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Main Question

Let A =∪n∈NAn
‖·‖A be a unital C*-algebra, where for each n ∈N

An is a unital C*-subalgebra and An ⊆ An+1.

For each n ∈N, assume that (An ,Ln) is a compact quantum metric
space in the sense of Rieffel.

A staple of Noncommutative Metric Geometry is the existence of
noncommutative analogues of the Gromov-Hausdorff distance.
The first one was introduced by Rieffel, and later came distances
introduced by D. Kerr, H. Li, F. Latrémolière, and others, each of
which have their advantages.

In this talk, we will consider the dual Gromov-Hausdorff
propinquityΛ∗, a quantum distance of Latrémolière, which is a
complete metric on the quantum isometry classes of certain
compact quantum metric spaces.
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Main Question

Let A =∪n∈NAn
‖·‖A be a unital C*-algebra, where for each n ∈N

An is a unital C*-subalgebra and An ⊆ An+1

and (An ,Ln) is a compact quantum metric space.

Main question: What conditions allow us to build a quantum
metric L on A from the quantum metrics on all the (An ,Ln) such
that

lim
n→∞Λ

∗((An ,Ln), (A,L)) = 0?

Approach: The idea is to insist that ((An ,Ln))n∈N is a Cauchy
sequence inΛ∗ with further conditions such that the unital
C*-algebra F given by completeness of propinquity (F ,LF ) is
*-isomorphic to A.
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Compact Quantum Metric Spaces and Propinquity

2 AF algebras
Some AF algebras as quasi-Leibniz spaces

3 Quantum metrics on Inductive limits
Propinquity approximable
All unital AF algebras
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Compact Metric Spaces

Definition (Monge-Kantorovich Metric)

Let (X ,d) be a compact metric space. The Lipschitz seminorm on
C (X ) is:

Ld ( f ) = sup{| f (x)− f (y)|/d(x, y) : x 6= y ∈ X }.

The Monge-Kantorovich metric on S (C (X )) is:

mkLd (φ,ψ) = sup{|φ( f )−ψ( f )| : f ∈C (X ),Ld ( f ) É 1}.

Theorem (Kantorovich)

If (X ,d) is a compact metric space, then Ld is lower semicontinu-
ous, L−1

d ([0,∞)) is dense, and L−1
d ({0}) =C1C (X ). Furthermore:

1 x ∈ (X ,d) 7→ δx ∈ (S (C (X )),mkLd ) is an isometry,

2 mkLd metrizes the weak* topology on S (C (X )),

3 Ld ( f g ) É ‖ f ‖C (X )Ld (g )+Ld ( f )‖g‖C (X ) for all f , g ∈C (X ).
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Definition (Rieffel, 1998)

A pair (A,L) of a unital C*-algebra A and a lower semicontinuous
seminorm L : sa (A) → [0,∞], where dom(L) = {a ∈ sa (A) : L(a) <
∞} is dense in sa (A), is a compact quantum metric space if:

1 {a ∈ sa (A) : L(a) = 0} =R1A,

2 the associated Monge-Kantorovich metric on S (A), defined
for all states ϕ,ψ ∈S (A) by:

mkL(ϕ,ψ) = sup
{|ϕ(a)−ψ(a)| : a ∈ sa (A),L(a) É 1

}
metrizes the weak* topology.

We call the seminorm, L, a Lip-norm, and mkL, the quantum
metric. Rieffel showed that for all a ∈ dom(L), it holds that

L(a) = LmkL(â) = sup
φ,ψ∈S (A),φ6=ψ

|â(φ)− â(ψ)|
mkL(φ,ψ)

,

where â ∈C (S (A)) is defined by â(φ) =φ(a) for all φ ∈S (A).
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(C ,D)-quasi-Leibniz Compact Quantum Metric
Spaces

Definition (Latrémolière, 2013, 2014)

A (C ,D)-quasi-Leibniz Compact Quantum Metric Spaces, for
some C Ê 1 and D Ê 0 is a Compact Quantum Metric Space (A,L)
such that dom(L) is a Jordan-Lie subalgebra of sa (A) and for all
a,b ∈ dom(L):

L

(
ab +ba

2

)
ÉC (‖a‖AL(b)+‖b‖AL(a))+DL(a)L(b),

and

L

(
ab −ba

2i

)
ÉC (‖a‖AL(b)+‖b‖AL(a))+DL(a)L(b).
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Quantum Isometry

Definition

Two (C ,D)-quasi-Leibniz Compact Quantum Metric Spaces
(A,LA) and (B,LB) are quantum isometric if there exists a ∗-
isomorphismπ :A→Bwhose dual mapπ∗ :B∗ →A∗ is an isom-
etry from from (S (B),mkLB) into (S (A),mkLA).

