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Introduction Context

(M, τ) a von Neumann algebra equipped with a faithful normal tracial state

X := (x1, . . . , xn) ∈ Mn such that X ∗ = X and M = W ∗(X )

C 〈X 〉 := Alg(1, x1, . . . , xn)

Free difference quotients:

i = 1, . . . , n ∂i : C 〈X 〉 → C 〈X 〉 ⊗ C 〈X 〉◦

∂i (xj1 · · · xjd ) :=
d∑

k=1

δi=jk xj1 · · · xjk−1 ⊗ xjk+1 · · · xjd

Example

∂1(x1x2x1x2) = 1⊗ x2x1x2 + 0 + x1x2 ⊗ x2 + 0

n = 1 : C[x ]⊗ C[x ] ∼= C[s, t]

p ⊗ q 7→ p(s)q(t)

 ∂1p 7→
p(s)− p(t)

s − t

Warning

If x1, . . . , xn admit algebraic relations, these need not be well-defined operators.
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Introduction Context

Non-commutative gradient:

∂ : C 〈X 〉 → (C 〈X 〉 ⊗ C 〈X 〉◦)n

∂p := (∂1p, . . . , ∂np)

Non-commutative Jacobian:

J : C 〈X 〉n → Mn(C 〈X 〉 ⊗ C 〈X 〉◦)

J (p1, . . . , pn) :=

 ∂p1

...
∂pn



Example

J (X ) =

 1⊗ 1 0
. . .

0 1⊗ 1

 =: 1
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Introduction Definition

Want to view ∂ and J as a densely defined (unbounded) operators:

∂ : L2(M)→ L2(M⊗̄M◦)n J : L2(M)n → Mn(L2(M⊗̄M◦)))

with adjoints:

∂∗ : L2(M⊗̄M◦)n → L2(M) J ∗ : Mn(L2(M⊗̄M◦))→ L2(M)n

dom (J ∗): set of A ∈ Mn(L2(M⊗̄M◦)) such that ∃Ξ ∈ L2(M)n satisfying

〈A,JP〉2 = 〈Ξ,P〉2 ∀P ∈ C 〈X 〉n ,

in which case J ∗(A) := Ξ

dom (∂∗): defined similarly

Definition [Charlesworth+N., 2019]

The free Stein irregularity of X is the quantity

Σ∗(X ) := inf
A∈dom (J∗)

‖A− 1‖2
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Introduction Definition

Definition

Σ∗(X ) := inf
A∈dom (J∗)

‖A− 1‖2

Example

Let x = x∗ have spectral measure µ on R.

Then

Σ∗(x) =

(∑
t∈R

µ({t})2

)1/2

.

Indeed, for ε > 0 can show∫
gε(t)p(t) dµ(t) =

∫∫
Aε(s, t)

p(s)− p(t)

s − t
dµ(s)dµ(t) ∀p ∈ C[x ].

where

gε(t) := 2

∫
t − s

(t − s)2 + ε2
dµ(s) Aε(s, t) :=

(t − s)2

(t − s)2 + ε2
.

Then

Σ∗(x)2 ≤ ‖Aε − 1‖2
2 =

∫∫
|Aε(s, t)− 1|2 dµ(s)dµ(t)→

∫∫
1s=t(s, t) dµ(s)dµ(t).
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Introduction Motivation

Motivating Questions

If Σ∗(X ) = 0 , then what properties are implied for:

A. individual distributions of x1, . . . , xn?

B. distributions of p ∈ C 〈X 〉s.a.?
C. C 〈X 〉?

...

W. W ∗(X )?

Regularity Results

[Voiculescu; 1993]: Φ∗(X ) <∞ ⇒ dµx1
dm

, . . . ,
dµxn
dm
∈ L3(R)

[Ge; 1998]: δ0(X ) > 1 ⇒ W ∗(X ) is prime

[Dabrowski; 2010]: δ∗(X ) = n ⇒ W ∗(X ) is a factor

[Mai+Speicher+Weber; 2014]: Φ∗(X ) <∞ ⇒ no algebraic relations

[Charlesworth+Shlyakhtenko; 2014+ε]: δ∗(X ) = n ⇒ no algebraic relations
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Regularity Results

[Voiculescu; 1993]: Φ∗(X ) <∞ ⇒ dµx1
dm

, . . . ,
dµxn
dm
∈ L3(R)

[Ge; 1998]: δ0(X ) > 1 ⇒ W ∗(X ) is prime

[Dabrowski; 2010]: δ∗(X ) = n ⇒ W ∗(X ) is a factor

[Mai+Speicher+Weber; 2014]: Φ∗(X ) <∞ ⇒ no algebraic relations

[Charlesworth+Shlyakhtenko; 2014+ε]: δ∗(X ) = n ⇒ no algebraic relations
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Free Stein Irregularity Comparison

Definition [Voiculescu; 1998]

If 1 ∈ dom (J ∗) then
Φ∗(X ) := ‖J ∗(1)‖2

2.

Otherwise, Φ∗(X ) := +∞.

