (Gu1siv1)

Since (g1, 001) @ Ki1(Ag) = Ki(B,) @ Ki(B,) is an isomorphism, one has that K;(By) embeds
into Ko(Ay) with image the kernel of the map (iyg,70) : Ko(Ag) = Ko(By) @ Ko(B,). But the
map (70, vo) 1S injective, as shown above. Therefore, K (By) = {0}.

Let us show that Ko(Bp) is torsion free. As shown above, one has that

Ko(Bg) = (Ko(Bu) © Ko(By))/ (o, i) (Ko(Ag)).-

Let (a,b) € Ko(By) @ Ko(B,) with n(a,b) = 0 for some nonzero n € Z; that is
n(a,b) = ((iuw)o(c); (iv)o(c))
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for some ¢ € Ky(Ap), and hence
na = (iy)o(c) and nb= (i,)o(c).
By Lemma one has that
a € (iy)o(Ko(A4p)) and b € (iy)0(Ko(Ap)).

Denote by o', b € Ky(Ay) the preimages of a,b, respectively. Since the maps (i,)o and (i,)o
are injective, one has
na' =c=nb.

Since Ky(Ay) is torsion free, one has a’ = b/, and therefore

(a,b) = ((iw)o(a’), (i)o(V)) € ((iu)o, (iv)o) (Ko(Ap)),

which implies

(a,b) =0¢€ Ko(B@)
This shows that the group Kq(By) is torsion free. O

Let A, B be C*-algebras. In what follows, let
v(A, B) : KK(A, B) — Hom(K,(A),K.(B))

denote the canonical homomorphism. Let us also use the same notation for the analogous
homomorphism with domain E(A, B).

Proposition 4.5 (23.8.1 of [1]). Let A be a separable C*-algebra. Suppose that for every separable
C*-algebra B with divisible K-groups, (A, B) is an isomorphism. Then for every separable C*-
algebra B, the exact sequence of the UCT holds for A and B.

Theorem 4.6. For any irrational 0, the extended rotation algebra By satisfies the UCT.

Proof. Since By is nuclear, the group E(By, D) and KK(By, D) are canonically isomorphic for any
separable D. Therefore by Proposition , it is enough to show that v(By, D) is an isomorphism
between E(By, D) and Hom(K.(By), K.(D)) for any separable D with divisible K-groups.

By Theorem 6.3 of [19], one has the exact sequence

iy =1y (Jasdv)

(4.6) E(Ag, D) E(B,, D) ® E(B,, D) E(By, D)

| !

(4359

Applying the functor 7 to the lower-right corner of (4.6)), one has the commutative diagram

i —i

E<BuvsD)€BE(Bv7SD) — E<A075D)

¥(Bw,SD)®v(Bv,SD) L j’y(Ag,SD)

Hom (K, (B,), K.(SD)) ® Hom(K.(B,), K.(SD)) — Hom(K.(Ag), K.(SD)).

u by
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By Lemma (), the map (i, —i,) : Ag — B, ® B, induces an embedding of K-groups. Then,
since K, (D) is divisible, the map ¢} — ¥ in the bottom row is a surjective homomorphism. Since
the C*-algebras B,, B,, and Ay are nuclear and satisfy the UCT, the vertical maps induced by
the functor v are isomorphisms, and therefore the map

i* —i*: B(B,,SD) & E(B,, SD) — E(Ay, SD)

must be surjective.
By exactness of the sequence (4.6]), one then has that the map E(Ay, SD) — E(By, D) is zero,
and therefore the map

(Jusdy) : E(By, D) — E(By, D) ® E(By, D)
is injective.
Let us consider the map y(By, D) and show that it is an isomorphism. Applying the functor
v to the top part of (4.6]), one has the commutative diagram

v (Gasdv)

(47)  Hom(K.(4y),K.(D)) = @,_, , Hom(K.(B.), K.(D)) “* Hom(K,(8,), K.(D))

v(Ao,D) T v(Bu,D)&y(Bv,D) ] ]’Y(BG:D)

E(By, D).

kK

E(Ag, D) ®._.. E(B.. D)

Since the map (j, 7*) in the bottom row is injective, and as before, the first two vertical maps

(Jurds)

(actually, we only need the middle one here) are isomorphisms, the map ~(By, D) must be
injective.
Let us show that (B, D) is also surjective. Note that the sequence

) Jutiv

(i;‘u*i:
0 e Ko(A9> e KQ(Bu) @ K()(Bv) e K0(89> e O

is exact, and K;(By) = {0}. Then a direct calculation shows that the top sequence of is
exact in the middle, and the map (5, 7*) (in the top row) is injective. Since the C*-algebras Ay,
B, and B, satisfy the UCT, the maps (A, D), v(By, D), and v(B,, D) are isomorphisms. Let
a € Hom(Ky(By), Ko(D)), and denote the image of a in E(B,, D) & E(B,, D) by a’. Then, by
the exactness of the top sequence, the element @’ must be sent to 0 in E(Ag, D), whence, by the
exactness of the lower sequence, there is an element a” € E(By, D) which is sent to a’. Since
(7, j%) is injective also at the level of Hom (in the top row), the element a” must be sent to a
under the map y(By, D). This shows that the map ~(Bg, D) is surjective, as desired. O

Corollary 4.7. For arbitrary collections of sub-intervals {f;}ien, and {g;};en,, the irrational
extended rotation algebra By = By({fi},{9;}) is an AF algebra.

Proof. Suppose that { f;}iea, and {g;};en, are two collections of half-open intervals with the same
orientation; then By is simple, unital, nuclear, and has a unique tracial state. It is quasidiagonal
by Theorem [4.1] Hence by Theorem 6.1 of [14], By ® Q is TAF for the universal UHF algebra
Q. In other words, By is rationally TAF.
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By Theorem [4.6], By satisfies the UCT; and by Corollary it is Z-stable. Therefore, it is
covered by the classification theorem of [20], [11], and [12]. By Lemmal[4.4] (1), the group K;(By)
is zero and Ky (By) is torsion free. Also, as By is Z-stable, by [10], the ordered group Ko(Bp) is
unperforated. Since By has a unique tracial state, the ordered group Ky(By) has a unique state.
(It is the same to show that Ko(By ® Q) has a unique state, but this holds as By ® Q has a
unique tracial state and is TAF—see above.) Furthermore, the image of Ko(By) is dense in R (it
contains the subgroup Z + Z#). Therefore, Ko(By) is a Riesz group.

It follows by [4] that there is an AF algebra with the same invariant, which is also covered by
this classification theorem, and so the C*-algebra By is isomorphic to that AF algebra.

For the general case, that {f;}ica, and {g;}jen, are two collections of arbitrary intervals, by
5.14 of [§], there is a short exact sequence

0—~PK—By—=B)—=0,

where B is an extended rotation algebra which can be generated by half-open intervals with the
same orientation, and /C is the algebra of compact operators. Since the previous argument shows
that Bj is an AF algebra, the C*-algebra By is an extension of AF algebras, and therefore (by
[3] and [5]) it is an AF algebra as well. O
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