Theorem (Rieffel, 2000)

Two (C ,D)-quasi-Leibniz Compact Quantum Metric Spaces
(A,LA) and (B,LB) are quantum isometric if and only if there ex-
ists a ∗-isomorphism π :A→B such that LB ◦π= LA.
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The Dual Gromov-Hausdorff Propinquity

Definition (Latrémolière, 2013, 2014)

The dual propinquity Λ∗
(C ,D)((A,LA), (B,LB)) between two (C ,D)-

quasi-Leibniz Compact Quantum Metric Spaces induces a com-
plete metric on quantum isometry classes of (C ,D)-quasi-Leibniz
Compact Quantum Metric Spaces.

Furthermore, if X ,Y are compact metric spaces and LX and LY are
Lipschitz seminorms, then:

Λ∗
(C ,D)((C (X ),LX ), (C (Y ),LY )) É GH(X ,Y ).

Moreover, the dual propinquity induces the same topology as the
Gromov-Hausdorff distance topology on isometry classes of com-
pact metric spaces.
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2 AF algebras
Some AF algebras as quasi-Leibniz spaces

3 Quantum metrics on Inductive limits
Propinquity approximable
All unital AF algebras
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Theorem (A-Latrémolière, 2015)

Let A = ∪n∈NAn
‖·‖A

be a unital AF algebra with A0 = C1A en-
dowed with a faithful tracial state µ and set U = (An)n∈N. For all
n ∈N, let

En :A→An

be the unique µ-preserving conditional expectation of A onto An .

Let β :N→ (0,∞) have limit 0 at infinity. If, for all a ∈ sa (A), we
set:

L
β

U ,µ(a) = sup

{‖a −En(a)‖A
β(n)

: n ∈N
}

then
(
A,Lβ

U ,µ

)
is a (2,0)–quasi-Leibniz quantum compact metric

space, and for all n ∈N :

Λ∗
(2,0)

((
An ,Lβ

U ,µ

)
,
(
A,Lβ

U ,µ

))
Éβ(n)

and thus limn→∞Λ∗
(2,0)

((
An ,Lβ

U ,µ

)
,
(
A,Lβ

U ,µ

))
= 0.
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Definition (A, 2018)

Fix C Ê 1,D Ê 0. Let A = ∪n∈NAn
‖·‖A

be a unital inductive limit
of C*-algebras. Let

((
An ,LAn

))
n∈N be a sequence of (C ,D)-quasi-

Leibniz compact quantum metric spaces. We the call the induc-
tive limit A an

((
An ,LAn

))
n∈N-propinquity approximable induc-

tive limit if the following hold for each n ∈N:

1 if a ∈ sa (An), then LAn+1 (a) É LAn (a), and

2 there exists a sequence (β( j )) j∈N ⊂ (0,∞) such that∑∞
j=0β( j ) <∞,

3 for all a ∈ sa (An+1), LAn+1 (a) É 1 there exists
b ∈ sa (An),LAn (b) É 1 such that ‖a −b‖A Éβ(n).

We note that the above implies for each n ∈N that

Λ∗
(C ,D)

((
An ,LAn

)
,
(
An+1,LAn+1

))É 4β(n),

which provides a Cauchy sequence inΛ∗
(C ,D).
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Theorem (A, 2018)

Fix C Ê 1,D Ê 0. Let A=∪n∈NAn
‖·‖A

be a unital inductive limit of
C*-algebras.
If A is

((
An ,LAn

))
n∈N-propinquity approximable for some se-

quence of (C ,D)-quasi-Leibniz compact quantum metric spaces
and summable (β( j )) j∈N ⊂ (0,∞), then there exists a (C ,D)-quasi-
Leibniz Lip-norm LA on A such that ∪n∈Ndom(LAn ) ⊆ dom(LA)
with for each n ∈N

Λ∗
(C ,D)

((
An ,LAn

)
, (A,LA)

)É 4
∞∑

j=n
β( j )

and thus limn→∞Λ∗
(C ,D)

((
An ,LAn

)
, (A,LA)

)= 0.

The proof uses the explicit construction of the limit of a Cauchy
sequence in dual propinquity due to Latrémolière.
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Theorem (A, 2018)

Let A = ∪n∈NAn
‖·‖A

be a unital AF algebra with dim(An) <∞ for
all n ∈ N and A0 = C1A. Let (β( j )) j∈N ⊂ (0,∞) be summable.
For each n ∈N, let τn+1 be a faithful tracial state on An+1 and let
En+1,n :An+1 →An be the unique τn+1-preserving conditional ex-
pectation onto An .
If for each n ∈N\ {0}, we define for all a ∈An ,

L
β

An ,E (a) = max
m∈{0,...,n−1}

{‖a −Em+1,m ◦En−1,n−2 ◦ · · · ◦En,n−1(a)‖A
β(m)

}

and L
β

A0,E is the 0-seminorm on A0, then for each n ∈N, the pair

(An ,Lβ
An ,E ) is a (2,0)-quasi-Leibniz comact quantum metric space.