Theorem [Charlesworth+N., 2019]

Φ∗(X ) <∞ =⇒ Σ∗(X ) = 0

=⇒ δ∗(X ) = n

In particular, Σ∗(X ) = 0 ⇒ no algebraic relations and ∂,J are well-defined operators.
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Free Stein Irregularity Free Stein Dimension

Lemma [Voiculescu, 1998]

C〈X〉⊗C〈X〉◦dom (∂∗) < C〈X〉⊗C〈X〉◦L
2(M⊗̄M◦)n

Theorem [Charlesworth+N., 2019]

If M = W ∗(X ), then
n − Σ∗(X )2 = dimM⊗̄M◦ dom (∂∗)

Consequently, Σ∗(X ) = 0 ⇔ ∂ is a closable operator.

Definition [Charlesworth+N., 2019]

The free Stein dimension of X is the quantity

σ(X ) := n − Σ∗(X )2.

Σ∗(X ) = 0 ⇔ σ(X ) = n
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Free Stein Irregularity Free Stein Dimension

Theorem [Charlesworth+N., 2019]

σ(X ) ≤ δ∗(X )

Theorem [Charlesworth+N., 2019]

1 Let Γ be a discrete group and suppose X ∈ C[Γ]ns.a. generates C[Γ]. Then

σ(X ) = δ∗(X ) = β
(2)
1 (Γ)− β(2)

0 (Γ) + 1.

2 Let X be an n-tuple generating the following finite-dimensional algebra:

(M, τ) =
d⊕

i=1

(Mki (C), αi
1

ki
Tr).

Then

σ(X ) = δ∗(X ) = 1−
d∑

i=1

α2
i

k2
i

.
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Free Stein Irregularity Closable Derivations

With M = W ∗(X ), consider

Der1⊗1(C 〈X 〉) := {d : C 〈X 〉 → L2(M⊗̄M◦) | d is a derivation with 1⊗1 ∈ dom (d∗)}

L2(M⊗̄M◦)C〈X〉⊗C〈X〉◦  Der1⊗1(C 〈X 〉)C〈X〉⊗C〈X〉◦

Theorem [Charlesworth+N., 2019]

There is a 1-1 correspondence

Der1⊗1(C 〈X 〉)↔ dom (∂∗)

d 7→ (Jd(x1), · · · , Jd(xn))

which intertwines the right and left actions of C 〈X 〉 ⊗ C 〈X 〉◦.

Consequently,

σ(X ) = σ(Y )

for any Y ∈ C 〈X 〉m satisfying C 〈Y 〉 = C 〈X 〉.

Remark

First non-microstates quantity known to be an algebra invariant.
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Free Stein Irregularity Closable Derivations

Corollary [Charlesworth+N., 2019]

For any Y ∈ C 〈X 〉m,
σ(X ,Y ) = σ(X )

Moreover, if σ(X ) = n then the above holds for any Y = (f1(p1), . . . , fm(pm)) where

p1, . . . , pm ∈ C 〈X 〉s.a. and f1, . . . , fm : R→ R are Lipschitz functions.

Corollary [Charlesworth+N., 2019]

If W ∗(X ) contains a diffuse element, then σ(X ) ≥ 1.

Question

If W ∗(X ) = R the hyperfinite II1 factor, is σ(X ) = 1?

Brent Nelson (MSU) Joint Mathematics Meetings January 16th, 2020 11 / 11



Free Stein Irregularity Closable Derivations

Corollary [Charlesworth+N., 2019]

For any Y ∈ C 〈X 〉m,
σ(X ,Y ) = σ(X )

Moreover, if σ(X ) = n then the above holds for any Y = (f1(p1), . . . , fm(pm)) where

p1, . . . , pm ∈ C 〈X 〉s.a. and f1, . . . , fm : R→ R are Lipschitz functions.

Corollary [Charlesworth+N., 2019]

If W ∗(X ) contains a diffuse element, then σ(X ) ≥ 1.

Question

If W ∗(X ) = R the hyperfinite II1 factor, is σ(X ) = 1?

Brent Nelson (MSU) Joint Mathematics Meetings January 16th, 2020 11 / 11



Free Stein Irregularity Closable Derivations

Corollary [Charlesworth+N., 2019]

For any Y ∈ C 〈X 〉m,
σ(X ,Y ) = σ(X )

Moreover, if σ(X ) = n then the above holds for any Y = (f1(p1), . . . , fm(pm)) where

p1, . . . , pm ∈ C 〈X 〉s.a. and f1, . . . , fm : R→ R are Lipschitz functions.

Corollary [Charlesworth+N., 2019]

If W ∗(X ) contains a diffuse element, then σ(X ) ≥ 1.

Question

If W ∗(X ) = R the hyperfinite II1 factor, is σ(X ) = 1?

Brent Nelson (MSU) Joint Mathematics Meetings January 16th, 2020 11 / 11



Free Stein Irregularity Closable Derivations

Corollary [Charlesworth+N., 2019]

For any Y ∈ C 〈X 〉m,
σ(X ,Y ) = σ(X )

Moreover, if σ(X ) = n then the above holds for any Y = (f1(p1), . . . , fm(pm)) where

p1, . . . , pm ∈ C 〈X 〉s.a. and f1, . . . , fm : R→ R are Lipschitz functions.

Corollary [Charlesworth+N., 2019]

If W ∗(X ) contains a diffuse element, then σ(X ) ≥ 1.

Question

If W ∗(X ) = R the hyperfinite II1 factor, is σ(X ) = 1?

Brent Nelson (MSU) Joint Mathematics Meetings January 16th, 2020 11 / 11


	Introduction
	Context
	Definition
	Motivation

	Free Stein Irregularity
	Comparison
	Free Stein Dimension
	Closable Derivations