Quantum
metrics

on
inductive

limits

Konrad
Aguilar

Intro

AF
algebras

Quantum
metrics on
Inductive
limits

Propinquity
approximable

All unital AF
algebras

Theorem (A, 2018)

Let A = ∪n∈NAn
‖·‖A

be a unital AF algebra with dim(An) <∞ for
all n ∈ N and A0 = C1A. Denote U = (An)n∈N. Let (β( j )) j∈N ⊂
(0,∞) be summable.
If for each n ∈ N, τn+1 is a faithful tracial state on An+1, then
A is ((An ,Lβ

An ,E ))n∈N-propinquity approximable with (2,0)-quasi-

Leibniz Lip-norm L
β

U ,E on A and

Λ∗
(2,0)((An ,Lβ

An ,E ), (A,Lβ
U ,E )) É 4

∞∑
j=n

β( j ) for each n ∈N

and therefore

lim
n→∞Λ

∗
(2,0)((An ,Lβ

An ,E ), (A,Lβ
U ,E )) = 0.

The above theorem is true for any unital AF algebra including the
unitization of the compact operators since every finite-dimensional
C*-algebra has a faithful tracial state.
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Theorem (A, 2018)

Let A=∪n∈NAn
‖·‖A

be a unital AF algebra such that dim(An) <∞
for each n ∈N and A0 =C1A equipped with a faithful tracial state
µ. Denote U = (An)n∈N, and let (β( j )) j∈N ⊂ (0,∞) be summable.
Let

L
β

U ,µ(a) = sup
n∈N

‖a −En(a)‖A
β(n)

be the (2,0)-quasi-Leibniz Lip-norm on A, where En : A → An is
the unique µ-preserving conditional expectation onto An .
If for each n ∈ N, we define En+1,n := En |An+1 : An+1 → An and

let Lβ
An ,E ,Lβ

U ,E be the associated (2,0)-quasi-Leibniz Lip-norms on
An ,A, respectively, then

Λ∗
(2,0)

((
A,Lβ

U ,µ

)
,
(
A,Lβ

U ,E

))
= 0,

That is, there exists a quantum isometry from
(
A,Lβ

U ,E

)
onto(

A,Lβ
U ,µ

)
.
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Thank you!

Inductive limits of C*-algebras and compact quantum metrics space K.
Aguilar, 24 pages, submitted (2016), ArXiv: 1807.10424.

Quantum Ultrametrics on AF Algebras and the Gromov-Hausdorff
Propinquity K. Aguilar, F. Latrémolière, Studia Mathematica 231 (2015) 2,
pp. 149-193, ArXiv: 1511.07114.

The Dual Gromov-Hausdorff Propinquity, F. Latrémolière, Journal de
Mathématiques Pures et Appliquées 103 (2015) 2, pp. 303–351, ArXiv:
1311.0104

Metrics on States from Actions of Compact Groups, M. Rieffel, Documenta
Mathematica 3 (1998), 215-229, math.OA/9807084.
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Convergence of Inductive sequence

Theorem (A, 2018)

Fix C Ê 1,D Ê 0. Let A=∪n∈NAn
‖·‖A

be a unital inductive limit of
C*-algebras.
If A is

((
An ,LAn

))
n∈N-propinquity approximable for some se-

quence of (C ,D)-quasi-Leibniz compact quantum metric spaces
and summable (β( j )) j∈N ⊂ (0,∞), then there exists a (C ,D)-quasi-
Leibniz Lip-norm LA on A such that ∪n∈Ndom(LAn ) ⊆ dom(LA)
with for each n ∈N

Λ∗
(C ,D)

((
An ,LAn

)
, (A,LA)

)É 4
∞∑

j=n
β( j )

and thus limn→∞Λ∗
(C ,D)

((
An ,LAn

)
, (A,LA)

)= 0.
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D=∏
n∈N(An ⊕An+1) (bounded sequences).

K0 =
{
((an

n , an
n+1))n∈N ∈ sa(∏

n∈NAn ⊕An+1
) | (∀n ∈N)an

n+1 = an+1
n+1

}
S0(d) = supn∈N

{
max

{
LAn

(
an

n

)
,
‖an

n−an+1
n+1‖A

2β(n)

}}
for all d ∈K0.

L0 = {d = (dn)n∈N ∈K0 | S0(d) <∞}

S0 = {d = (dn)n∈N ∈D |Re(d),Im(d) ∈L0} and G0 :=S0
‖·‖D

I0 =
{
(dn)n∈N ∈G0 | limn→∞ ‖dn‖Dn = 0

}
F=G0/I0 is a unital C*-algebra.

LF(a) = inf{S0(d) : d ∈ sa (G0) and q(d) = a} is a
(C ,D)-quasi-Leibniz Lip-norm on F.

∃ *-isomorphism φ :A→F and define LA = LF ◦φ, and (A,LA) is a
quasi-Liebniz compact quantum metric space.
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